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Laminar mixed convection in air layers (Pr=0.71) between two concentric horizontal 

cylinders at different uniform temperatures is numerically investigated. The forced flow is 

induced by the rotation of the inner heated cylinder or the outer cooled one with constant 
angular velocity. The study covered various combinations of Ra, Re and radius ratio, RR in 
the range of 102 ≤ Ra ≤ 107, 0 ≤ Re ≤ 3000 and 1.20 ≤ RR ≤ 10. Maps of the streamlines and 

isotherms are developed to explain the flow characteristics and heat transfer. The effects of 
the different parameters on the average Nu are investigated. 

يقدم البحث دراسة عددية لأنتقال الحرارة بالحمل الحر والقسرى فى طبقاا  ماا الااواح محةاورة بايا نساطوانتيا نفقيتايا ومتحادتى 
المحور. الحمل القسرى ينتج ما دوراا الأسطوانة الداخلية الساخنة نو الأسطوانة الخارجية الباردة. وقد شامل  الدراساة مادى واسا  

رقام رالى ماما ن
 ۲

۰۱ 
 
الى   

۷
۰۱ 

 
 ۰٫۲ لا  عناد نساخ مختلراة ماا نقطاار الأساطوانتيا ماا ذو  ۰۱۱۱ورينولدز ما ةارر الاى   

. وقدم البحث دراسة لتأثير النسبة بيا قطرى الأسطوانتيا على عملية ننتقال الحرارة بالحمل الحر. وعار  البحاث نشا ال  ۰۱ الى 
جميا  لحالا  متنوعة فى مدى الدراسة لشرح خواص السارياا وننتقاال الحارارة.  ماا قادم  السرياا ودرجا  الحرارة خطوط توزي 

   النتائج العددية لرقم نوسل  المتوسط وتأثير  ل ما عوامل الدراسة المختلرة على عملية ننتقال الحرارة.
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1. Introduction 

 

The problem of heat transfer and flow 

characteristics in the annulus between two 

concentric cylinders was given a considerable 
attention due to its theoretical interest and 

wide engineering applications. This includes 

thermal energy storage systems, solar collec-

tor receivers, cooling of electronic components, 

cooling system in nuclear reactors, rotating 

machinery and transmission cables. 
 A comprehensive review in the case of 

natural convection in the horizontal annulus 

was presented by Kuehn and Goldstein [1]. 

Powe et al. [2,3] and Rao et al. [4] investigated 

the flow patterns and found that the free con-
vective flow of a high Pr fluid (Pr ≥ 1) can be 

classified into four basic types: a steady two-

dimensional flow with two crescent-shaped 

eddies, a two-dimensional oscillatory flow , a 

three-dimensional spiral flow and a two-

dimensional multicellular flow. Recently, Yoo 
[5] investigated the existence of dual steady 
solutions for a fluid of Pr = 0. 7. Effect of an-

nulus eccentricity on the overall heat transfer 

was investigated by [6, 7].  

 Mixed Convection in rotating systems has 

been investigated for the flows in vertical cy-

lindrical annuli [8-10] and within a horizontal 

annulus with a heated rotating inner cylinder 

[11-14]. In mixed convection, the forced flow 
can aid or oppose the buoyancy-induced flow. 

However, in the horizontal annulus, both ef-

fects exist. The effect of rotating the inner cyl-

inder for a concentric annulus was first stud-

ied by Taylor [15]. He showed that, above a 

critical speed of rotation, the laminar Couette 
flow breaks down into a flow consisting of 

pairs of three-dimensional ring-shaped vor-

tices spaced regularly along the length of the 

cylinders (Taylor vortices).In this case, the 

torque on the outer cylinder and the heat 

transfer across the gap are dramatically in-
creased. Bjorklund and Kays [16] presented 

experimental heat transfer data for different 
values of RR in the range 1.05 ≤ RR ≤ 1.25 and 

for several combinations of outer to inner cyl-

inder speed. The heat transfer performance 
indicates three regimes of flow; the first is at 

low peripheral velocities in which laminar flow 

and heat transfer by conduction prevail. The 

second is at cylinder speeds above a theoreti-

cally predictable value in which vortex flow oc-
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curs and is the controlling mechanism. The 

third is at still higher speeds, where a dis-

torted type of vortex motion may be present. 
When the inner cylinder or both of the inner 

and outer cylinders are rotating at constant 

angular velocity, the centrifugal effects created 

by the rotating cylinder can lead to three-

dimensional flows with Taylor vortices [17]. In 

this case, linear stability theory shows that 
the flow is not always stable for all values of 

the angular velocity. Fusegi et al. [11] and Lee 

[12,14] limited the calculations to a range of 

parameters that would exclude this possibil-

ity. Fusegi et al. [11] performed numerical 
analysis for two-dimensional mixed convection 

in a horizontal annulus with a heated rotating 
inner cylinder at RR = 2.6, Pr = 0.72, 102 ≤ Ra 

