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The objective of the present investigation is to study the laminar combined heat transfer 
between infinite isothermal horizontal cylinders. The cooled outer cylinder is considered 
rotating  with constant angular speed while the hot inner cylinder is fixed. A mathematical 
model is constructed and solved numerically. This investigation covers wide ranges of 
Rayleigh number from 103 to 106, Reynolds from 0 to 2000, Prantdl from 0.01 to 10, and the 

ratio of inner diameter to gap width from 0.5 to 5. Three flow patterns were identified 
according to the number of eddies: two eddies, one eddy, and no eddy. The flow regimes are 
plotted, and characteristics of flow patterns are elucidated. A comparison is made with the 
previous investigations. The comparison shows a good agreement with published results.                                                                                     

يحتوى هذا البحث على  رااةىع عرريىع قات ىلح الحىاااح بللحرىح الااىلخ   الرنىتلط بىيي اةىطوااتيي ها يتىيي قارىلخيتيي راخاتى  الر طى  
ويتواجىر هىذا الاظىل   0بحيث تكوي اقةطوااع النلاجيع ربارح واقةطوااع الرانليع رةناع  رتحرت  الرحوا راتظرت  راجع الحاااح

ويىىت  اات ىىلح الحىىاااح بللحرىىح الااىىلخ   برىرىىع طىىاط وهىى  الحرىىح الطبي ىى  والحرىىح  0اىى  كريىىا رىىي التطبي ىىلي الاىىالعيع والرارةىىيع 
ل ت  إاجلزه ا  الأبحىلث الةىلب ع والتى  ت الىي لكىح رىي اات ىلح الجباى والحرح الرنتلط ) الطبي   و الجباى ( وار ت  اةت ااض ر

الحاااح بللحرح الطبي   والحرح الرنتلط بيي اةطوااتيي ها يتيي رتحرت  الرحوا وتى  عىاض ال ىي  النلاىع بكىح بحىث وعلى  لىو  

 00و  0 Re  0000 0ةىلب ع وهى  ذلك ت  تحرير ال ي  البحريع الت  ت  رااةترل نىح هذا البحث والت  ل  تت اض لرىل الأبحىلث ال
3
  Ra  00 

6
هىىذا واىىر تىى  البىىر  رىىي الر ىىرقي التسللىىليع الاخيةىىيع النلاىىع بللةىىايلي و  5    005و  Pr  00 0000و  

ا تلىك واات لح الحاااح ا  الرحلوا الاخيةىيع الرىرىعا اجتجىله الطىول  و اجتجىله ال طىاى واتجىله الزاويىع واىر تى  انتاىل كريع الحاكع
الر لرقي لحلرل ا  اتجىلهيي ا ىط وهرىل اقتجىله ال طىاى و اتجىله الزاويىع وتى  ولى رل ب ىر ذلىك اى  اىواح ق ب ريىع كى   تكىوي اى  

واىر تى  اةىت ااض الاتىلخخ النلاىع بللبحىث والتى  ت ىيا إلى  وجىور  0اواح علرع وت  حلرل ب ر ذلك عىرريل بلةىتنرا  الحلةىلآ ا لى 
الروارتيي و راط ع الروارع الواحرح و راط ع عر  وجور الروارلي و ار ت  عرح ر لااىع بىيي اتىلخخ البحىث و رىرع رالطط وه ا راط ع 

 الاتلخخ البحريع الت  ت  الحاوح عليرل ري هبحلث ةلب ع و وجر هي هالك تواا ل كبياا بيارل.
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1. Introduction                       

 

The laminar convection between two ho-

rizontal concentric cylinders is an important 

problem in heat transfer and fluid flow due to 
its theoretical interest, and its wide engineer-

ing applications such as power transmission 

cables, sleeves, power chains, journal bear-

ings, and  grinding  machines. 

