Programming of the three-dimensional resection problem
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The conventional surveyor’s resection is a two-dimensional affair. Either the coordinates
of three stations are known and two horizontal angles are observed to find the
coordinates of a fourth station, or the coordinates of two stations are known and a
horizontal angle and a bearing are observed at the station for which the coordinates are
required. This work describes the geometry and computing processes required to find the
three-dimensional coordinates of a station using only observations of one horizontal angle
and two vertical angles to only two known stations. Both iterative and direct solutions are
presented. The new addition here is programming the problem and putting it in an easy
approach to get the coordinates of occupied point.

Lali 4 8 5l S pane Jaad Ailaie ygai die gl sliad al 5 ciliia s g e (e Aidall dustigh 1l ga (e S
Bua allae (o dnd 5 s L) L) Ui s o gall @d ) 4n o5 A) lilaaY) alas G day )l AlSiie Guaigall 4al 58
e OST Jie 300 oSl (585 Cul i) oda 5 cadsill die Ll g sa s Lea Jaa sl cul 5 andil (udigall 335 Bale
bt alailly ey aUaid oy )l o5 sayaad) allaall w51l adsall £ s wie 5 baee i ablias e dle L
O Jleall Alinall Al cililaa) e Jgemnd) a5 ¢uiSal) alaliil Allus da s Cul il sda e aa il @l g gl
Ol U LSy . Lagion S8 A3 5 gl 91 U5 comatl e e 1y ol gl lany) ahaall ) i) s
saaal) ddadill dlas) e Joasty ouSall abalal) A5 Jad el Al ALY AN Cliany) g dla Y1 038 (ha g Jald
53 Jal Ao c¥alaall zl A0y dpal )l clshall (ase deall 138 6 &3 UG 038 Japuiily | leally dlinal

ras Al s A geaall ALilaaY) e Jgaall VBASIC  4ad aladinly Lina 5 g A

Keywords: Programming, VBASIC, Surveying, Resection

1. Introduction

The two-dimensional resection is covered
well in most of the standard surveying texts
[1] and does not need to be repeated here.
However, none of these texts covers the use of
the two-target, three- dimensional resection,
which is the subject of this research.

A resection may be observed from two
targets without the need for an observed or
computed azimuth, provided the observations
and computations are carried out in three
dimensions. The vertical angles to and the
horizontal angle between two known points
are observed. This gives three observations
from which to compute the easting, northing,
and height — or x, y, and z coordinates of the
unknown station. The solution is, therefore,
unique. It is unlikely to have an application in
land surveying, as vertical angles in topog-
raphic or cadastral work are usually small.
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The disadvantage of the method is that there
must be good geometry between the known
and unknown points. The solution may be
unstable if the horizontal angle is small and
will be unstable if both the vertical angles are
small [2]. The used language for programming
this problem is visual basic [3].

2. Derivation of the formulas

In fig. 1, C is the unknown station, and
observations are to be made to the stations of
known coordinates, A and B. In the following
derivation, the following notation is used: a; is
the azimuth of the line from C to A, and a; is
the azimuth of the line from C to B, both
measured clockwise from the y axis. ; is the
vertical angle of A from C, and f3. is the
vertical angle of B from C, both measured
upward from the xy plane. y is the horizontal
angle at C measured clockwise from A to B
[2,4].

The line from C to A may be expressed as:
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Fig.1. Geometry of the three-dimensional resection.

(Xe — Xa)/ (cos B1 sinai) = (Ye —Ya)/(cos 1 sinai)
= (Zc—Za)/ Sinﬁ]. (1)

The line from C to B may be expressed as:

(Xc — X»)/ (cos Bz sinaz) = (Ye —Y»)/ (cos B2 sinaz)
= (Zc-Zp)/ sinf32 . (2)

But if y is the horizontal angle observed at C
between A and B, then a2 = a: + y so eq. (2)
may be written as;

(Xe — Xv)/ (cos B2 cos (aity)) = (Ye —Ys)/ (cos B2
cos (ai+y)) = (Ze2Zv)/ sinfz . (3)

If Zc is made the subject of eqs. (1) and (3),
then:

Ze = ((Xe - Xa) tanBi / sin ai) + Za, (4-a)
Ze = ((Ye-Ya) tanBi / cos ai) + Za (4-b)
Ze = ((Xe - X) tanBz / sin (ai+y)) + Zb , (4-¢)
Ze = ((Ye =Ys) tanBz / cos (ai+y)) + Zs (4-d)

From egs. (4-a) and (4-c),

X [(tanfB1/ sin ai1) — (tanf2 / sin (ai+y)] =
(Xa tanfB2/ sin ai))- (X» tanfBz / sin (a1 +y)-Za-Zp.

