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Natural convection heat transfer between two horizontal concentric cylinders with two fins 
attached to inner cylinder was investigated numerically using finite element technique. 
Laminar conditions up to Rayleigh number Rai of 5*104 were investigated. Effects of 

annulus diameter ratio, Rayleigh number, fin length, and its inclination angle on this type of 
flow were investigated. The conductance thermal resistance of finned annuli was obtained 

using conduction analysis. The thermal resistance decreases as fin length increases i.e. as 
the fin is extended within the annulus gap and increases as annulus diameter ratio 
increases i.e. as annular gap thickness increases. The free convection data were represented 
in terms of the effective thermal conductivity ratio ke/k versus Rayleigh number Rai. 
Correlation for thermal conductivity ratio is proposed. 

ى وجود زعنفتين ف  تم دراسة انتقال الحرارة بالحمل الحرارى الطبقى الطبيعى فى الفجوة بين اسطوانتين افقيتين متحدتى المحور
قطرى الفجوة و رقم  ن. و قد تم دراسة تأثير كل من النسبة بيعدديا باستخدام طريقة العناصر المحددة على الاسطوانة الداخلية

دالة السريان  لكل من و قد عرضت النتائج على شكل كونتورات رايلى و طول و زاوية ميل الزعنفتين على هذا النوع من السريان.
تم الحصول على المقامة الحرارية للتوصيل بدراسة  .على السطح الداخلى للفجوة الفيض الحرارىوتوزيعات رارة ودرجات الح

تم الحصول على نتائج لانتقال الحرارة فى شكل النسبة بين معامل التوصيل الحرارى  التوصيل الحرارى فى الفجوة المزعنفة.
عامة  دلةتم اقتراح معا. مختلفة و زوايا ميل و اطوال زعانف يلى لنسب اقطارالمكافىء الى معامل التوصيل الحرارى مع رقم را

  لحساب النسبة بين معامل التوصيل الحرارى المكافىء الى معامل التوصيل الحرارى. 
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1. Introduction 

 

Considerable work was done on investigat-

ing natural convection in horizontal annuli 
without fins, [1-17]. Previous investigation in 

bare annuli showed limited heat transfer in 

the annulus. One of the methods used to 

enhance the heat transfer in the annulus is to 

equip the surface of the inner cylinder with 

fins. Thorough literature survey showed that 
comparatively little work was focused on 

natural convection in annuli with fins on the 

inner cylinders. The presence of internal fins 

alters the flow patterns and temperature 

distributions that consequently affects heat 
transfer coefficient in the annuli. Previous 

researchers [18-22] investigated natural con-

vection in horizontal annuli with fins on the 

inner cylinder however the fins were symmet-

ric about the vertical axis.  

Changing heat transfer rate in fixed-flow 
geometry of two concentric cylinders can be 

done through application of some radial fins to 

the surface of hot cylinder. Chai and Patankar 

[18] were one of the first to investigate the 

effect of radial fins on laminar natural convec-

tion in horizontal annuli. They considered an 
annulus with 6 radial fins attached to the 

inner cylinder. They studied the effects of two 

fin orientations; the first is when two fins of 

the six are vertical and the second is when two 

fins are horizontal. The results indicate that 

the fin orientation shows no significant effect 
on average Nusselt number and average 

Nusselt number increases with increasing 

Rayleigh number and decreases with increas-

ing fin height. It should be mentioned that 

Nusselt number alone cannot give indication 
on increasing or decreasing heat transfer as 

will be discussed.   

Farinas et al. [19] investigated the effect of 

internal fins on flow pattern, temperature dis-

tribution and heat transfer between concentric 

horizontal cylinders for different fin orienta-
tion and fin tip for Rayleigh numbers ranging 

from 103 to 106. They employed the two fin 
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orientation used by [18]. The second orienta-

tion presents a higher heat transfer rate than 

that of the first orientation. The fin tip 
geometry shows insignificant effect on heat 

transfer. Farinas et al. [20] investigated lami-

nar natural convection in horizontal bare and 

finned rhombic annulus for different fin 

numbers and lengths and Rayleigh numbers 

ranging from 103 to 107. They concluded that 
the heat transfer is maximized for a narrow 

cavity with two longer fins.  

Rahnama et al. [21] studied the effect of 

fins attached to the inner and outer cylinders 

of annuli on flow and temperature fields in a 
horizontal annulus. They studied the effect of 

fin orientation and height attached to the 

cylinders for Rayleigh numbers less than 106. 

