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This paper proposes a new design methodology of direct adaptive fuzzy controllers for a 
class of MIMO nonlinear dynamical systems with unknown nonlinearities. The unknown 
nonlinearities are approximated by fuzzy system with a set of fuzzy IF-THEN rules whose 
parameters are adjusted on-line according to derived adaptive control laws. The fuzzy 
adaptive laws ensure stability, convergence of the controlled output, and „boundedness‟ of 
the adaptation parameters. The goal is to control the output of a class of nonlinear systems 
(encountered mainly in robotics) in order to track some given trajectories. Theoretical results 
are illustrated through a simulation example. They show the effectiveness of the proposed 
control scheme.  
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1. Introduction 
 

Adaptive control is a model-free approach 
for controlling uncertain dynamic systems. 
The basic idea is to estimate the uncertainties 
in the plant on-line based on the measured 
signals. In principle, the system under control 
can be uncertain in terms of its dynamic 
structure (nonparametric uncertainty), or its 
parameters (parametric uncertainty). 
Generally, the basic objective of adaptive 

control is to maintain consistent performance 
of the control system in the presence of these 
uncertainties. Conventional adaptive control 
theory, however, can only deal with the 
systems with known dynamic structure, but 
unknown parameters [1]. This drawback has 
been the main reason for seeking other 
adaptive control methodologies which can 
tackle the nonparametric uncertainty.  

Recently, the analytical study of adaptive 
nonlinear control systems using universal 
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function approximators has received much 
attention [2-14]. Typically, these methods use 
fuzzy logic systems as approximation models 
for unknown system nonlinearities. Using the 
approximation capability of fuzzy systems, 
which is the linear function of adjustable 
parameters, the design schemes of some 
stable adaptive fuzzy controllers were 
proposed in literature. In [3-4], the tracking 
error convergence depended upon the 
assumption that the approximation error 
should be square-integrable. On the bases of 
Sanner and Slotine [2] and Wang [4], Su and 
Stephanenko [5] proposed an adaptive fuzzy 
controller, which relaxes the condition that 
the approximation error should be square-
integrable. The control scheme however is 
suitable only for nonlinear control systems 
with unity/constant control gain.  

In this paper, a new direct adaptive fuzzy 
control method is proposed for a class of 
MIMO nonlinear plant encountered in robotics. 
The proposed method “relaxes” the knowledge 
of the plant upper bounds by introducing 
adaptive control laws. These laws ensure the 
convergence and boundedness of adaptation 
parameters of the fuzzy systems. Furthermore, 
it computes on-line the estimation error on 
the plant structure by means of an adaptive 
algorithm independent of the external 
disturbances. As the compensatory sliding 
term itself depends on this estimation error, it 
leads to an adaptive compensation.  

The paper is organized as follows: Section 
2 describes the features of the adjustable 
fuzzy systems used in the sequel. Section 3, 
presents the control problem statement. The 
error dynamics is elaborated in Section 4. In 
Section 5, the adaptive control laws are 
derived. Section 6 demonstrates how to design 
an adaptive fuzzy controller for two link planar 
robot. Simulation results are also 
demonstrated and discussed. Section 7 offers 
the concluding remarks.  
 
 
2. Description of the implemented fuzzy 
    system 
 

Fuzzy logic systems performs a mapping 

from n
n RUUU  21  to R where each 

RU i  , n,,i 21 . Here, we use the 

implication and the reasoning method 
suggested by Takago and Sugeno (T-S), [15]. 
Consequently, the fuzzy IF-THEN rules of zero 
order type are expressed as:  
 

k
k

l n
nn

l 
k a z  is Ax  is A:if xR thenand1

11  , (1) 

 

where nT
n, Rxxx  )( 1   and Rzk   are, 

respectively, the input of the fuzzy logic 
system and the consequent of the kth rule. 