Comprehensive reviews on the study of 
natural convection phenomena were presented 

by Beckmann [1]. Iton et al. [2] correlated the 

average Nusselt number as a function of the 

modified Grashof number Grm. Kuehn and 

Goldstein [3] correlated relation for overall 

Nusselt number for heat transfer by natural 
convection between an inner and outer 

cylinder. Singh and Elliott [4] investigated the 

free convection problem between two concen-

tric horizontal cylinders when the modified 

Grashof number (Grm) is small. Transient 

natural convection heat transfer problem 

between two horizontal isothermal cylinders 

was solved numerically by Tsui, and Tremblay 
[5]. Rao et al. [6] investigated numerically flow 

patterns. Prud et al. [7] studied the laminar 

natural convection in a non-uniformly heated 

annular fluid layer. Morgan [8] correlated two 

equations for the Nusselt number in the 
enclosure between two horizontal cylinders 

when diameter ratio, R ≥ 10 in the two cases 

of constant heat flux, and constant tempera-

ture on the inner cylinder. Kumar [9] obtained 

the mean Nusselt number for natural convec-

tion in horizontal annuli in a wide range of Ra. 
Kolesnikov, et al. [10] investigated the problem 

of non-stationary conjugate free convection 

heat transfer in horizontal cylindrical coaxial 
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channels. A computational analysis of steady 

laminar natural convection of cooled water 

within a horizontal annulus with constant 
heat flux on the inner wall and a fixed 

temperature on the outer surface was 

presented by Ho et al. [11]. The investigations 

were made to explore the occurrence of 

density inversion of water and its effects on 

the flow and temperature fields. Yoo [12] 
investigated the transition and multiplicity of 

flows in natural convection in a narrow hori-

zontal cylindrical annulus. Yoo [13] investi-

gated also the natural convection in a narrow 

horizontal cylindrical annulus for low Pr. Yoo 
[14] investigated also the Prandtl number 

effect on bifurcation and dual solution in 

natural convection in a horizontal annulus.    

Comprehensive review on the study of 

mixed convection phenomena in horizontal 

concentric annulus was numerically investi-
gated for air and presented by Yoo[15]. Inves-

tigations were made for various combinations 
of Ra ≤ 5*104, Pr = 0.7, Re ≤ 1500, and σ  from 

0.5 to 5. The flow patterns can be categorized 

into three types according to the number of 

eddies: two-one- and no- eddy flows.                                
       From the previous review, the combined 

convection heat transfer between two concen-

tric horizontal rotating cylinders was not 

examined in wide ranges of Reynolds and 

Rayleigh numbers as well as for few different 
Prandtl numbers. Therefore, this work investi-

gates the combined heat transfer between two 

horizontal concentric rotating cylinders nu-

merically.  Also this investigation studies wide 

ranges for  Rayleigh number,  0  ≤ Ra ≤ 106, 

Reynolds number, 0 ≤  Re  ≤  4000, inner di-
ameter/ gab width  ratio,   0.5 ≤ σ ≤ 5.0, and 

Prantdl number ,  0.01  ≤  Pr  ≤  10.                                

 

2. Mathematical model 
     

 The geometry of the problem is shown in 
fig. 1. The two cylinders are held at constant 
different temperatures of Ti and To (Ti > To). The 

cooled outer cylinder is rotating  with constant 

angular speed in the counter clock-wise 

direction, and the hot inner cylinder is fixed. 

Applying the Boussinesq approximation and 
assuming no slip and isothermal conditions 

on the cylinders solid surfaces. The equations 

governing the continuity, momentum and 

thermal energy in the cylindrical coordinate 

are formulated into dimensionless form by 

using the following dimensionless variables: 
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The dimensionless governing equations 

are:  
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the boundary conditions are: 

 

at   R = iR    0.0 vu , 1 ,    (5)                                                 

 

at  R = oR   0.0u ,  1v , 0.0 .   (6) 

                                                                           
2.1. Nusselt number calculation     

 

Equating the heat transfer by convection 

to the heat transfer by conduction gives:                         
 

r

T
KTh




        when r=ri .      (7)                         

 

Introducing the dimensionless variables, 

defined in eq. (1) , into eq. (7), gives: 
 

R
iNu
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)(      when R=Ri .         (8)                  

 

The average Nusselt number around the 

inner cylinder perimeter is obtained by 

integrating the above local Nusselt number 

over the cylinder perimeter: 
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Fig. 1. Problem configuration. 