They employed the two fin orientation used by 

[18] and [19]. Contrary to [19] their results 

show no effect of fin orientation on heat 
transfer as reported in [18]. They argued that 

the results of local and mean Nusselt number 

prediction show that the fin height has an 

optimum value for which the heat transfer 

rate is a maximum. Extending fin height 
beyond that value reduces heat transfer rate 

significantly which is due to the blocking effect 

of long fins on flow recirculation. Rahnama et 

al. [22] investigated numerically the effect of 

two horizontal radial fins attached on the in-

ner cylinder on the heat transfer for Rayleigh 
numbers less than 104. They reported that 

insertion of two fins reduced heat transfer 

compared to bare annulus.  

The objective of the current chapter is to 

investigate numerically the natural convection 
heat transfer in horizontal annuli where the 

inner tube has two 180o apart longitudinal 

fins of constant thickness. Effects of fin incli-

nation angle to the horizontal, fin height and 

inner and outer annulus radii will be investi-

gated.  
 

2. Problem description  

 

The physical model of the investigated 

problem is illustrated schematically in fig. 1. A 
heated cylinder at Ti and of radius Ri is placed 

inside another cylinder at To and of radius Ro 

trapping air in the resulting annular cavity. 

The inner cylinder is placed concentric with 

the outer cylinder as shown in the figure. Two 

fins of height of Lf and thickness of d are 

placed on the inner cylinder. The fin thickness 

d is kept constant in the current analysis, d = 

1 mm. The angle between the two fins is 180o. 
The two fins are inclined an angle of θ with the 
horizontal x axis. However to reduce effort  in 

building the geometric models of current 

problem, the current problem is solved in the 
coordinate system X and Y shown in figure, 

where X is the coordinate placed along the fin 

and Y is the coordinate placed normal to X as 

shown in figure. 

As the inner cylinder is assumed to be 

hotter than the outer cylinder, a buoyancy 

induced flow results and natural convection 

occurs. It is expected that the existence of fins 

will resist the natural circulation inside the 
enclosure. The surfaces of the inner cylinder 
and the two fins are assumed isothermal at Ti 

and the surface of the outer cylinders is 
assumed isothermal at To, respectively, where 

Ti > To.  

The partial differential equations governing 
the fluid flow and heat transfer in the enclo-

sure include the continuity, the Navier-Stokes 

and the energy equations. The continuity equ-

ation is: 
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Fig. 1. Physical description and coordinate system of the 

annulus with fins problem. 
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The momentum equations in X and Y 

directions are: 
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The energy equation is: 
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where U and V are the velocities along X and Y 
directions, P is the absolute pressure, and gX 

and gY are the gravitational acceleration 

components in X and Y directions and they 

are estimated from: 

 

singgX  ,          (5) 

 

cosggY  .         (6) 

 
For natural convection flow, the change in 

density is responsible for the flow and the 

ideal gas state equation was provided as an 

input to estimate the fluid density, 

 

RT

P
 ,           (7)  

 
where P is the absolute pressure. The 

reference pressure was assumed equal to the 

standard atmospheric pressure during the 

current investigation. The properties of air 

except density are assumed constant and are 

taken to be the values at the mean tempera-
ture, 
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The boundary conditions for the current 

problem are: 

1. No slip condition along the surfaces of the 

inner cylinder and the two fins. 

2. No slip condition along the surfaces of the 

outer cylinder. 

3. Isothermal condition at the surfaces of the 
inner cylinder and the two fins, T = Ti. 

4. Isothermal condition at the surface of the 
outer cylinder, T = To. 

The assumption made in 3rd boundary 

condition is similar to boundary condition 

used by [18] and [19] and it is based on the 

assumption that the fin is highly conductive. 
 

3. Solution procedure 

 

Cosmos-flow plus code, used by 

Alshahrani and Zeitoun [17], Zeitoun [23] and 
Zeitoun and Ali [24], which was derived from 

the SIMPLER solution scheme introduced by 

Patankar [25], was used to discretize and solve 
the flow domain in the annuli with fins. Flow 

plus code is based on Finite element tech-

nique. A four node quadrilateral element type 
was used in solving the current problem. The 

grid points are not distributed uniformly over 

the computational domain as shown in fig. 2. 

They have greater density near surfaces of the 

inner and outer surfaces of the annulus and 
the surface of the fins. The spacing expansion 

and contraction factors of grid distribution 

along the radial and angular directions were 

selected 10 and 0.1.  