≤ 105 and 1 ≤ Gr/Re2 ≤ ∞ (pure natural con-

vection). The numerical calculations carried 
out by Lee [14] covered the range 3.9×103 ≤ Ra 

≤ 3.9×106, 0 ≤ Re ≤ 2800 at Pr = 0.7 and RR = 

2.6. The results showed that the mean Nusselt 
number increases with Ra. For a fixed  Ra, 

when the inner cylinder is made to rotate, the 
mean Nu decreased with Re.  

 On the contrary, the Couette flow between 

two horizontal concentric cylinders, with fixed 

inner cylinder and rotating outer one with 
constant angular velocity, proved to be stable 

for all values of the angular velocity. There is, 

of course, a possibility of three-dimensional 

flows for nonlinear disturbances at sufficiently 
high Ra and Re. Yoo [18] found that the flow 

patterns can be categorized into three basic 
types according to the number of eddies: two-

eddy, one-eddy and no-eddy flows. A map of 

the three flow regimes for steady-state was 
constructed on the Ra-Re plane. 

 In the present numerical study, the two-

dimensional mixed convection in a horizontal 
annulus is investigated. The inner cylinder is 

hotter than the outer one and the forced flow 

is induced by the rotation of either the inner 

cylinder or the outer one with constant angu-

lar velocity. The effects of the forced flow on  

the  characteristics  of  heat  transfer  and flu-
id flow are investigated. Numerical calcula-

tions are made for various combinations of Ra, 
Re and RR in the range of 102 ≤ Ra ≤ 107, 0 ≤ 

Re ≤ 3000 and 1.20 ≤ RR ≤ 10 with Pr = 0.71 

(air). 

 

2. Mathematical analysis  
 

 The geometry of the two-dimensional prob-
lem and the cylindrical coordinate system (R, 
φ) are shown in fig. 1. Air is contained be-

tween two infinite horizontal concentric cylin-

ders at different uniform temperatures. The 
inner cylinder is heated to Th and the outer 

one is cooled to Tc. The density change in the 

fluid is neglected everywhere except in the 

buoyancy term and all other fluid physical 

properties are assumed constant (Boussinesq 

approximation). Viscous dissipation is also 
neglected. 
 

2.1. Governing equations 
 

 The steady-state dimensionless equations 
governing conservation of mass, momentum 

and energy are given as: 
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The following dimensionless variables are used: 
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Fig. 1. Problem configuration. 

 

 
Three different cases are investigated and 

their boundary conditions are given as: 
 
Case (a) free convection: 
at R = 1    and 0 ≤ φ ≤ 2π, Vr = 0, Vφ = 0, θ = 1,        

at R = RR and 0 ≤ φ ≤ 2π ,Vr = 0, Vφ = 0, θ = 0 

 
Case (b) Rotating inner cylinder (counter clock-
wise): 

at R=1 and 0≤φ ≤2π ,Vr =0, Vφ =0.5 Re,  θ = 1  

at R = RR and 0 ≤ φ ≤ 2π, Vr = 0, Vφ = 0, θ = 0 

 
Case (c) Rotating outer cylinder (counter clock-
wise): 
at R = 1 and 0 ≤ φ ≤ 2π , Vr = 0, Vφ = 0, θ = 1 

at R=RR and 0≤φ ≤ 2π,,Vr =0, Vφ=0.5 Re, θ = 0. 

 Where, Re is the Reynolds number defined 

as Re = 2 ω a2/ν. 
 
