considered in this study

INTRODUCTION
was proved analytically that, if the sea
rface elevation can be represented by a
1 of an infinite number of harmonic

tral frequency and having the same
tude., then the wave height can be

sented by a Rayleigh distribution,
_'; that the bandwidth of the wave
spectrum is narrow. It is not clear
t is meant by narrow band spectrum.
re clearly, what is the limit of the
ndwidth that allows Rayleigh distribution
- represent the wave height distribution

In actual situations, we restore to
umerical methods, where the energy
trum is divided into finite number of
omponents. In this paper we try to find the
imimum number of components, if any,
hat makes Rayleigh distribution a good
:presentative of the wave heights.

- We numerically synthesize a collection of
yave trains from a uniform spectrum using
erent numbers of components and
ndwidths and compare the different
tistical quantities of the synthesized data
th the Rayleigh distribution. which is a
one-parameter model. We also introduce two
proposed distributions to represent the wave
‘heights., namely  the Beta-Rayleigh
distribution, and the modified Rayleigh
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ABSTRACT

This paper studies, numerically, the validity of different wave height
distributions and the minimum number of components needed to
validate the distribution under study. Also, the effect of bandwidth of
the wave spectrum is considered. Rayleigh distribution, the modified
Rayleigh’ distribution and the Beta-Rayleigh distribution are
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distribution, Modified Rayleigh distribution, Beta-
Rayleigh distribution.

distribution. The former was introduced for
the first time by Hughes and Borgman [1],
for the distribution of the shallow water wave
heights. It is a three-parameter distribution.
The later is a two-parameter distribution .

The statistical quantities used to validate
any distributions are H, H:, Hio and Hioo,
which are the average of the whole train, the
highest one third, one tenth and one
hundredth respectively.

The importance of this study comes from
the fact that for engineering design purposes
it is useful to have a statistical description of
the heights of the sea waves so that a
probability can be assigned to a particular
water level. This will help in the successful
design of shore protection projects and find

‘the likelihood of a project survival.

STATISTICAL MODELS
As was mentioned before, we will use
three different Probability Density Functions,
PDFs, as candidates to represent wave height
distributions in the numerical analysis.
Those PDFs are

1-Rayleigh distribution, which is a one
parameter model. It depends on the root
mean square H,,, defined by

H. - H w2 |

n=1
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where N is the number of waves in the
record. In this study we will adopt the zero
up crossing definition for the wave height.
The Rayleigh PDF is given by -

P (H) =

2 e () (2)

rms rms

It is preferred to put all quantities in a
dimensionless form that is to normalize H
with respect to Hms. Writing

H =H Hyp (3)
where H* is dimensionless

Equation 2 has the dimension (1/L), where L
is the length, then we can write

P: (H)=2H" exp- H' (4)

Which gives a dimensionless quantity.

As can be seen from Equations 2 and 4,
Rayleigh PDF has the disadvantage that,
there is no upper bound for the wave height.
In fact there 1is always a very small
probability that a very large wave may occur.

2-The Beta-Rayleigh PDF was introduced for
the first time by Hughes and Borgman

(1987) [1] to describe the distribution of"

the wave heights in shallow water, taking
the breaking effect into account. It isa
three-parameter PDF, besides it has the
advantage that there is an upper limit for
the wave height. It takes the form

-1
5 B

_2T@ «g)H>* | H 5

Por® = Tyt 1 |17 =
where

a =K, (K, -K,)/ (K} - K5 ) ©)

B=(1-K,) (K, -K,)/ (K} -K,) 7)
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In the original work Hy, is defined as tk
maximum height for the breaking wave.]
this study we define it as the maximum wal
height.. Two alternatives are introduced!
represent Hi, Firstly, we will take it asth
maximum wave height in the recon
Secondly, we will take it as the maximu
wave height as predicted by Rayleig
distribution that is given by Hiooo, accordin
to Chakrabarti [2].

A dimensionless form of Equation 5 ta
the form

T@)T(B) H

N2
et H
P (H*) = LNE Tl 2 1_[ J

Where

H_=H. H

m rms

The modified Beta-Rayleigh distributior
will be tested once with H, given by Hig
and once by the maximum wave heighti
the record. This gives 2 alternatives.