The numerical results were checked for 

grid independency. The numerical results are 
obtained with increasing number of nodes till 

a stage is reached where the results produce 

negligible changes with further refinement in 

grid size. The effect of the meshing system on 

the solution is examined by solving sample 
cases of the current problem for different 

meshing systems. Based upon the results of 

this investigation a grid system of 40360 is 
chosen to be used in the following analysis.  

 

4. Results and discussions 

 
Table 1 shows the input data employed in 

the present investigation. Natural convection 
in enclosures of three Do/Di ratios, five 

different angles and three fin height ratios was 

investigated. Typical samples of stream lines 

and iso-thermal lines are shown in figs. 3     
and 4.  
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a. Entire domain 

 

 
 

b. Grids near outer surface 
 

 
 

c. Grids near fin and inner surface 
 

Fig. 2. Grid system. 
 
 Table 1 
 Run conditions  

 
 Do, m Di, m Do/Di Lf, % θ Ti, K To, K 

 0.06 0.02 3 0 
25 

50 
75 

0  º  
22.5  º  

45  º  
67.5  º  
90  º  

300.01 
to 

500 

300 
 0.08 0.02 4 

 0.1 0.02 5 

 
4.1. Effect of fin inclination angles 

 

The effects of fin inclination angles on 

stream lines and temperature fields for 
temperature difference of 10 oC, Lf = 25% and 

Do/Di = 4 are shown in fig. 3. For fin inclina-

tion angle of θ = 90o, there are two symmetric 

circulation loops. As the fin angles decreases, 

the fins shifted one loop down and the other 

up. This shift increases resistance to the flow. 
This resistance reaches the maximum value at 
angle of θ = 0o. As a result, circulation velocity 

decreases and thermal boundary layer gets 

thick along the upper faces of fins and inner 

cylinder. 

 
4.2. Effects of fin height 

 

Fig. 4 shows the effect of fin height on 
stream line fields for horizontal fins (θ=0) and 

a temperature difference of 10 oC. For finless 

annulus, as shown in the figure, there are two 
circulation loops. For fin height of Lf = 25% 

and 50%, the circulation loop become thin in 

the level of fins until they are divided into four 
loops at a fin height Lf = 75%. The figure also 

shows that the upper two loops are stronger 

than the lower loops. The isothermal regions 
in the bare annulus show that the heat 

transfer concentrated around the bottom of 

the inner cylinder. The existence of fins as 

shown in the figures increases the thermal 

boundary layer along the bottom part of the 

inner cylinder and attached fins. For the outer 
cylinder, the heat transfer intensifies along the 

upper parts. The existence of fins decreases 

the boundary layer along the outer cylinder 

surface. These results indicate that the heat 

transfer will increase as fin height increases, 
this will be discussed later. 

 
4.3. Heat flux distributions 

 

The heat transfer from the inner to the 

outer wall was calculated by integrating the 
local heat flux along the surfaces of the inner 

cylinder and fins, 

 

  

fi A

w

A
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where the local heat flux was estimated by 

applying Fourier’s law at the surfaces of the 

inner cylinder and fins,  
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Fig. 3. Stream and isothermal lines at different fin 

inclination angles for Do/Di =4 and T=10K. 
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Fig. 4. Effect of fin height on flow pattern for Do/Di  = 4 

and T =10K and θ = 0. 

 

Local heat flux distribution along the 

surface of the inner cylinder of a finned 

annulus is shown in fig. 5 where 0o and 360o 

angles represent the lower point of the inner 
cylinder and  180o angle represents the upper 

point of the inner cylinder. The fin inclination 
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angle is zero for this distribution. The local 

heat flux distribution for un-finned inner 

cylinder is also shown in the figure. The 
results indicate that the local heat flux along 

inner cylinder is decreased, compared to un-

fined cylinder, due to existence of fins. The 

heat flux along bottom surface of finned 

cylinder (for 0 o to 90o and from 270 o to 360o) 

is higher than upper part. As discussed in [17] 
the thermal boundary layer is thinner along 

lower surface. The heat flux reaches very low 

values at root of fins. However, the reduction 

in heat transfer along inner cylinder surface 

due to flow resistance is compensated by the 
heat transfer from fin surface as shown in     

fig. 6. Examining the current data shows that 

increasing fin length at different fin inclination 

angles increases the total heat transfer. 

However, the effect of fin height is higher in 

the low Rayleigh number region, where the 
conduction heat transfer mechanism is the 

dominant mechanism. In his region, using fin 
height of Lf = 0.75 increases heat transfer 

about 100%. In high Rayleigh number region, 

where the convection heat transfer mechanism 

is the dominant mechanism, increasing fin 
height increases heat transfer but at lower 

rate due to resistance of fins to the natural 

circulation flow. 