2.2. Nusselt number calculations 
 

The local Nusselt number, Nu on the in-

ner hot cylinder is defined as: 
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and the average Nusselt number, Nu over the 

inner cylinder is given as: 
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2.3.  Numerical solution 

  

The governing eqs. (1-4) with their bound-
ary conditions for each of the three cases are 

solved using the finite difference technique 

developed by Patankar [19]. The discretized 

equations used central differencing in space 

and were solved by Gauss-Seidel elimination 

method. A line by line procedure is used in 
the iterations. The continuity and momentum 

equations are first solved simultaneously and 

then the energy equation. A converged solu-

tion is considered when the change in the av-

erage Nusselt number over 100 iterations is 
less than 0.01 % of its value. The number of 

iterations used to get a converged solution 

ranged from 1500 to 2500 iterations. The 
(r×φ) grid mesh used in the numerical solu-

tion is (50×90). In the azimuthal direction, a 

uniform grid is used but in the radial direc-
tion, a non-uniform grid is used. The nodes 

are denser near the cylinder walls to suffi-

ciently resolve the thin boundary layer near 

the cylinders.  

 

3. Results and discussion 
 

To check the numerical method, the prob-

lem of pure conduction and that of pure natu-
ral convection (Re = 0) were solved. The pure 

conduction numerical solution yields the ex-

act value of conduction Nusselt number given 
by: 

 
Nuc = 2.0/ln (RR).          (8) 

                                                 
3.1. Free convection 

 
The numerical results of the average 

Nusselt number, Nu for free convection (Re=0) 

in a horizontal annulus is shown in fig. 2 for 
air (Pr = 0.71) in the range 1.20≤ RR ≤ 10 and 

0 ≤ Ra ≤ 106. For the pure conduction regime 

(Ra=0), the average Nusselt number continu-

ously  decreases  with  the  increase  in RR as 

given in eq. (8). As Ra increases (Ra ≥ 102), Nu 
first decreases with increasing RR which indi-

cates the dominant conduction regime and   

then   starts   to   increase  with increasing 

RR when the flow changes to the laminar 
boundary layer  regime.  The  value  of  RR  at  
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Fig. 2. Free convection in annular horizontal air layers  
(Pr = 0.71, Re = 0). 

 

which the flow changes from pure conduction 
to laminar flow regime tends to be lower as Ra 

was increased. It is shown in the figure that 
increasing RR beyond the value of 5 has a lit-

tle effect on Nu for Ra ≤ 105. This shows that 

an annular space with RR ≥ 10 behaves as if 

the inner hot cylinder was left alone as a sin-

gle cylinder in a large medium of the fluid for 
Ra ≤ 105. For higher Ra (Ra > 105), the radius 

ratio has to be increased much over 10 before 
we can consider the annular space as a single 

cylinder. 
 
3.2. Inner rotating cylinder 

 

The flow and heat transfer characteristics 
in a horizontal annulus with inner heated ro-

tating cylinder and fixed outer cooled one are 

shown in figs. 3-6. Streamlines and isotherms 
are generated for RR = 2.6 and 5 for low and 

high Ra and different values of Re. Fig. 3 for 

RR = 2.6 and Ra = 100 shows the streamlines 

for free convection (Re = 0) as two crescent-
shaped eddies as shown before in [2-4]. As Re 

increases (Re ≥ 100), the eddies join together 

first at the top and gradually at the bottom to 
form circular cylinders. The isotherms for Re ≥ 

0 form concentric cylinders spaced regularly 

from the inner cylinder which indicates the 

pure conduction regime. 
 For Ra = 106 and Re = 0, fig. 4 shows the 

streamlines as two large eddies at the sides of 
the annulus. The size of the eddy on the right 

(inner cylinder rotating in the counter-clock 

wise direction) increases gradually with the 
increase in Re till it fills about 2/3 of the cavi-

ty at Re = 103. The isotherms indicate the 

boundary layer regime with large temperature 
changes at the cylinder walls. The isotherms 

are close to each other at the lower half of the 

inner cylinder which indicates higher local 

heat rates at these locations. As Re increases, 

the isotherms separate from the inner cylinder 

except at its bottom. This means lower heat 
transfer at higher Re.   

 To investigate the effect of RR on the flow, 

figs 5, 6 are given for RR = 5. The streamlines 

for Ra = 100 (fig. 5) show two eddies of the 

kidney-shape at Re = 0. As Re increases, the 

eddies form concentric cylinders till Re = 1000 

where the concentric cylinders are distorted. 
The isotherms at Re = 0 form eccentric cylin-

ders concentrated at the bottom of the inner 
cylinder which means high local Nu at the 

bottom. As Re increases, the isotherms be-

come concentric cylinders indicating lower 
heat transfer. At Re = 1000, the isotherms 

turn to distorted cylinders near the inner cyl-

inder. 
 For Ra = 106 and Re = 0, fig. 6 shows the 

streamlines as one small eddy on the right 
and a larger one on the left. As Re increases, 

the eddy on the right continuously gets bigger 

and the one on the left moves down closer to 

the bottom of the annulus. Small distur-
bances are shown at Re = 1000. The iso-

therms indicate the boundary layer regime 
with local Nu numbers at the inner cylinder 

higher than those at the outer one. It is no-
ticed that the minimum local Nu number at 

the top of the inner cylinder moves to a loca-
tion of higher φ as Re was increased. 