                                                                   

Also the average Nusselt number around 

the outer cylinder perimeter can be obtained 

by the same way: 
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2.2. Shear stress calculation 

 
The sheer stress acting on inner  cylinder 

is given by:  

 

r

v
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  when r=ri .                                  (11) 

 

 Applying the dimensionless form on the 
above equation, the dimensionless shear 

stress is given by: 
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 2
  when R=Ro.             (12)  

 

The number of nodes used was checked. 

Through-out this study, the number of grids 

(52   47) was used. The 52-grid points in the 
radial direction are enough to resolve the thin 

boundary layer near both the two cylinders 

sufficiently. Finite volume technique developed 

by Patankar and Spalding [16] was used, 

which is based on the discretization of the 
governing equations using the central diffe-

rencing in space. The discretized equations 

were solved by the Gauss-seidel method. The 

iteration method used in this program is a 

line-by-line procedure, which is a combination 
of the direct method and the resulting Tri 

Diagonal Matrix Algorithm (TDMA). The accu-

racy was defined by the change in the average 

Nusselt number through one hundred itera-

tions to be less than 0.01 % from its value. 

The numerical results showed that 2000 itera-
tions were enough for all of the investigated 

values.  

 

3. Results and discussions 

 
3.1. Hydrodynamic flow results and  

discussions 

 

Fig. 2 and 3 present samples of the flow 

patterns at discrete values of Re for different 

Ra, and Pr. Fig. 2 presents the flow patterns 
for very small Pr (Pr = 0.01). At Re=0.0(pure 

natural convection), the flow field is induced 

by pure buoyancy force, and consists of two 

kidney- shaped eddies. Both eddies circulate 

in an opposite direction to each other. When 
the outer cylinder starts to rotate, the flow 

pattern looses its symmetry. The variation of 

flow patterns with respect to Re is shown in 

fig. 2-a for Ra = 100. For small Re, the two 

symmetric eddies created by the pure buoy-

ancy force are slightly altered by the forced 
convection. In the region of π < φ < 2π, the 

forced flow near the outer cylinder opposes the 

buoyancy induced flow. As Re is increased, 

the left eddy grows, while the right eddy 

shrinked, and the flow pattern moves towards 

one eddy. This pattern persisted with increas-
ing Re within the range of  investigation. It is 

noticed that for condition of pure natural con-

vection, the separation line is located at the 

vertical axis of annulus. As Re is increased, 

the separation line at the upper portion moves 
in the same direction of rotation. As buoyancy 

forces increase, for Ra= 103 to Ra= 105, Re has 

a similar effect on the growth of one eddy and 

the decay of the other one, but it doesn't 

disappear within range of investigation. On 

the other hand, for 0.1 ≤ Pr ≤ 10, and small 
Ra, with increasing speed of rotation, the flow 

pattern changes from two eddies to one eddy 

and ended with no eddy as shown in fig. 3-a. 

However, as Ra is increased, the circulation of 
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the fluid between the two cylinders becomes 

complex. This is caused by the increased drag 

of buoyancy force.  
 
