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The wide spectrum of applications of pressure vessels, consisting of different shell shapes
intersecting together and subjected to mechanical and thermal loading as in nuclear power
plants and chemical reactors, makes the study of the discontinuity stresses at the juncture
of vessel parts is of major importance. Serious failures of such pressure vessels may occur
because of thermal shock, thermal creep or due to thermal cycles. Hence, in this paper, the
discontinuity stresses produced at the juncture of cylindrical shell and spherical head due
to time dependent thermal gradient, have been evaluated. The finite element software
(COSMOS) is applied to determine the temperature profiles as well as the associated
deformations. The results show that the maximum hoop stresses occur at an early stage of
the thermal transient. Also, it was found that the larger the time elapsed, the less are the
hoop stresses. On the other hand, it was found that the discontinuity stresses produced at
the vessel juncture depend totally on the shell mean temperature.
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1. Introduction

The first general shell theory was not
developed until 1888 by Love. Subsequently,
many efforts have been directed towards the
improvement of Love’s formulation in order to
treat applications of practical interests, as
may be found in texts by Fltigge [1] and Kraus
[2] among others.

In industry, pressure vessel design is
rather relying on design codes than it does on
stress analysis. On the other hand, most of
these codes provide very brief guide lines for
the design of cases involving discontinuity
stresses due to thermal gradient at pressure
vessels excluding any computational tech-
niques.

The mathematical expressions determining
the stresses and displacements of cylinders
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and spheres have been given by Timoshenko
[3]. His formulation represents the foundation
of the evaluation of the thermal stresses and
the associated deformations for any tempera-
ture function that can be analytically ex-
pressed.

Harvey [4] introduced the significance of
thermal stresses in cylindrical shells. He also
presented the analogy between a pressurized
cylinder and a beam on elastic foundation the-
ory. This concept has been implemented suc-
cessfully for determining the discontinuity
stresses at a cylindrical shell intersected with
different ends.

As analytical solutions of thin shell struc-
tural problems are limited in scope and in
general do not apply to arbitrary shapes, load-
ing, stiffness, irregularities and many other
aspects of practical interests, so numerical
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techniques come to the fore as an efficient ap-
proach to thin shell structure analysis. The
finite element method has been introduced in
transient heat conduction problems by Wilson
and Nickell [5]. On the other hand, reviews
made by Gallagher [6] and Knowles et al. [7]
provided an excellent prospective of the efforts
in the analysis of shells by finite element
method. The shape of the element used in fi-
nite element analysis plays an important role
in the analysis. One of the most distinct efforts
was made by Ahmed et al. [8], who has derived
the general formulation for a curved element
along with the reduced integration technique.
A comprehensive demonstration of curved
elements with the necessary translation be-
tween different coordinates was given by Zien-
kiewicz et al. [9] and [10]. Han et al. [11]
adopted the doubly curved element in carte-
sian coordinates system for both the geometry
and displacement.

The problem of a sphere-cylinder intersec-
tion can be analyzed by different methods. M.
Fayed [12] proposed a modified finite differ-
ence meshing scheme to evaluate the discon-
tinuity stresses at the intersection of a sphere
and a cylinder of different thicknesses. On the
other hand, the efficiency of the finite element
formulation encouraged the continuous pro-
gress in dealing with situations of more theo-
retical complexity but of practical interests.
Godoy and Croll [13] studied the problem of
the geometrical discontinuity in thin elastic
shells having meridional disturbance, by using
the finite element technique.