3-The modified Rayleigh distribution given
by, in dimensionless form

*2
. 2 H’ 20-1 '——H
P (H') =t)‘“’°—1"() exp
° o
o bo
where
Lok 1
[¢] *D
Hzms =1
e
b, = Hrmq -1



Bquation 13 is nothing but Equation 11
~tends to infinity. It is a two-

computer program is Wwritten in
to generate the required wave train
out the statistical analysis and
son processes. To check the validity
2 program two methods are utilized.
a wave train with just two
ents is generated and its distribution
ared with the theoretical distribution,

Longuet Higgins [3]

e i

dly,' Hims as given by Equation 1, is
d versus its value as calculated from

- (17)

m; is the i ™ spectrum moment, given

£ 5(f) df (18)

f is the cyclic frequency, cycles per

leasure the bandwidth of the wave
1 used to generate the wave train,
thods are in use. That due to
ke mentioned in Reference 2:

:) - (19)

that due to Cart wright and Longuet
lentioned in Reference 2:

- )0.5 (20)
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The wave train is generated using the
formula

n

nk1=ZC,(:os(2nflkAt+¢>i ) (21)

i=1

where "

C; =@21fS,) % is the amplitude of the it
component with  cyclic
frequency £

¢i =2n

U[0,1] is a phase angle uniformly distributed
in the interval [0, 2]

Nk is the surface elevation at time t=k At

Si is the amplitude of the wave spectrum
at frequency f

Ati=

T/20 is the time step, and

T is the period of the shortest wave in

the record

At is selected equal T/20 so that the
maximum error in calculating the crestor
trough height is not more than 1.23% = [cos
(0) = cos (9) ] 100 %. This comes from the
fact that the crest or trough is located not
more than 9 degrees from the nearest point
in the time series. -

The simulation time is selected so that
the longest wave component in the train
appears several times. In this study we
selected it to appear 200 times. This allows a
long number of wave heights to be obtained
for statistical analysis.

In this study we selected a narrow band
white spectrum centered at f.= 0.125 Hz (T =
8 sec.) and different values for Af = fy - f, as
shown in Table 1. Where f; and fx are the
smallest and the largest frequencies of the
train, The number of wave components for
each case is also shown in Table 1.

To compensate the effect of the random
phase angle ¢ used in the analysis, each

tum, given f., Af, and the number of

components is repeated 16 times and the
analysis is carried out for the total sum of
them. As shown in the table, the period of
the longest wave is 10 sec., so the maximum
simulation time is about 535 min.
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Table 1 Properties of the wave trains used in the analysis

f Aff f. Fi fic

Tmax Tm!n L

# of Comp

0.003125 0.025 0.1234 0.1265

8.1 7.901

0.0014 8, 16, 32, 64, |

0.00625 0.05 0.1218 0.1281

8.205

128, 236,
512, 1024

0.0054

7.805
1

0.0125 0.1 0.1187 0.1313

8.421

0.0212

j 7.619

[ 0.025 Lo.z 0.1125 0.1375

8.889

7.273 0.0775

| 0.05 Joa 0.1 0.15

10.00

6.667 0.2312

NUMERICAL TEST RESULT

As mentioned before, Equation 16 is used
to validate the program. It is shown that
there is good agreement between both the
theoretical distribution and the one obtained
from the synthesized wave train with two
components. This is true when the difference
between the frequency of the two
components is small. Also, comparing the
value of Hms as calculated by Equation 1
and Equation 17 shows a very close
agreement, especially when both the
simulated time is long and the number of
components is large.

Figures 1 and 2 show bar graphs for the
wave heights distribution versus Rayleigh
distribution. The number of components

used in the analysis is 8 and the bandwidth

equals 0.0013626 as calculated using
Equation 20. The figures show that there is a
pronounced deviation from Rayleigh
distribution, in  spite of the limited
bandwidth. This may be attributed in part to
the limited number of components used in
the analysis and in part to effect of the
random phase angle ¢. To compensate for
the second reason, a total of 16 runs for each
case are carried out and the sum of them is
used for the statistical analysis.