3.1.1. Effect of gab width on the streamlines 

The cases of σ = 0.5 (wide gap) and σ =5 

(narrow gap) are presented in fig. 4 for Pr 

=1.0. In wide gap, the convective fluid flow has 

more space to move and the fluid motion 
characteristics tend to be more convective. On 

the other hand, for narrow gap, the fluid has 

less space to move and the fluid motion and 

behavior tend to be more conductive.  It is to 

be noted that the case of wide gap is similar to 
a single cylinder, and the case of narrow gap 

is similar to two parallel plates. Also, as 

shown in fig. 2 to fig. 4, the flows can be 

categorized into three different patterns ac-

cording to the number of eddies: i- two eddies, 

ii- one eddy, and iii- no eddy.  
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    a) Ra=102                          b) Ra=103                        c) Ra=104                        d) Ra= 105 

 
Fig. 2. Flow patterns for different Re, and Ra when σ  = 2.0, Pr  = 0.01. 
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     a) Ra=104                       b) Ra=105                             c) Ra=106  
 

Fig. 3. Flow patterns for several Re, and Ra when σ  = 2, Pr =1.0. 

 
 

3.1.2. Hydrodynamic critical Reynolds number 

There are hydrodynamic critical values of 

Re defining the pattern onset between one 

eddy and no eddy, and between two eddies 

and one eddy. Fig. 5 shows the maps of the 

three flow regimes. From the figure, it can be 

seen that, the onset is dependent on both Pr, 

and Ra.  
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Fig. 4. Flow patterns for several Re, and Ra for wide gap( σ = 0.5), and narrow gap(σ = 5) when Pr =1.0. 
 
3.1.3. The shear stress 

The shear stress acting on the inner 

cylinder is calculated using eq. (12). Fig. 6 
shows the shear stress (τ) as a function of  Re 

for different Ra and Pr  =1.0 at σ = 2. For all 

values of Re, as Ra is increased, the shear 

stress increases due to the strong resisting 

buoyancy force.  It is noticed that, as Re is 
increased, there is an initial rapid decrease in 

shear stress followed by a moderate decrease. 

The figure also shows that, as Re is increased, 

the shear stress of Ra ≤ 1000 has the same 

values for all investigated values of Re > 300. 
Fig. 7 shows the shear stress acting on the hot 

inner cylinder as a function of Re and Pr 

numbers at Ra=106. It can be observed that, 

for the same conditions of Ra, and Re, as Pr is 

increased, the shear stress is decreased due to 

the increase of the inertia forces against the 
buoyancy forces. For example, for Ra =106, 

and Re =100, however, the Richardson 

number (Rc) for Pr =0.1, 1, 5, and 10 are 

1000, 100, 20, and 10 respectively. In other 

words, as Pr is increased, the shear stress is 
decreased due to the decrease of order of 

magnitude between the buoyancy forces and 
the inertia forces. 

 
3.2. Heat transfer results and discussions 

 

Samples of the characteristics of stream-

lines, isotherms, and local circumferential Nu 
distribution are presented in fig. 8. Through 

these figures, Pr is kept constant and equal to 

5. For slightly low Ra, figs. 8-a to 8-c, with 

increasing speed of rotation, the thermal 

plumes move in the opposite direction of 
rotation. Conversely, with further increase of 

Re, the thermal plume direction is reversed 

and is tilted in the same direction of cylinder’s 

rotation.  In general, the forced flow tends to 

stratify the temperature field in the radial 

direction as the flow pattern is transferred 
from two eddies to one eddy pattern. Lastly, 

for no eddy flow pattern, the isotherms of the 

flow constitute concentric circles. These phe-

nomena appear for all values of Pr. With 

increasing Ra, as Re is increased, we can find 
similar characteristics as those mentioned 

above. With further increase in Re, the iso-

wide gap(σ=0.5),               

Ra= 500 

 

narrow gap(σ=5), 

Ra =1000 

 

Re=0.0 Re=100 Re=300 

Re=0.0 Re=100 Re=10 
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therms are stratified, but don't convert to 

concentric circles due to the high buoyancy 

force which competes with the forced convec-
tion and keeps the flow pattern in the region 

of one eddy. 