The solution of transient heat conduction
problems are obtained by different numerical
techniques, however, the application of the
finite element method to heat conduction
analysis has attracted considerable attention
since the procedure was first reported by
Zienkiewicz and Cheung [14]. Warzee [15] pre-
sented a solution for the unsteady state heat
conduction through two different techniques,
the finite element and the Laplace transfor-
mation. Also, Karan and Perwez [16] reported
a specified formulation to handle heat con-
duction problems in a thin axisymmetric shell.
The heat transient occurs in the test loop of a
fast breeder reactor during fuel element shut-
down was studied by F. Cecari et al. [17]. A
case study of how does the finite element

technique can be used in field problem was
presented by Duijvesign et al. [18] on the fail-
ure process of a reactor pressure vessel lower
spherical head due to contact with the molten
core material. Also, Vilhelmsen [19] used the
finite element method to study the integrity of
flat end to cylinder shell connections operating
in the creep regime. The thermal stresses
which occur in pressure vessels exposed to
through wall temperature gradients was stud-
ied by Law et al. [20]. The resulting response
was calculated using finite element software.
On the other hand, a general analysis of one
dimensional steady-state thermal stresses in a
hollow cylinder made of functionally graded
material was studied by Jabbaria et al. [21].

In the present study, the maximum mem-
brane and discontinuity stresses produced in
a cylinder, sphere and their juncture while
they are under time dependent thermal gradi-
ent have been represented. A finite element
model which constitutes a two dimensional
plane element was utilized to construct the
temperature profiles and to evaluate the radial
displacements of a cylinder and a sphere clo-
sure through the available finite element soft-
ware “COSMOS-M”. The resulting displace-
ments were then introduced into the evaluated
formulation in order to define the discontinu-
ity stresses.

2. Model

Thermal transient problems usually in-
volve the determination of the temperature
profile in space as well as the temperature
evolution through time domain. However,
during thermal transient, the thermal gradient
through the shell wall cannot be simply ex-
pressed and analytical solutions for the re-
sulted thermal stresses could not be obtained.
In order to overcome these difficulties, the
temperature profiles based on the known
transient heat transfer Heisler’s chart solu-
tions [22] are obtained for a limited number of
cases, then compared to the corresponding
finite element model outputs resulted by the
finite element software package.

Upon confirming the concurrence of both
results, comprehensive finite element models
run through the software while varying the
thermal parameters. The numerical results
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have then been examined to achieve the fol-
lowing objectives of studying thermal state:
- Determining the maximum temperature dif-
ference across the shell wall and its occur-
rence.
- Interim mapping the temperature profiles
during the thermal transient.
- Evaluation of the maximum membrane and
discontinuity thermal stresses.
- Evaluation of the radial growth during ther-
mal cycle.

The following assumptions are considered:
- The shells are thin.
- Heat loading is axisymmetric with respect
to circumferential direction of the shell and no
axial thermal gradient exists.
- The shell material properties as modulus
of elasticity, thermal conductivity and coeffi-
cient of thermal expansion remain constant
throughout the proposed temperature regimes.
- The shell outer surface is to be perfectly
insulated where as the inner one is being
subjected to a hot fluid flow of varying tem-
perature T» and convection coefficients h.
- Elastic state of stress that is in full adher-
ence with Hook’s law.

Applying the following stress—strain rela-
tions at a point in a cylinder subjected to tem-
perature variations [3];

g :é(ar_v(agmz))mx

&y = (0'9 V(GZ + oy )) +aT ,

&y = é(az —V(O'g +O'r))+ aTl

and assuming that the cylinder is sufficiently
long so that plane strain conditions may be
assumed, i.e ¢, =0, then:

Oy = V(O'r + op) -aET,

so the stress strain relations become:
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and by applying the following boundary con-
ditions;

=0 atr=a,r=bh,

we can finally get the radial stress;
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the hoop stress;
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and the longitudinal stress;
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While the radial displacement may be given
by:

.
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where a and b represent the inner and outer
radii, respectively.

Similarly, for a hollow sphere under radial
temperature variation, the radial stress may
be given as:

2Ea 3
(1-v) {b3 a }r

ITerr ——ITr2dr B

Or =

and the hoop stress is given by;
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while the radial displacement is given by;
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One dimensional unsteady state heat con-

duction with convection boundary have been
taken into consideration for thermal transient
case. The convection boundary is proposed to
be produced by the passage of a hot fluid of
temperature T The convection film coefficient
h and the fluid temperature values are varied
in order to examine their effects on the propa-
gation of the discontinuity stresses. However,
in thermal transient, the temperature gradient
through the vessel wall cannot be simply ex-
pressed. Moreover, the time at which the
maximum temperature difference across the
vessel wall takes place, remains analytically
not found. To overcome such difficulty, the
finite element software was used to construct
the temperature profile during thermal tran-
sient, while the results of the finite element
model obtained was utilized to establish sim-
plified approach as proposed by Harvey [4] to
calculate the stresses associated with the
maximum thermal stresses.
If a solid body is suddenly subjected to a tem-
perature change, some time must be elapsed
before an equilibrium temperature condition
prevails in the body. Fig. 1 represents a hy-
pothetical temperature distribution progress
through the cylinder wall during time intervals
tn till the reach of the steady state. The
hollow cylinder will be considered with
perfectly insulated exterior surface, while the
interior one is suddenly exposed to a hot fluid
of known temperature To.

3. Results and discussion

The physical and the mechanical proper-
ties of both the cylindrical shell and spherical
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Fig. 1. The hypothetical temperature distribution ro-
gress during time intervals t..

head used in calculations, in accordance with
the code of pressure vessels ASME SEC 8 DIV.
2, are as follows:

Material: Carbon steel (ASTM 516 GR. 70)
Elastic modulus E: 210 GPa

Poisson’s ratio v: 0.28

Coefficient of thermal expansion a: 1.3*¥10-50 K-1
Thermal Conductivity K: 43 W/m °K

Shell inner diameter: 2133 mm
Shell outer diameter: 2301 mm
Shell thickness: 84 mm

On the other hand, the cylindrical shell
axial length was taken as in most practical
cases, where the length of the cylinder should
exceed the attenuation (decay) length

( 2.45\/shellradius xshellthickness) [23].

Figs. 2 and 3 illustrate the numerical tem-
perature history, for different convection coef-
ficients and constant ambient temperature, of
two opposite nodes across the cylinder and
sphere walls through thermal transient,
respectively. The thermal boundary conditions
used in plotting both figures are:

Convection coefficient h: 40, 80,..., 200
W/m2K
Too (fluid): 560K
Initial temperature T:: 293 K.

The previous figures show that the maxi-
mum temperature differences across the cyl-
inder and sphere walls take place at a very
early stage of the thermal transient (300 s).
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Fig. 2. Temperature distribution between two opposite
nodes across the cylinder wall at different convection
coefficients.
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Fig. 3. Temperature distribution between two opposite
nodes across the sphere wall at different convection
coefficients.

It is also apparent from the previous fig-
ures, that the elapsed time to reach the
maximum temperature differences remains
almost constant for all the values of the film
coefficients. This conclusion is however con-
fined to specific shell material properties as
thermal conductivity and thickness. The fig-
ures may also indicate that the magnitudes
and occurrence of the maximum temperature
difference across both cylinder and sphere are
almost similar.

The temperature profiles across the cylin-
drical shell wall for a wide range of convection
coefficients were given by the finite element
software COSMOS. These profiles show that
the higher the coefficient is, the larger is the
temperature difference through the wall
thickness and the steeper are the resulted
temperature profiles. A comparison between
these thermal profiles and the profiles given
by Heisler’s charts as given in fig. 4 shows well

373
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Fig. 4. Temperature profiles calculated by heisler charts
versus finite element results for different convection coef-
ficients.

matching. On the other hand, a curve-fitting
procedure was adopted for the temperature
profiles giving second degree polynomials with
which the average temperature of the entire
vessel wall was established.

This procedure was repeated for different
fluid temperatures T» and the average value of
the temperature which represents the mean
value throughout the entire wall thickness
may be given by:

(T, - 273)

Ty = h+(T; +3).

Where;
A is constant = 1352, and
T: is the initial temperature, K.

The average temperature was used to
evaluate the integrals in the stress and
displacement equations according to the ap-
proach adopted by Harvey [4].

Table 1 lists a comparison between the
maximum transient hoop stresses at the cyl-
inder inner and outer walls calculated nu-
merically and analytically. From the table we
may conclude that the maximum error does
not exceed 9%.