 
4.4. Thermal conductivity ratio 
 

The data of heat transfer within the 

annulus were represented in terms of the 
effective thermal conductivity ratio ke/k ver-

sus Rayleigh number Rai, where ke is the 

equivalent thermal conductivity for both of 

conduction and convection in the annulus. 
The equivalent thermal conductivity ke can be 

estimated from: 
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Where Rthf is the thermal resistance of the 

finned annulus which was estimated from the 
conduction heat transfer analysis, conducted 

by flow plus, within the annulus: 
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Fig. 5. Heat flux distribution along surface of inner 

cylinder. 
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Fig. 6. Heat flux distribution along fin surfaces. 

 

Thermal resistance of the finned annulus 
is represented versus fin length ratio Lf as 

shown in fig. 7. It should be mentioned that 

this resistance is only a function of annulus 

geometry. As shown in the figure the thermal 
resistance decreases as fin length increases, 

i.e. as the fin is extended within the annulus 

gap, and increases as annulus diameter ratio 

increases, i.e. as annular gap thickness in-

creases. The ratio between thermal resistance 
of finned annulus Rthf and thermal resistance 

of un-finned annulus Rtha is shown in fig. 8 as 

function of fin length ratio Lf and annulus di-

ameter ratio. These data were correlated by 

the following correlation: 
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Fig. 7. Thermal resistance of finned annulus. 
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Fig. 8. Thermal resistance ratio of finned annulus. 
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Fig. 9. Comparison between correlation of thermal 
resistance and CFD data. 

 

The comparison between the prediction of 
the above correlation and current data of 

thermal resistance of the finned annulus is  

shown in fig. 9. As shown in this figure, the 

prediction of the proposed correlation 

accurately fits the current data of thermal 
resistance of finned annulus with a margin of 

error of ±0.5%. 

The data of the effective thermal conduc-
tivity ratio ke/k for the conditions listed in 

table 1 are shown in figs. 10, 11 and 12. As 

shown in the figures, this ratio is represented 
versus Rayleigh number based on the inner 

cylinder diameter for different annulus di-

ameter ratios, fin length ratios and fin incli-

nation angles. The pure conduction heat 
transfer limits is ke/k = 1 as shown in the fig-

ures. There are three distinct regimes of heat 
transfer. The first regime is the conduction 

dominated regime where the effective thermal 
conductivity ratio ke/k =1. The third is the 

convection dominated regime where the curves 

show strong dependency on Rayleigh number. 

The second regime which falls between the 
above mentioned regimes is a transition re-

gime. The data in the figures indicate that the 
ratio ke/k decreases as fin length ratio Lf in-

creases. This means that convection effect is 

decreased as fin length increases. The inclina-

tion angle has a significant effect on the ther-
mal conductivity ratio ke/k, however, the ratio 

ke/k increases slightly as the inclination angle 

increases. The effect of fin on natural convec-

tion circulation reaches its minimum at an 

angle of 90o. 

The data of thermal conductivity ratio for 

each fin inclination angle were correlated indi-
vidually. Investigation of the data for each in-

clination angle indicated that they are strongly 

dependent on the modified Rayleigh number 
Ram introduced by Alshahrani and Zeitoun 

[17] and on fin height ratio, Ram is given by: 
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The data of thermal conductivity ratio ke/k 

are correlated in terms of thermal conductivity 
ratio of un-fined annulus (ke/k)unf and fin 

height ratio Lf. The best fit for thermal con-

ductivity ratio of un-finned annulus (ke/k)an 

introduced by Alshahrani and Zeitoun [17] is,   
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The non-linear regression analysis was 

carried in two steps. First, the regression was 
conducted for each inclination angle 

separately. The nonlinear regression analysis 

was carried out using XLSTAT software. The 

obtained correlations for five different fin 
inclination angles are:  
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Fig. 10. Thermal conductivity ratio of finned annulus versus Rayleigh number. 
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Fig. 11. Thermal conductivity ratio of finned annulus versus Rayleigh number. 