Here, the label 
il

iA  
 associated to input ,ix  

n,,i 21 , is a fuzzy set in iU  where the index 

li  takes a value in  i,m,1  and im  is the 

number of fuzzy sets characterizing the input 

ix . The coefficient ka  (for ,M,,k 21 ) is an 

adaptable coefficient of the consequent part 
for the kth fuzzy rule. The number of rules M is 
defined by the Cartezian product as: 

nmmmM  21 . 

In this article, the product operation for 
fuzzy implication and T-norm are employed. 
The definition of the product operation is the 
same as in [16]. Besides, the singleton fuzzifier 
and weighted average defuzzification are used. 
The overall output value is 
 








M

k

k

M

k

k
k

α

aα

xz

1

1)( ,        (2) 

 

where k denotes the firing strength of the kR  

rule, which is evaluated by using the product 
inference and implication as:  
 

 iii

n

i

li
ik ,m,   l  xμAα 1with )(

1




 ,  (3) 

 

where )( i
li
i xμA  is the membership grade of ix  

associated to fuzzy set li
iA .  
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If the antecedents li
iA ‟s of the rule base 

are fixed and the ka ‟s form the adjustable 

parameters; )(xz  in (2) can be rewritten as: 

 

θxζxz T )()(  ,         (4) 

 
where   is the parameter vector given by: 

 

 TM,a,,aaθ 21  ,       (5) 

 

and ][)( 21 M
T ,ζ,,ζζxζ   where  

 





M

k

k

i
i

α

α
ζ

1

, M,i 1 .      (6) 

 
In the sequel, the fuzzy logic system for multi-
input single output is represented by the 
mathematical expression (4).  
 
3. Problem formulation 
 

Our goal is to build a fuzzy adaptive 
control system for a certain class of MIMO 
nonlinear dynamic systems encountered 
mainly in robotics. This class is of the form: 
 

)()( )( xgxxfu p       

xy  ,            (7) 

 
where 

TTTTp xxx ],,,)[(x )1(  , T
nxxx ],[ 1  , 

1 pnR ,
x  is the state vector and assumed to 

be available from measurements, nnRf (x)  

and 1(x)  nRg  are unknown continuous 

vector functions, Ruuuu T
n  ],,[ 21   and 

Ry   are respectively, the input and output 

of the system. In order for eq. (7) to be 

controllable, we require that 0(x) g  for x  in 

certain controllability region, n
c RU  . This 

class of nonlinear systems is called square 
system since the number of inputs is the same 
as the number of outputs [1].  

Now, the control objective is to force the 

output )(ty  to track a given bounded reference 

trajectory )(tyd  under the constraint that all 

signals are bounded.  
Assumption A1. We assume that the function 

nnRf (x)  is a positive-definite matrix 

fulfilling: 
 

x(x) off   cx  with 0of ,   (8) 

 

where pn
c R .  is a subspace through which 

the state trajectory may travel under closed-

loop control and of  is unknown.  

The function 1(x)  nRg  is a nonlinear 

function; it is composed of ill-known but 
bounded continuous functions. 
Remark 1. Notice that in robotics, the function 

(x)f  is the inertia matrix, which is positive 

definite. The bounded function (x)g  

represents globally the effects of Coriolis and 
centrifugal forces, the gravitational torques (or 
forces), viscous and/or dynamic friction, 
unstructured friction effects such as static 
friction terms, disturbances and unmodeled 
dynamics.  

By exploiting the approximation property 
of fuzzy systems defined in (4), the unknown 

functions f  and g  are approximated by:  

 

(x)(x) ff   and (x)(x) gg  .      (9) 

 

The unknown functions f  and ,g  

representing the system uncertainties are 
approximated by two zero-order T-S functions 
with rules of eq. (1) in the form of eq. (4) as 
follows: 
 

(x)(x)(x))(x,ˆ(x) **
ff

T
ffff   .   (10)  

 

(x)(x)(x))(x,ˆ(x) **
gg

T
gggg    ,     (11) 

 

where *
f  and *

g  are some unknown optimal 

parameter vectors, f  and g  represent the 

reconstruction (approximation) error for each 
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fuzzy system. In general, increasing the 
number of rules by increasing the number of 
fuzzy sets for each variable reduces the 
reconstruction error.  