Fig. 5 shows the development of the mem-
brane hoop stresses at the cylinder shell dur-
ing thermal transient is plotted on an interim
basis starting from maximum thermal tran-
sient (300 s).

Examining the plotted data given in fig. 5
along with the temperature numerical values
listed in table 2 indicates that the hoop
stresses have their maximum values at the
early stage of the thermal cycle, then deplete
with time. Moreover, the maximum hoop
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Table 1
Maximum transient hoop stresses

stresses are totally dependent on the absolute
temperature difference between the vessel in-
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Coefficient (h)

Inner surface

Outer surface

W/ m2K numerical analytical error % numerical analytical error %
40 -24.1 -24.6 2 11.4 11.6 2
80 -45.4 -45.5 0 21.5 23.13 8
120 -64.6 -61.8 4 30.6 33 8
180 -89.6 -86.5 3 42.6 46.3 9
200 -97.1 -95.6 2 46.2 48.5 5

ner and outer surface.

The development of the discontinuity hoop
and meridional stresses throughout the ther-
mal cycle is shown in figs. 6, 7.

60

juncture towards the sphere apex.

The positive values of the x-axis represent a
distance at a line on the cylinder surface
parallel to its axis, while the negative values
represent a straight distance on the sphere
circumference starting at the sphere-cylinder
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Fig. 5. Hoop stresses during thermal transient. Fig. 6. Development of discontinuity hoop
stresses during thermal transient.
Table 2
Temperature difference between inner and outer surfaces
Elapsed time (s ) 300 s 500 s 1000 s 5000 s
Inner wall temp. (K) 362 384 428 548
Outer wall temp. (K) 324 349 402 545
Temperature difference 38 35 26 3
Table 3
Displacement and maximum discontinuity stresses
Elapsed Temperature Cylinder Sphere Displacement Discontinuity Dlsqoptlnulty
. ) ; : . meridional
time ta ty difference displacement  displacement difference hoop stresses
stresses
(s) K K K (mm) (mm) (mm) MPa MPa
300 362 324 38 0.798 0.608 0.19 18 10.5
500 384 349 35 1.25 0.952 0.297 28.2 16.5
1000 428 402 26 2.17 1.66 0.511 48.3 25.2
10000 560 560 O 4.93 3.85 1.08 102.3 59.8
414 Alexandria Engineering Journal, Vol. 43, No. 4, July 2004
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Fig. 7. Development of discontinuity merdional stresses
during thermal transient.

The figures show that the discontinuity
thermal stresses (hoop and meridional) in-
crease with the elapsed time and have its
maximum value at the end of the thermal
cycle irrespective of the temperature differ-
ences across the wall, as shown in table 3,
from which it is clear that the discontinuity
thermal stress is proven to be totally depend-
ent on the sphere-cylinder displacement differ-
ence no matter the across-shell wall-tempera-
ture difference is.

4. Conclusions

From the results shown previously we may
conclude that:
- The membrane maximum hoop stresses
occurs at the early stage of thermal transient
where the maximum across-the-wall tempera-
ture difference takes place, irrespective of the
shell mean temperature.
- The larger the time elapsed, the less are the
hoop stresses, which approach their minimum
values at the steady state.
- Unlike the membrane stresses, discontinuity
stresses induced at the vessel juncture as a
result of displacement conflict, are totally
dependent on the shell mean temperature no
matter the across-the-shell wall-temperature
difference is.
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Nomenclature

are the inner and outer shell radii,
is the young’s modulus,

is the convection coefficient,

is the thermal conductivity,

is the radius of an arbitrary point,

is the time,

is the temperatures at juncture shell
walls,

T is the temperature at an arbitrary

point,

T; is the initial temperature,

Tav is the average temperature,

T is the fluid temperature, and

U is the radial displacement due to

temperature.

Greek symbols

a is the coefficient of linear thermal

expansion,

AT is the temperature difference,

er&p€, are the strain in radial, tangential &

longitudinal directions,

L is the poisson’s ratio, and

0p, 0z, Or are the hoop, longitudinal & radial

stresses.
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