 
The constants m and n for different fin 

inclination angles are listed in table 2. The 
regression coefficients Rc of the above fore-

mentioned correlations fall in the range from 
99.3% to 99.8%. The constants m and n in the 

above correlation can be represented by the 

following equations, 

 

 

Table 2 
Regression results 

 

θ m n Rc, % 

0o 0.5359 1 99.8 

22.5 o 0.51877 1.0242 99.8 

45 o 0.5626 2.2096 99.3 

67.5 o 0.7145 4.2542 99.6 

90 o 0.7465 5.0677 99.6 
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Fig. 12. Thermal conductivity ratio of finned annulus versus Rayleigh number. 

 
3648 10717.610467.4   m   

     5359.010629.110348.2 324    , (17) 

 
3547 10483.310907.2   n  

      110331.91074.1 324    .     (18) 

 

The correlation coefficient of above correla-
tions is Rc = 1. Comparison between predic-

tions of above correlations and the numerical 

data of thermal conductivity ratio is shown in 

fig. 13. As shown in the figure, the prediction 

of the proposed correlation fit the current data 

of thermal conductivity ratio of finned annulus 
with a margin of error of -6 to +15%. 
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Fig. 13. Comparison between predictions of proposed 

correlation and current numerical data. 

 

5.  Conclusions 

 
Natural convection heat transfer between 

two horizontal concentric cylinders with two 

fins attached to the inner cylinder was investi-

gated numerically using finite element tech-

nique. Laminar conditions up to Rayleigh 
number Rai of 5×104 were investigated. Effects 

of annulus diameter ratio, Rayleigh number, 

and fin length and its inclination angle on this 

type of flow were investigated. The thermal 

resistance of finned annuli was obtained using 

the conduction analysis. The thermal resis-

tance decreases as fin length increases i.e. as 
the fin is extended within the annulus gap 

and increases as annulus diameter ratio in-

creases i.e. as annular gap thickness in-

creases. A correlation for thermal resistance of 

fined annuli was obtained. The free convection 
data were represented in terms of the effective 
thermal conductivity ratio ke/k versus 

Rayleigh number Rai. The ratio ke/k decreases 

as fin length ratio Lf increases. This means 

that convection effect is decreased as fin 

length increases. The inclination angle has 
weak effect on thermal conductivity ratio ke/k. 
Correlation for thermal conductivity ratio is 

proposed, the predictions of the proposed cor-

relation fit the current data of thermal con-

ductivity ratio of finned annulus with an error 

of -6 to +15%. 

 
Nomenclature 

 
Ai is the surface area of inner cylinder, m2, 

Af is the surface area of fins, m2, 

Cp is the specific heat, J/kg K, 

Di is the diameter of the inner cylinder, m,  

Do is the diameter of the outer cylinder, m, 

d is the fin thickness, m, 
Gri  is the Grashof number based on inner 

cylinder diameter, g (To-Ti) Di3 /2, 

g is the gravity acceleration, m/s2, 
gx is the gravity acceleration component 

along X coordinate, m/s2, 

gy is the gravity acceleration component 

along Y coordinate, m/s2, 

k is the thermal conductivity of fluid, W/m 

K, 
ke is the effective thermal conductivity, W/m 

K, 
Lf is the fin length ratio, lf /(Ro–Ri), 

lf  is the fin length, m, 

P       is the pressure, Pa, 

Pr is the Prandtl number, 

T       is the temperature, K, 

Ti is the temperature of inner cylinder and 

attached fin, K, 
To is the temperature of outer cylinder, K, 

Tm    is the mean temperature, K, 
R is the gas constant, J/kg K, 

Rc is the correlation coefficient, 

Ri is the annulus inner radius, 

Ro is the annulus outer radius, 

Rtha is the thermal resistance of unfinned 

annulus, 
Rthf is the thermal resistance of finned 

annulus, 
Rai is the Rayleigh number based on inner 

cylinder diameter, Gri Pr, 

Ram is the modified Rayleigh Number, Eq. 

(14), 
Q is the heat transfer, W, 

Qcond is the conductive heat transfer, W,  

qw is the local heat flux, W/m2, 

U      is the velocity in X direction, m/s, 

V is the velocity in Y direction, m/s, 

X is the coordinate along fin, m, 
x is the horizontal coordinate, m, 

Y is the coordinate normal to fin, m, and 

y is the vertical coordinate, m. 
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Greek symbols 

 

 is the thermal expansion coefficient, K-1, 

 is the kinematic viscosity, m2/s, 
μ is the viscosity, Pa s, and 

ρ       is the fluid density , kg/m3.  
 

Subscripts 
 
unf  is the unfinned annulus, 

cond    is the conduction, 

conv    is the convection, 

f  is the finned annulus, 
i          is the inner cylinder, and 

o        is the outer cylinder. 
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