The optimal parameter vectors *
f  and *

g  are 

artificial quantities required only for analytical 

purposes. Typically [9, 17], *
f  and *

g  are 

chosen as the values of f  and g , 

respectively, minimize the reconstruction 
errors; i.e.,  
















(x))(x,ˆsupminarg
x

*
fff

Uθ
f

cf

 .        (12) 

 
















(x))(x,ˆsupminarg
x

*
ggg

Uθ
g

cg

  .      (13) 

 
The rest of terms in (10 and 11) are defined as 
follows:  
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where ],,,[(x) 21 M
T   , 
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where 
 

nji a aaji TM
ijijijf  2,1,   ,] [),( 21*  ,      (16) 

 
and 
 

TT
gn

T
g

T
gg ])(  )( )[( **

2
*
1

*   ,           (17) 

 
where 
 

n,i a aa Tg
M

gigi
gi  21    ,] [ 21
*  .       (18) 

 
4. Error dynamics 
 

Using the theory of sliding mode control, 
let us introduce the sliding surfaces (filtered 
tracking errors) as: 
 

T
nsssS ],[ 21  ,           (19) 

 
with  
 

i
p

ii e
t

s )1()( 



   for 0i ,       (20) 

 

where i  is positive coefficient, i
d
ii xye  , 

with ,n,i 21 , and d
iy  stands for the desired 

ith output. Now the control objective is to force 
the system trajectories to stick to the sliding 
surfaces (19), thus achieves tracking and 
nullifying errors. Reconsidering (20), we obtain 
 




i
p

ii
p

ii epes )2()1(
)1(    

 )1()2(
)1(




p
i

p
ii eep  .         (21) 

 
So that, asymptotic tracking can be achieved 
when roots of the following polynomial is 
Hurwitz.  
 




spsh
p

i
p

ii
)2()1(

)1()(   

 )1()2()1(   pp
i ssp  ,        (22) 

 
where s  is the Laplace operator via the 

condition 0i  with ,n,i 21 . 

To simplify the presentation, the relation 
(21) can be rewritten in the following compact 
form:  
 

i
T
ii Es    ,            (23) 

 
with 
 

T
i

n
i

n
ii nn ]1,)1(,)1(,[

)2()1(
 

  ,      (24) 

 
and 
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Tp
iiii eeeE ],,[

)1( 
  .          (25) 

 
Consequently, the vector S of (19) takes the 
following form: 
 

ES T ,               (26) 

 
where: 
 

npn
T
n

TTT diag ,21 ],,,[   ,       (27) 

 
and 
 

T
np

T
n

TT EEEE )1,(21 ],,[   .         (28) 

 
The first derivative of (23) is given by:  
 

)(p
ii

T
rii eEs   and n,i 21 ,       (29) 

 
where  
 

])1()2)(1(50)1(0[ 2)2()1(
ii

p
i

p
i

T
ri λp, λpp. ,λp, , λΛ 

  . 

    (30) 
 
Therefore the dynamics of S can be written 
into the following compact form:  
 

)(pT
r eES  ,            (31) 

 
where  
 

npn
T
rn

T
rn

T
r

T
r

T
r .121 ],,[    , and 

T
neeee ],,[ 21  .           (32) 

 
From (7) we obtain:  
 

(x)])((x)[1)()()(
gtufyxy

p
d

pp
d

  ,      (33) 

 
or  
 

(x)])((x)[1)()( gtufye
p

d
p   .        (34) 

 

Let us substitute )(pe  given by (34) in the 

expression (31); it follows that: 
 

(x)])((x)[1)(
gtufyES

p
d

T
r   .       (35) 

 
Now, let us define the filtered reference  
 

)(p
d

T
rref yEY  .           (36) 

 
So that 
 

(x)])((x)[1 gtufYS ref   ,        (37) 

 
which is equivalent to: 
 

)((x)(x)(x) tugYfSf ref  .        (38) 

 
Using (9, 10 and 11), the filtered tracking 
error dynamic (38) can be transformed into 
the final form:  
 

 *
g

* (x)(x)(x)  T
reff

T YSf   

)((x)(x) tuY greff   .          (39) 

 
5. The control synthesis  
 

In this Section, we develop an adaptive 
control law which is able to force the plant to 
follow the desired trajectory yd. The procedure 
is based on Lyapunov direct method.  
 