 
3.2.1. The local Nusselt number 

The circumferential variation of the local 

Nu is shown in fig. 8. With increasing Re, the 
values of the points of minimum Nu values 

increase, and the points of maximum Nu 

decrease. For high Ra (Ra =500000), however, 

as Re is increased, two minimums and two 

maximums are also observed in the local Nu 

distribution around the inner cylinder. It is to 

be noted that, this phenomena occurs when 
the eddy in the right portion is very week, and 

moves towards disappearance due to the 

increased drag of the strong eddy at the left 

portion. With further increase of Re, the 

second peak disappears. For slightly low 

Rayleigh number, as Re is increased, the local 
Nu for both inner, and outer cylinders attains 

a nearly straight lines. This phenomena 

occurs for the flow in the pattern of no eddy.                                                                                    

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 
(a) Pr =0.1            (b) Pr =10 

 
Fig. 5. Classification of flow regimes according to the number of eddies on the (Ra-Re) plane when σ = 2.   

 

   

 

 

 
 

 

 

 

 
 

 

 

 

 

 
   
 
 

Fig. 6. Shear stress acting on the  inner cylinder as a 

function of Re for several Ra, Pr =1, and σ =2. 
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Fig. 7. Shear stress acting on the inner cylinder as a 
function of Re for several Pr, Ra=106, and σ =2. 
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3.2.2. The average Nusselt number 

The average Nu for the combined convec-

tion between two horizontal concentric cylin-
ders with a cooled rotating outer cylinder is 

calculated using eq. (9). The relation between 

the average Nu and the Re for different Ra is 

plotted in fig. 9. For small Pr, say Pr=0.01, fig. 

9-a shows that, there is no effect of increasing 

Re on the value of the average Nu, so the 
average Nu has nearly a constant value which 

depends on Ra. As the diffusion of momentum 

is increased, for 0.1≤ Pr  ≤ 10, the forced flow 

tends to stratify the temperature field in the 

radial direction. There is a kind of competition 
between the buoyancy induced flow and the 

forced flow.  For Pr = 1.0, fig. 9-b shows that, 

for small Re, the average Nu is nearly identical 

to that of free convection, but above a certain 

Re it decreases rapidly. The range of Re where 

there is no great variation in heat transfer 
becomes wide as Ra increases, indicating the 

stronger role of the buoyancy forces.  With 

further increase in Re, the  average Nu  

experiences a change in  slope as the flow 

pattern changes from one eddy to no eddy. In 
addition, for Ra=10000, when Rc is being from 

∞ to 4, the average Nu is nearly identical to 

that of free convection With increasing inertia 

forces(i.e. decreasing Ri to less than 4), the 

average Nu curve' starts to decrease rapidly 

until the point of Ri equal to 0.0107. With 
further increase in inertia forces(i.e. Rc equals 

or less than 0.0107), the average Nu attains a 
constant value which depends on σ.                                  

As Pr is increased, the diffusion of momen-

tum is increased which increases the effect of 

the inertia forces against the buoyancy forces. 
It is noticed that as Ra is increased, the slope 

of the average Nu curves increases  as  the  Re 

is increased for Ra ≤ 104 because of  the 

increase in the inertia forces which makes a 

damping operatin to the buoyancy forces. For 

Ra ≥ 105, the average Nu curve has a constant 
slope as Re is increased. It is to be noted also 

that, for high Ra, and high Pr, with very small 

Re, there is a very little increase in the average 

Nu number due to the fact that, the diffusion 

of heat becomes more taster than the diffusion 
of momentum which increases the average Nu 

as Re is increased.  

From fig. 9 the values of average Nu in 

terms of Ra, Re, and Pr were correlated as:                                                                                            
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Fig. 8-a. Streamlines, isotherms, and local nusselt number circumferential distribution Ra=5000, Re=5, σ =2, and Pr =5. 
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Fig. 8-b. Streamlines, isotherms, and local nusselt number circumferential distribution Ra=5000, Re=20, σ =2, and Pr =5. 

 
 
 
 
 

 
 
 
 
 
 

 

 

 
 
 
 
 
 

 
 
 

Fig. 8-c. Streamlines, isotherms, and local nusselt number circumferential distribution Ra=5000, Re=700, σ=2, and Pr=5. 

