Electrostatic gyroscope pull-in study and optimum dimensions
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Pull-in study of the electrostatic gyroscope is essential for good performance. This paper
presents optimum dimensions for the electrostatic actuated gyroscope. Good pull-in
performance is obtained using the optimum dimensions. Pull-in analysis is presented for an
electrostatic gyroscope. Polynomial algebraic equations for pull-in voltage, pull-in angle, and
pull-in torque of the electrostatic gyroscope are presented. Genetic algorithm for choosing
the optimum dimensions is presented. New design technique for choosing proper values of
the system dimensions is presented, by using genetic optimization. Adequate desired
performance is obtained by optimizing the magnitudes of these dimensions.
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1. Introduction

There is a growing interest in microme-
chanical rates gyroscopes [1-4] due to their
small dimensions and their potential of being
cheap and yet highly sensitive. Several tech-
niques that can be divided into two main
groups are used in order to implement such
devices: vibrating [3,4,5] and rotating [4]. The
microelectromechanical vibrating rate gyro-
scopes are classified by their actuation force
and the output displacement sensing tech-
nique. Several techniques of actuation have
been employed so far: electrostatic, either
laterally [4] or vertically [5], piezoelectric or
electromagnetic [6]. The response to rate due
to the Coriolis effect is sensed either ca-
pacitively, piezoelectrically or piezoreisitively.

A novel design for a micromachined vibrat-
ing ring rate gyroscope is presented [5]. The
proposed device uses vertical electrostatic a-
ctuation and differential optical sensing to
measure the response of the proof mass to
rate. This novel microelectromechanical vi-
brating rate gyroscope does not suffer in
principle from cross coupling, electrical or
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mechanical between the excitation and output
modes as opposed to other designs. The theory
of the rate gyroscope, including the electrome-
chanical behavior and the optical sensing
technique and associated noise sources,
which limit performance, is discussed in [5].

There are many examples of MEMS
structures, which are actuated by electrostatic
forces. These structures include parallel plate,
deformable beams or diaphragms, as well as
torsion actuators. A set of examples is
illustrated in [7-10]. In torsion actuators, in
contrast to parallel plate actuators, the plates
are tilted and an angle a is defined between
the two plates. An important parameter of
electrostatic microactuators is the pull-in
voltage. In static equilibrium, the electrostatic
force/torque and the mechanical force /torque
are equal, resulting in a stable condition of the
actuator. As the voltage increases, the electro-
static force/torque, resulting in instability or a
collapse condition, where a contact between
the two plates is formed.

Pull-in analysis has been extensively
studied in the literature. In the case of parallel
plate actuators, a simple analytical model can
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be derived for calculation of the pull-in voltage
and pull-in distance [11,12]. Pull-in studies
were also carried out for more complicated
structures as deformable beams and dia-
phragms and for torsion actuators [9].

So far, several ways have been employed
for estimating the pull-in voltage and pull-in
angle for the torsion actuators. The simplest
method is using the parallel plate model along
with an effective spring torque coefficient of
the structure for estimating the pull-in voltage
[9,11,12]. This method yields rapid calcula-
tions, but shows errors of up to 20%. The con-
ducting plates are restricted to be close to the
torsion bar or at the edges of the proof mass.

Pull-in analysis is presented for an electro-
static torsion microactuator in [9]. Two types
of microactuators fabricated using bulk micro-
machining are presented. Measurements done
on the fabricated microactuators are reported.
In [9] simplified model for calculating the pull-
in voltage and the pull-in angle of an electro-
static torsion microactuator is presented. The
equilibrium state between the electrostatic
and elastic torque is considered, by employing
stability considerations.

In this paper, a simplified model for cal-
culating the pull-in angle, pull-in voltage and
pull-in electrostatic torque is presented. Ex-
tensive simulation has been done for the pull-
in performance. Stability consideration has
been taken into account by using equilibrium
between the electrostatic and mechanical
torque by adjusting the operating point. Opti-
mum system dimensions have been calculated
by using genetic optimization. The computa-
tions are also compared with previously re-
ported results, showing good agreement.