 The numerical values of Nu are plotted 
in figs. 7, 8 versus Ra for different values of 

Re and RR. For RR = 2.6, fig. 7 shows that 

increasing Re decreases Nu for 103 < Ra < 107. 

For Ra ≤ 103, pure conduction prevails and for 

Ra ≥ 107 (Gr/Re2 > 1), the effect of Re dimin-

ishes. The same behavior is shown in fig. 8 for 
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a) Re = 0

b) Re = 100

c) Re = 500

c) Re = 1000

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 
 

Fig. 3. Streamlines (left) and Isotherms (right) for air at RR = 2.6, and Ra = 102 (inner rotating cylinder).  
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a) Re = 0

b) Re = 100

c) Re = 500

d) Re = 1000d) Re = 1000 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 
 

Fig. 4. Streamlines (left) and Isotherms (right) for air at RR = 2.6, and Ra = 106 (inner rotating cylinder). 
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a) Re = 0

b) Re = 100

c) Re = 500

d) Re = 1000

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

Fig. 5.  Streamlines (left) and Isotherms (right) for air at RR = 5, and Ra = 102 (inner rotating cylinder).  
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a) Re = 0

b) Re = 100

c) Re = 500

d) Re = 1000

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

Fig. 6. Streamlines (left) and Isotherms (right) for air at RR = 5, and Ra = 106 (inner rotating cylinder). 
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Fig. 7. Effects of Ra and Re on Nu for inner rotating cylin-

der  (Pr = 0.71, RR = 2.6). 

 
 

 

 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
 
 

Fig. 8. Effects of Ra and Re on Nu for inner rotating cylin-

der  (Pr = 0.71, RR = 5). 

 
RR = 5. However, the effect of Re disappears 

at Ra ≥ 106 (Gr/Re2 > 1). 

 
3.3. Outer rotating cylinder 

 

In this case, the inner heated cylinder is fixed 

and the outer cooled one is rotating in the 

counter-clock wise direction. Fig. 9 shows the 
streamlines and isotherms for RR = 2 and Ra 
= 100. For free convection (Re = 0), the 

streamlines are shown as two crescent-
shaped eddies. As Re was increased (Re≥200), 

the streamlines joined together forming con-

centric cylinders as in the case of inner rotat-
ing cylinder. The isotherms, for all Re, form 

concentric cylinders which assures the pure 
conduction regime. For Ra = 105, the case of 

free convection shows one big eddy on the left 
and another one on the right (fig. 10). As Re 

was increased (Re≥200), the size of the eddy 

on the left increased and finally joined the 
other one forming concentric cylinders except 

in the bottom. The isotherms for Re = 0 show 

the laminar boundary layer type of flow with 

higher local Nusselt number at the bottom of 
the inner cylinder. As Re was increased 

(Re≥200), the isotherms gradually changed to 

concentric cylinders and the convective flow 

was suppressed with a continuous reduction 

in the heat transfer till it reached the conduc-
tion limit at Re = 103. 

  For RR = 5 and Ra = 100, the isotherms, 

as shown in fig. 11, started at Re =0 as two 

kidney-shaped eddies and turned to concen-
tric cylinders for Re≥200. The isotherms for 

Re = 0 are in the form of eccentric cylinders, 

indicating a slight increase in Nu over the 

pure conduction case. For higher Re (Re≥200), 

the isotherms form concentric cylinders which 
shows pure conduction regime. For Ra = 105, 

as shown in fig. 12, the streamlines start as 
two big eddies at Re = 0 and gradually merge 

together forming eccentric cylinders for 
Re≥200. The isotherms are concentrated 

around most of the inner cylinder showing a 
boundary layer type of flow at Re = 0. They 

gradually changed to eccentric cylinders for 
Re≥200 indicating a continuous reduction in 

Nu. 
 The effects of Ra and Re on Nu are shown 

in figs. 13, 14 for RR = 2 and 5. For RR = 2, 

fig. 13 shows that the pure conduction regime 
prevails up to Ra = 104 for all values of Re. 