Proposition 1. If the nonlinear system (7) is 
conducted by the following adaptive control 
law:  
 

sog
T

reff
T

d uSfYSktu  .xˆ
2

1ˆˆ)(  , (40) 

 
where 
 

)(ˆ)( ˆ SsignSsignYu greffs   ,       (41) 

 

the vector parameters g̂  and f̂  are updated 

by: 
 

Sg .ˆ
1 


.            (42) 

 

T
reff YS ).(.ˆ

2 


,          (43) 



S. Abdel Badie / Direct adaptive fuzzy control  

496                                       Alexandria Engineering Journal, Vol. 47, No. 6, November 2008 

and the parameter bounds of
̂

, f̂  and g̂  are 

updated such that: 
 

Sfo .xˆ
1


.            (44) 

 

SYreff .ˆ
2 


.           (45) 

 

Sg 2
ˆ  


,            (46) 

 

where 0,,, 2121  . 

Therefore, under assumption (A1): 
1. E, x and u are bounded. 

2. E  0 as t  and *ˆ
ff   ; *ˆ

gg    as 

t .  

 
Proof. The following Lyapunov function is 
considered: 
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with 

 

fff  ˆ~ *   , ggg  ˆ~ *  ,        (48) 

 

fff oo
ˆ~

 ,  fff  ˆ~
 ,  and  

ggg  ˆ~
 ,            (49) 

 

where f  and g  are nominal values for f  

and g . Differentiating the Lyapunov function 

with respect to time we obtain:  
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Substituting in (50) Sf (x)  by its expression 

(39), V  becomes 
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Now, we introduce in (51) the adaptive control 

law )(tu  given by (40); we obtain: 
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Introducing the parameter adaptive laws (42) 
and (43) in expression (52) leads to: 
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The following inequality is always fulfilled:  
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This is equivalent to: 
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Using the adaptive laws (44 – 46) of the 

parameter bounds of̂ , f̂  and g̂ , we obtain:  

 

0     0  SSSkV T
d

  .        (57) 

 
Therefore, the function V in (47) is the 
Lyapunov function for the closed-loop system 

(40, 41 – 46). So ( gfogf fS  ˆ,ˆ,ˆ,ˆ,ˆ, ) are 

bounded and 0S  as 0t . As 0S  then 

from (25 and 28) 

0]  ,  [ )1()1(
111   Tn

nnn
n

eeeeeeE   and 

as dy  and its derivative are bounded, we have 

 Lx x, .  

The boundedness of the control law )(tu  is 

directly deduced from the boundedness of 

( gfogf fx  ˆ,ˆ,ˆ,ˆ,ˆx,, ).  

To show that 0
~

,
~

,
~

,
~

,
~

gfogf f   as 

t  let us define: 
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               (58) 
 

which can be written as: 
 





00

 (x)
2

1
 dSfSVdV T .        (59) 

As (x)f  is positive-definite, the following 

inequality is fulfilled: 
 

2
.(x) SSfST   with 



 1f .       (60) 

 
Therefore, we can write 
 





0

2

0 2



 dSVdV .         (61) 

 
Note that the expressions (58), and (48)-(49) 
mean that V  is bounded and none is 
increasing with time; hence it has a finite limit: 
 

 


VSV gfgf )
~

,
~

,
~

,
~

,(lim
t

 ,       (62) 

 
and  
 





 LVd
0

 .            (63) 

 
Moreover, the inequality (57) leads to: 
 


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00

2 1
 dV

k
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



 LVV
k

dS
d

)(
1

0

2
 .        (65) 

 

The conditions (63 and 65) entail that LV  

which means that 2
~

,
~

,
~

,
~

,
~

Lf gfogf  . 