Figure 3 shows the statistics of a wave
train with 1024 components and bandwidth
0.23123 versus Raleigh distribution Figure 3
shows less deviation between the actual
distribution of the wave heights and the
Rayleigh distribution in spite of the larger
bandwidth. This reflects the - importance of
the number of components used in the
analysis. "Fag
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No of Waves = 204-
No of components = §
Band Width = 0.001362(
1t Hrms

Variance
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Prob (H / Hims)
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02t
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H/Hms

Figure 1 Wave height distribution versus Ravleigh

distribution
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8
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Figure 2 Wave height distribution versus Rayvleigh
distribution




——  No of Waves =428
No of components = 1024
Bano Width =0.23123 4

Hrms =0.96326
Variance =1.0119

"n,.. J

1 15 2 25 3
H/ Hrms

ibution

DATA ——
Rds =~ ——
BRI ds. © O

BRitds * F
N MR dis. "

No of Waves =6377 —— | |
No of components = 16
Band Width =0.23123
Hrms =0.96446
Variance =10119

15

H/HrmsT Ave

Wave height distribution versus
theoretical distribution

for Rayleigh distribution. BRI
2igh distribution using the Hyux
d, BRIl for Beta-Rayleigh
g Hmax as calculated by
tion, and finally, MR stands
yleigh distribution.

of 40 cases are studied. Table 1
parameters used in the test. The
iables are the bandwidth and the
components. While the central
. kept constant at f. = 0.125. All
ts are normalized with respect to
test is based on the quantities Hi,
100 Where H; stands for the average

e height distribution versus Raleigh
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of the highest 1/i waves. The comparison of
the different distributions is based on the
following equation
!

. HP -HY

% difference = ———’—ﬁ— (22)

where,
HP the generated wave height
HM the distribution wave height

The results of the comparisons based on
Equation 22 are shown in Figures 5 through
21. The ordinate axes show the outcome of
Equation 22, while the abscissa show the
log, for base2, of the number of components
used in the analysis.

Figure 5 through Figure 8 show the
difference between Hjcan of the wave train
and the distributions under study. From the
figures it is clear that the deviation is less
than 5% for all bandwidths and number of
wave components. It is less than 1.5% for the
modified Rayleigh distribution. For wide
band white spectrum, it is clear from the
figures  that the modified Rayleigh
distribution represents the wave data better
than the other three distributions and the

Rayleigh distribution gives the second best
results.

H Mean

25 -
i gl o
=~ 9 2
g -
© 15
o
=
o L § D
T os}
&
) oF
£
T 95F + 4+ sw=000136
_ + 4 5w=000541
< At x  x sw=0021174
< O O sw=007754

15 e sw=023123

= —_—

3 4 5 6 7 8 9 10
log (2) No of Components

Figure 5 Difference between wave data and Ravleigh
distribution mean
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sw=0021174
sw=0077534
sw=023123

ox*+
ox 4+

% ( H mean - HBRmean il )/ H

3 4 5 6 7 8 9 10
log (2) No of Components

Figure 6 Difference between wave data and Beta-
Ravleigh distribution (BRI) mean

H mean
5 -
I
~
~ 45 {
! e L -
c ¢ + o+ 1
(7] x x sw=0021174
E 35| O © sw=0077534 1
% e $W=023123
T 3
15y
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g 27 P
L s
32 1
05 4 1 i 1 i

3 4 5 6 7 8 ] 10
log (2) No of Components

Figure 7 Difference between wave data and Beta-
Rayleigh distribution (BRII)Hm

H mean
1u5 —

05

-05

sw =0.0013621
s w =0.005418:
sw=0021174
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sw=023123

% ( H mean - H MRmean ) / H
O x %+
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15 ) ) f n ) I
3 4 5 6 7 8 9 10

log (2) No of Components

Figure 8 Difference between wave data and modified
Ravleigh distribution (MR}Hn
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Figure 9 through Figure 12 sh
difference between Hsignificant .Ha. of th
train. and the distributions
consideration. Again, it is shown th
maximum difference is less than 5%
using- 8 components and it decreas
increasing the number of wave comp
used in the analysis. The modified R:
distribution has the advantage the
error never exceeds 1.5% for all th
considered, and again the R
distribution follows it in the accuracy
representation