For 104 < Ra <107, increasing Re from 0 to 

1000 decreased the average Nusselt number. 
For RR = 5, a similar behavior was shown in 

fig. 14. However, the laminar convection 
boundary layer regime started earlier at Ra = 

102. Increasing Re has the significant effect of 

suppressing the convection flow and decreas-

ing the average Nusselt number. 
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a) Re = 0

b) Re = 200

c) Re = 500

d) Re = 1000

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 
Fig. 9. Streamlines (left) and isotherms (right) for air at RR = 2 and Ra = 100 (outer rotating cylinder). 
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a) Re = 0

b) Re = 200

c) Re = 500

d) Re = 1000

 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 

Fig. 10. Streamlines (left) and isotherms (right) for air at RR = 2 and Ra = 105 (outer rotating cylinder). 
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a) Re = 0

b) Re = 200

c) Re = 500

d) Re = 1000

 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
Fig. 11. Streamlines (left) and isotherms (right) for air at RR = 5 and Ra = 100 (outer rotating cylinder). 
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a) Re = 0

b) Re =  200

c) Re = 500

d) Re = 1000

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

 

 

 
Fig.12. Streamlines (left) and isotherms (right) for air at RR = 5 and Ra = 105 (outer rotating cylinder). 
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Fig. 13. Effects of Ra and Re on Nu for outer rotating cyl-
inder (Pr = 0.71, RR = 2). 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 

 

 
 

Fig. 14. Effects of Ra and Re on Nu for outer rotating cyl-

inder (Pr = 0.71, RR = 5). 

 

4. Conclusions 
 

The laminar mixed convective heat trans-

fer in horizontal air layers between two con-
centric infinite cylinders at different uniform 

temperatures is numerically solved. For free 
convection at Ra ≤ 105, the annulus simulates 

a single cylinder if RR ≥ 10. For Ra > 105, RR 

should be taken much higher than 10. For 

mixed convection, the convective flow started 

earlier as the radius ratio was increased. The 
effect of Re was to suppress the convective 

flow as Re was increased. For Gr / Re2 > 1, 

the effect of Re on the average heat transfer is 

greatly reduced. Under the same circum-

stances, the inner rotating cylinder gives 

slightly higher heat transfer than that for out-
er rotating cylinder. 

 

Nomenclature 

 
a is the radius of inner hot cylinder, (a = ri),  

 m, 
cp is the specific heat, J/kgK,  
g is the gravitational acceleration, m/s2, 

Gr is the Grashof number,  

     23
ch a2TTg   . 

h is the average heat transfer coefficient,  

 W/m2K, 

h is the local heat transfer coefficient ,  

 W/m2K, 
k is the thermal conductivity,  W/mK, 
Nu is the average Nusselt number, h(2a)/k, 

Nuc  is the conduction Nusselt number 

Nu  is the local Nusselt number, h(2a)/k, 
pd is the dynamic pressure, N/m2, 

Pd is the dimensionless dynamic pressure,  

 
 2

d
d

a

p
P


   

Pr is the Prandtl number, cp/k, 
r is the radial coordinate, m, 

ri is the radius of inner cylinder, m, 

ro is the radius of outer cylinder, m, 

R   is the dimensionless radial coordinate, r/a,  

Ra is the Rayleigh number,  

     
3

ch a2TTg  , 

Re is the Reynolds number, (ωa).2a/ , 
RR is the radius ratio, r0/ri , 
T    is the local fluid temperature, K, 

vr    is the radial velocity, m/s, 

Vr is the dimensionless radial velocity,  

Vr = vr/(ν/a), 

v is the angular velocity, m/s, and 

V is the dimensionless angular velocity,  
Vφ = vφ/(ν/a).  

 

Greek  

 
 is the thermal diffusivity,  k/cp , m2/s, 

 is the coefficient of volumetric thermal  
 expansion, K-1, 

 is the dimensionless temperature,  
(T-Tc)/ (Th-Tc), 

  is the dynamic viscosity, kg/ms, 

 is the kinematic viscosity, /, m2/s 

     is the local density, kg/m3, 

     is the angular coordinate, rad , and 
ω   is the angular velocity, rad/s.      

 
Subscripts 
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c is the cold, 

h is the hot, 

i is the inner, and 

o is the outer. 
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