Which leads to:
Xe = [Xa tanfB: sin (ai+y)- X tanBz sinai- (Za-Zs)
sinal sin (a:1+y)]+[tanBisin(ai+y)-tanBzsinai].

(5)
Compare eqgs (4-a) and (4-b) to get:

Cos ai (Xc —Xa) = Sin a: (Yc - Ya). (6)

Substitute for Xc from eq. (5) into the left-
hand side of eq. (6) to get:

Sin a1 (Ye — Yo) = {(Cos ai)+ [tanB: sin (a:1+y)

— tanf3z sin aif}*{Xa tanf: sin (a:1+y ) — X» tanfBz
Sin a1 - (Za-Zp) Sin aisin(ai+y) - Xa tanB: sin
(aity) + Xa tanf2 Sin a1} .

Which simplifies to:

Cos a; Sin a; * [(Xa — Xb) tanfz - (Za-Zb) sin(a:+y)]
+[tanf: sin (aity) — tanfBz sin a:;]=Sin a: (Y- Ya),

and by algebraic similarity, from egs. (4-b) and
(4-d), the right-hand side of the equation is:

Cos a1 Sin ar * [(Ya -Y») tanBz2 - (Za-Z») cos
(ai+y)] / [tanB B1 cos(ai+y ) — tanBz cos ai]*.

Equating left- and right-hand sides of the
equation and multiplying through leads to:

Xa — Xp) tanfB: tanBz cos (aity) - (Xa — Xb)
(tanB2)"2 cos ai - (Za-Zy) sin (aity) tanB: cos
(ai+y) +(Za-Zb) sin (ai+y) tanfBz cos ar = (Ya —Yb)
tanf: tanBz sin (ai+y) - (Ya —Ys) (tanB2)"2 sin a:
- (Za-Zp) cos (aity) tanB: sin (ai+y) +(Za-Zb) cos
(a:+y) tanBz sin a: ,

which simplifies to:

(Za-Zp) siny = cos ai{( Xa — Xb) (tanfBz - tanB:
cosy) + (Ya —Ys) tanB: siny} + sinai{(Ya —Ys)
(tanf1 cosy - tanBz) + (Xa— Xb) tanfB: sinyy;.

This equation can be expressed in the form:
ai= az cos ai+ as sinai

and ai, a2 and as can be calculated, since they
contain only observations and known
coordinates. The solution for a: is found by
iteration as;

ai(n+1) = ai(n) - dai.

Where;

dai=(ai-azcosai-azsinai)+(azsina-ascosai)
radians  (7)
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and
ai =(ZaZp)siny,

az = ( Xa-Xp)( tanPBz — tanPBi cos y )+ (Yo -Ys )
tanfB: siny,

as = (Ya =Y )( tanB: cos y-tanBz) + ( Xa-X») tanB1
siny. (8)

Now substitute a; into eq. (5) to find X, and
then Xc into eq. (6) to find Ye. Finally, use eq.
(1) to find Z.

Alternatively, ai may be found directly
from the equation:

a;= az cos ai+ az sin ai,
as follows:

(a:- az cos ai)?= (as sin a:;)fai?-2a:az cos ai+
az2? cos? ar=as? - as® cos? ai (a22+ as?) cos? ai-
2aiaz cos ar+( ar?- as?)=0.

Which is a quadratic equation in cos a: for
which the solution is

Cos a1 = 2ai1a2t{4 arPaz’-4[arra2’+ asz’(ai?-a2?)
_a34]}5/2(a22+a32)
= 2aia2t{-4 [as?(ai?-az?-a3?)]} ¥3(az2+as?)
= aiaz * {as?(-ar?taz?+as?)}o5 / (ax2+as?).

3. Design of the program

The interface of the program is shown in
fig. 2. Code of the program was designed and
shown below.

Private Sub Command1_Click()
PI = 3.141592654

XA = Val(Text1.Text)

YA = Val(Text2.Text)

ZA = Val(Text3.Text)

XB = Val(Text4.Text)

YB = Val(Text5.Text)

ZB = Val(Text6.Text)

B1 = Val(Text7.Text) * (PI / 180)
B2 = Val(Text8.Text) * (PI / 180)
GAMA = Val(Text9.Text) * (PI / 180)
Al = (ZA - ZB) * Sin(GAMA)

A2 = (XA - XB) * (Tan(B2) - (Tan(B1) *
Cos(GAMA))) + (YA - YB) * Tan(B1) *
Sin(GAMA)

A3 = (YA - YB) * (Tan(B1) * Cos(GAMA) -
Tan(B2)) + (XA - XB) * Tan(B1) * Sin(GAMA)

G = ((A1 * A2) + Sqr((A3 * A3) * ((-1 * A1 * A1) +
(A2 * A2) + (A3 * A3)))) / (A2 * A2) + (A3 * A3))
If G=1 Then