2. Analysis and mathematical model

2.1. System characteristics

The mechanical and electrical behavior of
a two-degree of freedom rate gyroscope will be
analyzed (confined motion and output mode).
Fig. 1 from [9] shows schematic view of the
gyroscope including the proof mass, the plates
of the capacitors, and the needed parameters
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for the analysis in the Cartesian frame (x, y,
2). In order to model the electrostatic torque, it
is assumed that the plates are infinitely wide
and they have length b in the negative z
direction. The potential between the plates
comes from voltage supply V. The Laplace
equation of the electrostatic potential between
the plates is qo((o)and the boundary condi-
tions, in cylindrical coordinates denoted by
(r, o, 2).

2% 4(p)
04>

=0, (1)

where ¢((p=0)=0, ¢(qp=a)=V and V is the
applied voltage, « is the angle between the

plates, @ is the electrostatic potential between
the plates. Solving (1) yields to,

o)=L, )
(04

The electrostatic field can be calculated as
follows.

v @ between plates
ar : (3)
0 out of plates

E=-V¢=

Where ¢is the unit vector in the direction
of @. The charge density ps on the plates is.

where + sign for the upper plate and - for the
lower plate. & is the dielectric constant of the
vacuum; r is the vector of motion. The electro-

static pressure on the upper plate can be
calculated.
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Fig. 1. A schematic view of a gyroscope.

The integration of the plate’s elements in
the direction of z and r gives the electrostatic
torque exerted on one plate where the bottom
plate is fixed.

b o
M(a) = I j(r3 — r) 7 x 13(a) drdz. (6)
z=0r=n,

The integration of eq. (6)
following formula in eq. (7).

2
M(a) = Vb {r_3 _3 h{r_lJ:lé , (7

o)

gives the

where ri, rp, 13, b are defined in fig. 1, and
r is the unit vector in the r direction. For more
integration accuracy, the electrostatic torque
around the z direction has different form in [9]
if we assume small angles and infinite plate
length b the other form of the electrostatic
torque is in eq. (8).

2 _
o)=Y P4 d +1n[d “20’] z. (8)
20(2 d- s d- ao d- ao

From fig. 1, d is the distance between the
two plates at the axis of rotation, o; is the

distance from the axis of rotation the nearest
edge of the plate, and o, is the distance to the
end of the plate, a is the plate length.

Eq. (8) can be modified to the normalized
value of the gyroscope angle as in eq. (9).

2
\M(a)(—EOVbi{ ! ! +1n[1_ﬁ9ﬂ. (9)

222, 07 [1-80 1-p0 \1-10
where
d a a a
tmax =—— f=—2y=—"10= (10)
as as as Omax
Eq. (10) shows that, the electrostatic

torque is expressed as a function of the nor-
malized angle 6 and the normalization angle
amaxis determined by the physical structure of
the gyroscope.

2.2. Pull-in study

The pull-in state starts when the electro-
static (comes from the applied voltage) torque
comes greater than the system inertia then
the plates stick to each other. The equilibrium
state happens when the electrostatic torque
gets equal to opposing mechanical torque; the
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system mechanical torque can be represented
as:

r=K,a. (11)

As shown from eq. (11) the system me-
chanical torque is a linear function directly
increases with the plate angle a and has a
slope K, where K, is the spring torque coeffi-
cient. For each gyroscope there is a maximum
angle eq. (10), the plates can not turn more
than this angle, the gyroscope angle is defined
as the tangent of distance between the plates
to the length between the centers of the plates
to the reference point that stays beyond the
proof mass of the proof mass as shown in fig.
1. The angle between the plates is in the range
of micro radian, so, for approximation we can
neglect the tangent as shown in eq. (10).

The angle of the gyroscope increases with
the applied voltage, the angle that the gyro-
scope operates at is derived from the equilib-
rium state (i.e. when the electrostatic torque
equals to mechanical torque) by solving eq.
(12).