Because refgf Y,,  and LS , it follows 

from (45-46) that f
~

 and  Lg
~

 which, 

together with f
~

 and 2Lg   implies, using 

Barbalat lemma [1], that f
~

 and 0
~

g  as 

t .  

Remark 2. In practice, because the control law 

contains )(Ssign , a discontinuous term, 

applying (41) will cause a chattering problem. 
The coming results are obtained after 

replacing the )(Ssign  by a saturation function 

of the form: 
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













SifS

SifSsign
Ssat

                   /

          )/(
)/(   ,     (66) 

 
where   is a positive constant. So that the 
sliding control term in (41) becomes:  
 

)/(ˆ)/( ˆ  SsatSsatYu greffs  .      (67) 

 
6. Numerical tests 
 

In this Section, we present a computer 
simulation to examine the validity of the 
proposed control algorithm using the two link 
planar manipulator shown in fig. 1, carrying a 
load. 

  
6.1. The design of direct adaptive control 
system for the two link robot:  
 

Consider the two-link robot moving in a 
vertical plane, whose inverse dynamics are 
given by: 
 






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1121 cos)(       xglmm  ,         (68) 

 

 2
2
1212212122 sincos xxllmxxllmu   

)()cos(        21
2
222122 xxlmxxglm   ,       (69) 

 

 
 

Fig. 1. Two link manipulator model. 

which is equivalent to plant model (7) where 
the joint position vector x and the state vector 

x denote, respectively, Txxx ] [ 21 and 

Txxxx ]   [x 2121
 .  

For simplicity, the control signals are 
viewed as two independent subsystems, one 
for each joint. Therefore, the dynamic plant 
can be rewritten as: 
 

)(x)(x 111111 gxfu    with Txx ] [x 111  ,     (70) 

 

)(x)(x 222222 gxfu    with Txx ] [x 222
 . (71) 

 

The functions )(x11f , )(x22f , )(x11g  and 

)(x22g  are modeled as zero-order T-S fuzzy 

system. Each input variable is described by 
two fuzzy sets.  

 With respect to function 1f  and 1g , the 

rule base incorporates 4 rules of the form: 
 

11 12
21

1
11   then  is  and  is IF :

F
kk

llf
k aFAxAxR  .   (72) 

 

, then  is  and  is IF : 21 12
21

1
11

g

kk
llg

k
aGAxAxR    (73) 

 

for 1l , }2,1{2 l  and }41{ k . The overall 

output is given by:  
 

11

ˆ.

.

),(ˆ
14

1

1

4

1

11

1 f
T

k

k

k

kk

f

f

xf 





 







 ,        (74) 

 

11

ˆ.

.

),(ˆ 14

1

1

4

1

11

1 g
T

k

k

k

kk

g

g

xg 





 







 ,       (75) 

 
with: 
 

)().( 1211
1 21 xAxA

ll
k   .          (76) 

 
Tff

f aa ] [ˆ 11

1 41  .           (77) 
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Tgg
g aa ] [ˆ 11

1 41  .           (78) 

 

 Similarly, the rule base of 2f  and 

2g incorporates 4 rules of the form: 

 

. then  is  and  is IF : 22 22
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1
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F
kk

llf
k

aFAxAxR    (79) 

 

, then  is  and  is IF : 22 22
22

1
12

g
kk

llg
k

aGAxAxR  (80) 

 

for 1l , }2,1{2 l  and }41{ k . The overall 

output is given by:  
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with: 
 

)().( 2221
2 21 xAxA

ll
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Tff

f aa ] [ˆ 22
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Tgg

g aa ] [ˆ 22

2 41  .          (85) 