 
The above correlation is valid for: 103  Ra 

106, 0.0  Re  2000, 0.01  Pr  10.0, and  
= 2.0. The maximum error was within 15%. 

 From fig. 9, it can be seen that for values 

of Pr  0.1, and for Ra  104, as Re is 
increased, the average Nu decreases rapidly in 

the regimes of two eddies, and one eddy 

patterns. With further increase in Re, the 

curve of the average Nu starts to attain a 

constant value due to the transfer of flow 
pattern from one eddy to no eddy.  
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4. Comparison of the Nusselt number    

      results 

 
A comparison of the present results for the  

average Nu values with those given by Joo-Sik  

Yoo [15] was made and illustrated in fig. 10 for 

Pr =0.7. Yoo used in his investigation a 
different definition to calculate the mean Nu 

as follows:     

 

 
 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 
Fig. 8-d. Streamlines, isotherms, and local nusselt number circumferential distribution Ra=500000, Re=500, σ=2, and Pr=5. 

 
 

 

 
 
 
 
 
 
 
 
 

 
 

 

 

 

 
 

 

 
                                                                                          

 
Fig. 9-a. Average Nu as a function of Re for Pr =0.01, and σ =2. 
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Fig. 9-b. Average Nu as a function of Re for Pr =1.0, and σ =2. 
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Fig. 9-c. Average Nu as a function of Re for Pr =10.0, and σ =2. 

                                                                                                                                                  

2/)( oi NuNuNu   .           (14) 

 
So, in our present work, the mean Nusselt 

number is recalculated using eqs. (9 and 10) 

to enable us to make the necessary compari-

son with his results.  As shown in fig. 10, the 

values of mean Nusselt number obtained from 

present work are higher than those obtained 
by Yoo. It is noticed that at a certain value of 

Re, there is a flat tail or departure in the 

curves obtained by Yoo. This behavior is ex-

perienced with the three values of Re (315, 

400, and 700), but in our study this phenome-

non didn't appear. The comparison was made 

at three values of Ra 10000, 20000. and 

50000. As shown in fig. 10, as Ra increases, 

there is a wide agreement of data between Yoo 

and present work. 

 
5. Conclusions 

 
Mixed convection between two concentric 

horizontal cylinders is numerically investi-

gated. The outer cylinder is isotherm at low 

temperature, and rotates about its axis with  

Ra=1000-50000 
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Fig. 10. Relation between mean Nusselt number, and 

Reynolds number for air (Pr = 0.7) between two horizontal 
concentric cylinders with a cooled rotating outer cylinder. 

 

constant angular speed. The inner cylinder is 

isotherm at high temperature, and fixed. 

There are three flow patterns which can be 
classified according to the number of eddies 

as: two eddies, one eddy, and no eddy.                                                                                                                            

1. For very small Pr, there is no effect of in-

creasing Re on the average Nu with respect to 

Ra, and σ, and the flow patterns tend to move 
from two eddies towards one eddy with 

increasing Re.                  

2. With increasing Pr, however, the average Nu 

has a constant value as Re in increased in the 

region of dominated free convection (i.e. when 
Rc is between ∞ and 4) until the thermal 

transitional Re, then the average Nu starts to 

decrease in the region of mixed convection.                                                

3. With increasing Re, the average Nu curve 

starts to attain a straight line as Re reaches 

the value of the hydrodynamic critical Re be-

tween one eddy and no eddy in the region of 
dominated forced convection.  

4. It can be noted that, as Pr increases, the 

slope of the curves of average Nu increases as 

Re is increased for the same value of Ra due to 

increasing the diffusion of momentum against 

the diffusion of heat, and also due to increas-
ing of the inertia forces against the buoyancy 

forces.             

5. The values of average Nu for the investi-

gated ranges of Pr, Ra, and Re, are correlated 

as given in eq. (13).                                                                                                                                
6. A relationship between sheer stress (τ) 

acting on the inner heated cylinder, and Re is 

investigated.  