Kqa = |M(a). (12)

By solving eq. (9) and eq. (12), an expres-
sion for the pull-in voltage as a function of the
normalized angle 6 can be found as in eq. (13)
and (14).

d3
Vput—in(B,7) = \/%f(ﬁ,y) . (19)

£oa3

3
G°.
pn . (14)
1-$6,,;
L S POpin
1= pOpin  1-70pin 1-70pin

Then, it can be seen from eq. (13) that, as
the applied voltage increases as the normal-
ized angle 6O increases, until the normalized
angle O reaches the maximum value and then,
the pull-in state starts.

f(ﬂ)}’){

3. Results and simulation

848 Alexandria Engineering Journal, Vo

Intensive simulation has been done using
MATLAB, the data used for the simulation are
listed in table 1 it is taken from practical
gyroscope fabricated in [9], [9] presents two
types of gyroscope T-type and MMV-type. The
data used in this paper that of t-type gyro-
scope. The table presents the gyroscope dim-
ensions. The results obtained from the simula-
tion are declared as follows.

The simulation of eq. (7) shows the elec-
trostatic torque M comes from the applied
voltage V. Fig. 2 shows the electrostatic
torque as a function of the gyroscope angle .
The simulation has been done for different
applied voltage at (20,15,10,5) V. As shown
from fig. 2 as the applied voltage increase as
the electrostatic torque increases and, the
angle o increases and the pull-in occurs early
(at lower ). Fig. 2 shows also the simulation
of eq. (11) the gyroscope mechanical torque t
versus the gyroscope angle ¢, as the gyro-
scope angle increases as the torque increase
linearly, where eq. (11) is linear relationship
between the mechanical torque and the angle.
For sufficient low voltage, the angle of the
proof mass has two physical solutions, where
one is stable and the other is unstable (pull-in
state). For certain voltage the two solutions
coincide. This voltage is defined as the pull-in
voltage. For voltage above the pull-in voltage,
the electrostatic torque is greater than the
mechanical torque for any angle, thus, there
are no solution (i.e. no stable operation, pull-
in state).

Simulation of eq. (4) is shown in fig. 3, as
shown the electrostatic charge grows up as
the angle « increases, at the pull-in state the
charge increases rapidly, causes the electro-
static torque increases rapidly and the two
plates collides, and device goes to malfunc-
tion. We can classify the response into three
main phases. The first is the acceleration
phase, which lasts for the first few micro
seconds. During this phase, the charge
increases rapidly, and the velocity increases
slowly but the position is still close to the

initial = position. The second phase is
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Fig. 2. Electrostatic and mechanical torque versus angle a.
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Fig. 3. Charge density versus angle a.

damping phase where the charge and the
electrostatic torque are still increasing but at
lower rate because of the nonlinearity of the
electrostatic torque. The final phase is the
pull-in phase; this phase is characterized by
rapid increase in the charge and the torque.
This rise indicates that there is a sharp spike
of current at the moment of pull-in happens
when the system is driven from nearly ideal
voltage source and this turns out to have
important effect on the total amount of energy
consumed during the transient. The charge
plays big role in the pull-in instability, where
controlling the charge control the gyroscope
stability.

Simulation of eq. (13), (14) is shown in fig.
4, the pull-in voltage versus the angle «, as
the angle increases as the voltage increase,

Table 1

Gyroscope dimensions

System parameters Value
Ka 7.3*10-6
a 430 pum

680 um
700 um
4.55 um
31 um
14 ym
400 yum
1300 um
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Fig. 4. Pull-in voltage versus angle a.

the pull-in voltage reaches maximum value
and then goes down to reach zero at the pull-
in state, where short circuit happens and
spike occurs between the plates.

A parametric investigation of 6pin depend-
ency on the location parameters 8 and y is
shown in fig. 5, where the x axis is the y pa-
rameter and the y axis is 6pin, it can be seen
that there are no restrictions that are imposed
on the location parameters 3 and y beside
nonphysically values. The pull-in angle can be
set in a wide range, from about 0.4 to 1, when
the pull-in situation does not occur before the
gap is closed. Therefore, a full dynamic range
of the gyroscope is achieved; a useful fact in
the design of several gyroscope. As shown
from fig. 5, as 8 increases as the pull-in angle
increase, and the pull-in angle decreases with
increasing y. It is also known that [9] for lower
pull-in voltage, larger plates should be used,
but this can result in a lower 6pin. Therefore,
careful attention should be paid to design
since dynamic range and pull-in voltage are
not independent.
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Pull In Angle Versus gama
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Fig. 5. Pull-in angle versus y for different 3.