ALPHA =0

Else

ALPHA = 2 * Atn(1) - Atn(G / Sqr(1 - G * G))
End If

ALPHA = ALPHA * 180 / PI

ALPHA = 360 - ALPHA

ALPHA = ALPHA * PI / 180

XC = (XA * Tan(B1) * Sin(ALPHA + GAMA) - XB
* Tan(B2) * Sin(ALPHA) - (ZA - ZB) *
Sin(ALPHA) * Sin(ALPHA + GAMA)) / (Tan(B1)
* Sin(ALPHA + GAMA) - Tan(B2) * Sin(ALPHA))
YC = (Cos(ALPHA) * (XC - XA) + YA *
Sin(ALPHA)) / Sin(ALPHA)

ZC = (((XC - XA) * Sin(B1)) / (Cos(B1) *
Sin(ALPHA))) + ZA

Text10.Text = XC

Textl1l.Text = YC

Text12.Text = ZC

End Sub

Private Sub Command?2_Click()
Textl.Text =""
Text2.Text = ""
Text3.Text = ""
Text4.Text = ""
Text5.Text = ""
Text6.Text = ""
Text7.Text =""
Text8.Text = ""
Text9.Text = ""
Text10.Text = ""
Textl1l.Text =""
Text12.Text = ""

End Sub
4. Numerical example

A surveyor is required to find the plane
and height coordinates of a station in an
enclosed construction site. He can see only
two other stations that have been established
at the tops of nearby buildings. The
coordinates of the other stations are:
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Easting (m) Northing (m) Height (m)
A 146.387 934.612 136.489
B 203.423 921.137 145.203

The surveyor’s observations are:

Bi1= 38°27°42” B = 46°1322 y=99°17'36”
To find the three-dimensional coordinates of
station C, first find the terms a:;, a2 and as
from eqs. (8).

ar=-8.599624508,
az=-56.27710132,
as=-60.50287693.
Estimate the approximate azimuth of A

from C in radians, say 5.7, and use it in eq. (7)
to find dal the correction to the estimate.

Then iterate wuntil a: does not change
significantly.
ar =5.7 d a;= 0.0620605

az = 5.6379395 d az= - 0.0002804

asz = 5.6382198 d as= 0.0000000

Therefore, a; is 323°2’46”. Alternatively,

# Project! - Microsoft Visual Basic [design]

File Edit Yiew Project Format Debug Run Query Diagram Tools Add-Ins Window Help

Cos a: = azaz * (as?(-ai’+az2?+ as?))’° / (az’+as?)
leads to cos a;=0.79912055 and-0.657356497
for which a; may be 36°57°14”, 323 131°5°55’,
or 282°54°5”. The correct value, 323°2’46”,
must be found by inspection. Thus a;+y is
62°20722”. Substitute this with the observa-
tions and coordinates into eq. (5) to find xc =
169.787 m, and use this in eq. (6) to find Yc
903.507 m. Finally, substitute either of these
in the appropriate part of eq. (1) to solve for Zc
= 105.570 m.

Solution of the the example is shown in
fig. 3.

5. Conclusions

The method has the advantage that height
as well as plane coordinates are computed at
the same time. Also, only two control points
are required. This may be useful on a site
where visibility is restricted and control is to
be established well above ground level, such
as on the top floor of a new building. It could
also be used where control is to be established
well below ground level (e.g., where control is
to be brought down from the top edge of a
quarry face to the quarry floor).
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Fig. 2. The interface of the program.
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File Edit Yiew Project Format Debug Run Query Diagram Tools Add-Ins ‘Window Help

General |

B-a-TEH L 2REA v, L NEEERER

e 1B9.786834438048
e 903.507215422409
Z 10557013 353912

& New Folder

“a 146387  Ya 934612 Za 136.489
V&
Edj=: “b 203423 b g1137 Zb 145.203
1y 3 o .
Bo | Y 461667 B2 452227778 GAMA | 9979333333 " Properties -...| | 0][X]

CLERAR |

Reseckin Farm
Alphabetic |Categorized |

(Mame) Resectin
Appearance 1-30
AutoRedraw  False

>

BackColor ] sH0OFFFFC—
Eorderstyle 2 - Sizable
Caption RESECTION

ClipControls — True
ControlBox True

Drawlode 13- Copy Pen
Drawatyle - Salid
Drawiwidth 1

Enabled

True

Fig. 3. Solution of the example.

The new addition here is programming the
problem using an easy common language,
which is visual basic. The introduced program
was tested using previously checked data and
the results were found to be indicated to the
origin ones. The test was presented through a
numerical example. The present program was
designed in order to facilitate three-dimension
resection problem.
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