 
6.2. Results and discussions 
 

The control law (40) is constituted by an 

adaptive fuzzy model term g
T

reff
T Y  ˆˆ  , the 

metric term SfSk od .xˆ
2

1
  and the sliding 

compensatory term su . It is imperative to look 

at the control coefficients such that the 
adaptive fuzzy model term is preponderant. 
After few trails, satisfactory results have been 
obtained for the control coefficients and 

bounds initial values ( gfof  ˆ,ˆ,ˆ ), which are 

set up as indicated in table 1.  
A time step of 0.0005 second has been 

incorporated in the simulation tests. The 

desired trajectories for 1x  and 2x  were set as: 

),sin()(y   , )sin()( 22
d
211 tbttbtyd    with 

radb    6.01  , radb   8.02  , srad /  5.01    

and srad /  2   . The input torque of joint 

one is saturated to mN. 300 .  

The simulations are conducted, first, when 
the robot starts from rest with initial position 

errors 6/ ; (test 1: see figs. 2-6); second, 

where a mass of 10 kg is added to the tip of 
link 2 after one second, (test 2: see fig. 7); 
third, where masses of the links are randomly 
changed with time, (test 3: see figs. 8, 9); and 
fourth, when random noise with amplitude 

mN. 5  is added to the gravity torque, (test 4: 

see figs. 10, 11).  
The obtained results show that the 

tracking regime is effectively established with 
acceptable tracking error and the control 

inputs ( 1u , 2u ) appear feasible. Fig. 6 shows 

that the sliding torque component evolves 
during motion within maximum value of 

mN. 15 . Consequently, the adaptive fuzzy 

model term remains preponderant in the 
control law as it can be anticipated from a 
comparison with fig. 5. Moreover, the inputs 
remain continuous. However, in test 2, fig. 7, 
the control increases somewhat relative to test 
1 and presents an acceptable discontinuity at 

sec  1t  when the 10 kg mass is added to the 

tip of link 2. These results reveal that the 
proposed direct adaptive fuzzy control law is 
highly robust in the face of internal 
uncertainty and external disturbances.  
 

Table 1 

Control coefficients and initial bounds 

 

Joint dK        of̂  f̂  g̂  

1 1500 5 1500 40 5 15 10 

2 100 5 500 40 5 15 10 
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Fig. 2. The tracking errors (test 1). 

  

 
 

Fig. 3. Actual (solid) and desired (dashed)  

trajectories (test 1). 

  

 
 

Fig. 4. The phase plots (test 1). 

 

 
 

Fig. 5. The input torque (test 1).  

 

 
 

Fig. 6. The sliding torque component ( su ), (test 1).  

 

 
 

Fig. 7. The input torque when a pay load of 10 kg is added 

at the tip of link 2 at 1t  sec (test 2).  
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Fig. 8. Variations of masses of link one and two during 

motion (test 3). 

 

 
 

Fig. 9. The input torque under random masses of link one 

and two (test 3).  

 

 
 

Fig. 10. The input disturbance (test 4).  

 
 

Fig. 11. The input torque under random disturbance 

added to the gravity terms (test 4). 

 
7. Conclusions 
 
 In this paper, a new direct adaptive fuzzy 
controller is proposed which: 
(a) is capable of incorporating fuzzy (IF-THEN) 
rules describing the system directly into the 
controller, 
(b) updates on-line the control parameters so 
that unknown nonlinearity, uncertainties and 
external disturbances can be overcome.  
(c) guarantees the global stability and 
robustness of the resulting closed-loop 
systems in the sense that all the signals are 
uniformly bounded. 
 The number of membership functions 
which approximates the nonlinearities can be 
extremely small and the results are less 
conservative than the methods presented in 
previous works.  
 The obtained simulation results clearly 
reveal that this direct adaptive fuzzy controller 
maintains the tracking errors in acceptable 
interval with feasible control inputs in the 
presence of hard parameter variations and 
external disturbances.  
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