As shown from above, we need to increase
the pull-in angle 6pin with the lower pull-in
voltage by choosing optimum plate’s area and
optimum value for y. Where as the plate area
increases as the pull-in voltage decreases as
shown from eq. (13), (14) and the pull-in angle
increases. As y increases as the pull-in angle
decreases and the pull-in voltage decrease. So,
we need to implement optimization technique
to find the optimum plate area and optimum
value for y to increase the pull-in angle and
decrease the pull-in voltage. Genetic optimiza-
tion can do that; choose the optimum plate
area, and optimum value for y which gives the
required pull-in angle and voltage.

4. Genetic algorithm

Genetic algorithm has been implemented
to find the optimum values of the plate width
b and y. The procedures for applying the
genetic algorithm are found in fig. 6, it starts
with wide range of b and y obtained from
design values in [9], at the 1st population pool,
computing the fitness for each individual. The
fitness is measured towards the maximum
pull-in angle and lower pull-in voltage. The 2rd
step is sorting the population according to
their fitness, and checking for the average
fitness, the algorithm stops if converged else
goes to the next step. The 3rd step is a death
process; eliminate all poor population fitness
according to a crossover probability. The 4tk
step is a crossover process to generate off-

spring, to keep up the same number in popu-
lation and to get improved stiffness. The
crossover process uses the parents with best
fitness, a binary coding is used to express b
and y magnitudes, and with one-point cross-
over method is used in our case. The 5th step
is a mutation, with a mutation probability of
40%, one point mutation is used. Finally, the
new population is formed and procedures
repeated until reaching the optimal average
fitness.

5. Results and simulation for optimum
dimension gyroscope

The simulation using the genetic algorithm
working on optimum b and y has been imple-
mented. The fitness function has been worked
on increasing the pull-in angle for low pull-in
voltage. The optimum values for b= 580 um
and optimum y = 0.7. Fig. 7 shows the electro-
static torque versus the gyroscope angle «, the
electrostatic torque in this graph has applied
voltage (10V) and the optimum b and vy, the
graph also shows the system mechanical
torque represented in eq. (11). As shown from
fig. 7 the intersection between the two curves
is two points one stable and the other is
unstable as discussed above. The other point
comes for ¢ = 0.65u rad. Where for the same
applied voltage above in fig. 2 the point of
intersection between the electrostatic torque
and the mechanical torque was at a = 0.52u
rad. i.e. by changing b and y the system
characteristics and operating point change.
The optimum value for b and y guarantee
stable system at the pull-in state. Fig. 8 shows
the electrostatic torque and mechanical torque
versus the angle o using optimum b and y. It
is done to make it easy to be compared with
fig. 2 to show the effect of using the optimum
values on the system operating point, pull-in
voltage and pull-in angle.

Fig. 9 shows the pull-in voltage for the
gyroscope using the optimum values versus
the angle a. as shown the pull-in voltage has
been decreased. For different pull-in angles. It
can be compared with fig. 4 to see the
different when using the optimum dimension
parameters.
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Fig. 6. Genetic algorithm flowchart.

6. Conclusions

Gyroscope analysis has been presented
with optimization objective in mind. Gyroscope
model is presented and simulated Using
MATLAB. Device electrostatic and mechanical
torque, pull-in voltage and angle, charge

density, effect of device dimension on these
parameters are investigated. The simulation
gave us conclusion that, the gyroscope dimen-
sions b and y have big effect on the system
pull-in stability. When the plate’s area in-
creases the pull-in voltage decreases and the
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Fig. 9. Pull-in Voltage versus angle o using optimum b
and y.

pull-in angle increases. When y increases pull-
in voltage decreases and the pull-in angle
decreases. Genetic optimization algorithm has
been implemented to find the optimum value
for the plat area and y. The system has been
simulated using the optimum value for b and
y. Then, comparison has been discussed after
using the optimum parameters in the simula-
tion. The results using the optimum value for
b and y were much better, where they give
better device pull-in stability than using the
nominal value for b and y obtained from nomi-
nal design methods.
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