H significant
1 T T
05
I ot
= 7 oY
» L =
g o5 \
- )
i 1
@ .
2 N
~ 15 P
2
-25

log(2) No of Components

Figure 9 Difference between wave data and Raylei
distribution (R)Hs

H significant

%(Hs-HBRsll)/Hs

sw=0021174
sw=0.077534
sw=023123

R
O x#+

45

3 ‘4 A5 8 47 ‘8 ‘9
log (2) No of Components

Figure 10 Difference between wave data and Bel
Ravleigh distribution (BRI)-Hs



H significant
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' Difference between wave data and Beta-
- Rayleigh distribution (BRII) Hs

H significant

T \2 T +

sw=0001362¢ A
sw =0.0054184
sw=0021174
sw=0077534 | 7

NN =
1 \

1 1O e
O x4+

B
s A

s 6 7 P B 10
; 'elog (2) No of Components

Difference between wave data and
‘modified Ravleigh distribution (MR) Hs

13 through Figure 16 show the
between H,o of the generated wave
| the distributions under study.
the results given by Rayleigh
n, which gives a deviation up to
er distributions give deviation not
.5% of the actual wave data. For
RIl distributions, this may be
the use of H,..x as a parameter

Numerical Validation of Some Wﬁve Height Distribution

H10
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o
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Figure 13 Difference between wave data and
Ravleigh distribution (R) Hio
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Figure 14 Difference between wave data and Beta-
Ravleigh distribution (BRR) Hio
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Figure 15 Difference between wave data and Beta-

Ravleigh distribution (BRII) Hio
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Figure 16 Difference between wave data and Figure 18 Difference between wave data and Beta-
modified Rayleigh distribution (MR) Hio Rayleigh distribution (BRI} Hioo

Finally, the last set of the comparison
for Hioo is shown in Figures 17 through
Figure 20. For 8 components both Rayleigh
and the modified Rayleigh distribution give
error up to 20% and 12% respectively, while
BRI and BRII give error not more than 8%.
However, with increasing the number of
components the relative error given by
Rayleigh and the modified Rayleigh
distribution does not exceed 5% and 2%
respectively. While the error given by both
BRI and BRII is in the range between 8% and %
10%. From all of the above observation, it
may be clear that the modified Rayleigh
distribution supercede Rayleigh distribution Figure 19 E;ﬂf-?éfg’}fﬁf;‘iﬁ}ﬁf&‘o‘ﬁ%ﬂ?‘ﬁ,;i"d
especially for extreme events representation.

sw=0021174] 4
sw=0077534| |
sw=02112 |
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= 20 e
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-25 - - .
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Figure 17  Difference between wave data and Figure 20 Difference between wave data and
Ravleigh distribution (R) Hioco modified - Ravleigh distribution (MR)
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CONCLUSIONS For Hioo and for number of components
is paper a study of a synthetic wave more than 64, Rayleigh distribution and the
distributions are carried out. modified Rayleigh distribution gives 5 % and
te wave spectrum is used in this 1.5 % error, respectively.

. Both wide and narrow band spectra Those results suggest that the modified
nployed. Besides Rayleigh distribution Rayleigh distribution must replace Rayleigh
~is widely used in Engineering distribution in representing the wave height
ations, three others  proposed distribution.

ons are used. Among all of them,

fled Rayleigh distribution seems to REFERENCES
] the wave heights distribution 1. S.A Hughes and L.E. Borgman, “Beta-
- than all the other distributions, Rayleigh Distribution for Shallow Water
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e modified Rayleigh distribution isa Conference on Coastal Hydrodynamic,
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dless the number of wave

ts and the bandwidth used in the

th Rayleigh distribution and the Pevistuet Sestentives: 5. 10005
‘Rayleigh  distribution  give R ceptea trutshes 54, 195
of the wave heights with
o and 1.5% respectively. This
_ H,, Hs and Hio.
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