As Ra increases, the sheer stress increases 

due to the increasing drag.  Also, as Pr in-

creases, the sheer stress  decreases due to the 
increase in inertia forces against the buoyancy 

forces (i.e. decreasing  Rc) which decreases the 

sheer stress.                                                                                  

 

Nomenclature 

 
C   is the specific heat, J/Kg K, 

di, do   are the diameters of inner and 

outer cylinders, respectively, m, 
Di, Do  are the dimensionless diameters of 

inner and outer cylinders, 

respectively, 
er, eφ      are the unit vectors in the radial 

and angular directions, 

respectively,  
g           is the acceleration of gravity, m/s2, 

Gr            is the Grashof number,  
Gr =gβ(Ti-To)L3/γ2, 

Grm        is the modified Grashof number, 
Grm = 1/8[(γo / γi )1/2ln(ro/ri)]3GrD, 

GrD       is the Grashof number  based on 
the inner diameter, GrD = gβ(Ti-
To)di3/γ2,     

hi , ho      are the average heat transfer 

coefficients at inner, and outer 

cylinders respectively, W/m2K, 
hφ              is the local heat transfer coefficient 

at angle φ, W/m2K. 

K           is the fluid thermal conductivity, 

W/m K, 

L             is the gap width of annulus, (ro –ri ),  

m, 

Nu(i),Nu(o) are the local Nusselt numbers at 

the inner and outer cylinders 
respectively, 

Nui, Nuo  are the average Nusselt numbers at 

the inner and outer cylinders 

respectively, 

Nu    is the mean Nusselt number,  
Nu=(Nui+ Nuo)/2, 

p       is the pressure, N / m2,   

P*          is the dimensionless pressure,  

P*= p/ρU2,  
Pr   is the Prandtl number, Pr = μC/K, 

r           is the radial coordinate, m, 
R          is the dimensionless radial coordi-

nate, r/L, 
ri, ro are the radii of the inner and outer 

cylinders respectively, m., 
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Ri, Ro      are the dimensionless radii of the 

inner and outer cylinders, 
respectively, ri /L,  ro / L , 

Ra    is the Ra yleigh number based on 
the gap width, Ra= Gr * Pr = gβ(Ti-
To)L3/αγ2, 

Re is the pure forced convection 
Reynolds number, Re= ro Ωo L/ γ ,  

Rc    is the Richardson number, Gr 

/Re2, or  Ra/ Pr. Re2, 
T          is the temperature, K, 
Ti, To      are the temperatures at the inner 

and outer cylinders respectively, K, 

T       is the temperature difference,  
  (Ti – To), K, 

t     is the shear stress acting on the 

inner hot fixed cylinder, 
r

t
v







 , 

N/m2, 
U      is the reference velocity, ro Ωo , m/s, 

vr , vφ     are the velocity components in the 

radial and angular directions 

respectively, m/s, 
u , v     are the dimensionless velocity 

components in the radial and 
angular directions, respectively, (u 

= vr/U & v = vφ/U), and  

V        is the dimensionless velocity vector. 

 

Greek symbols 

 

   is the coefficient of thermal expansion, 

K-1., 

    is the thermal diffusivity, m2/s., 

   is the dimensionless temperature,  

          ( T – To ) / ( Ti –To ), 

   is the kinematic viscosity, m2/s., 

    is the local fluid density, Kg/m3, 

ρi , ρo  are the fluid density at the surfaces of 

inner, and outer cylinders, 
respectively, Kg/m3.,  

γi , γo are the kinematic viscosity at the 

inner, and outer cylinders respectively, 

    is the dimensionless shear stress,  

τ = t / ρ U2, 

   is the ratio of the inner cylinder 

diameter to gap width, σ = di / L. 

        is the angular coordinate, rad , 

  is the angle being measured counter 

clock-wise from the upward vertical                                            

through the center of the annulus, rad, 
Ωo    is the angular velocity of the outer 

cylinders, rad/s, and  
μ       is the dynamic viscosity, kg/m.s.         
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