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Kinematically indeterminate pin-jointed assemblies are becoming increasingly popular in 
engineering structures. The most commonly used types include cable systems (i.e. single 
cables and cable nets), pneumatic domes, fabric roofs, and tensegrity frameworks. All 
types of these structures must be initially prestressed to achieve stiffness. Moreover, 
initial prestressing is necessary to prevent any cable element of the assembly from 
becoming slack or fabric panels from wrinkling. In this paper, a linear approach analysis 
is presented comprehensively for the analysis of kinematically indeterminate assemblies. 
This linear approach is capable to capture the main features of the behavior of these 
structures. This is done through mathematical analysis of the equilibrium matrix of the 
assembly that contains wealth information on static and kinematic characteristics, which 
is central to understand the mechanics of pin-jointed frameworks. Moreover, this 
mathematical analysis provides the required consistent system of prestress forces to 
initiate the numerical solution. The response of such structures to any external load is 
decomposed into two separate parts that correspond to extensional and inextensional 
modes. The interaction between the two modes is analyzed through a rapidly converging 
iterative procedure. A computer program based on the presented approach has been 
developed using MATLAB, and verified with published experimental and theoretical 
results.  The basic behavior of such kind of structures is studied also through several 
numerical examples under different types of loads and prestressing forces. 
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1. Introduction 

 

The linear analysis techniques employed 
for conventional structures break down when 
applied to mechanisms [1], and therefore it is 
common practice to resort to any nonlinear 
incremental iterative scheme, considering 

large displacements effects. However this kind 
of approach does not provide much insight on 
the fundamental behavior of these structures, 
moreover it depends on a reasonably good 
assumption of 
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initial geometry and initial prestress for its 
convergence. 

In This paper a linear approach is 
presented that was initiated by Calladine [2] 
and Pellegrino and Calladine [3] and developed 
by Pellegrino [4, 5].  This approach sets a new 
theory for the analysis of kinematically 
indeterminate prestressed assemblies, based 
upon an essentially linear approach that 
captures the main features of their behavior. It 
is one step procedure that has the added 
advantage of providing information on the 
associated mechanism modes, the available 
states of prestress, to achieve a consistent 
system of prestress forces, and the effects of 
the elastic (fitted) and geometric components 
of the load. 

The elastic, or fitted, (Vilnay’s terminology 
[6]) load is that component of the applied load 
that produces only elastic deformations 
without activating any mechanism – it is fitted 
to the initial geometry. The geometric (or 
unfitted) load, on the other hand, causes 
changes in the geometry through activation of 
the mechanism degrees of freedom but no 
elastic strains (under the small – displacement 
assumption). The principle is illustrated 
through the simple example of fig. 1; in which 
Pf is the fitted load component and Pg is the 
geometric load. 

We shall deal with three-dimensional pin-
jointed assemblies whose j joints are 
connected by b members; a total number of c 
kinematic constraints prevent the joints from 
moving in certain directions.   Cable members 
are prestressed initially to prevent them from 
becoming slack. Both the strut and cable 
members follow the linear elastic law. 
 
2. Basic concepts 

 
The concepts of statical and kinematical 

determinacy are central to an understanding 
of the mechanics of pin-jointed frameworks. 
The assembly is said to be: 
• Statically determinate: when the force in 
every member can be determined by means of 
the joint equilibrium equations. 
• Kinematically determinate: when any 
displacement of a joint from its original 
position causes a change of length of the 
assembly members. 

• Kinematically indeterminate: when a joint 
displacement causes no change of the lengths 
of members. The assembly has a mode of 
inextensional deformation.  
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. Fitted and geometric load components in cable 
system with internal mechanism. 

• Statically indeterminate: when extra 
members are added to the assembly. There is 
a number of unknowns more than the number 
of equilibrium equations. Such an assembly 
may be described as having one or more 
redundant members; but in this context the 
statical indeterminacy is best described by 
saying that the assembly can sustain one or 
more state of self stress; i.e. the internal forces 
of the members are in equilibrium with zero 
external forces. 
 

3. Basic equations 

 
Given a structural assembly in a 

particular structural configuration, the 
equilibrium matrix A-usually rectangular 
rather than square- relates the vector t of the 
internal forces, to the vector f of external 
nodal loads, which can represent any load 
condition applied to the assembly: 

ft  A = .                   (1) 

The elongations of the assembly members 
represented in vector e corresponding to the 
internal forces t and the nodal displacements 
d corresponding to the loads  f  are related by 
the compatibility matrix  B: 

ed  B = .                                                     (2) 
It can be easily shown, by inspection or by 

virtual work [7], that the equilibrium matrix A 
is equal to the transpose of the compatibility 
matrix B, hence eq. (2) can be written in the 
form: 

 

edAT =  .                                                 (3) 
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In general, the coefficients of the 
equilibrium matrix are functions of the 
geometrical configuration of the assembly. 

For linear elastic material behavior, the 
internal forces t are related to member 
elongations e by the square diagonal flexibility 
matrix F by the relationship: 
 

t  Fee o += ,                                                 (4) 

 
where eo is a vector of initially imposed 
elongations. 

Eqs. (1, 3 and 4) form the basis of any 
static, linear-elastic structural analysis. 
 
4. Fundamental subspaces of equilibrium  

and compatibility matrices 
 

Understanding the behavior of pin-jointed 
assembly requires the introduction of the 
equilibrium matrix A, its transpose the 
compatibility matrix B, and the calculation of 
the four fundamental subspaces associated 
with the equilibrium matrix and relates them 
to the subspaces of the compatibility matrix 
[4, 8, 9]. The names and definitions of the four 
subspaces associated with A & B are given in 
table 1 and 2. in which r   is the rank of the 
equilibrium matrix, (the number of independ-
ent rows or columns), and 
 
s  = b – r  ,          (5) 
 
m = 3j – c – r.                                                   (6) 
 
Where; s is the number of states of self-
stress 
and m  is the number of independent 
mechanisms. 
 
5.  Analysis schemes 

 
The analysis of a given structural assem-

bly posses different problems depending on 
whether the assembly is kinematically deter-
minate or indeterminate, and whether 
statically determinate or indeterminate. A 
preliminary step is the introduction of the four 
types of structural assemblies set  out  in 
table 3.  Examples of each type of the 
assembly are encountered in structural 
engineering: types I and III, kinematically 

determinate assemblies, include the most 
common braced frameworks used for 
reticulated domes, electrical transmission 
towers, etc. Typical examples of type II and 
type IV, kinematically indeterminate 
assemblies, are cable nets and  tensegrity  
systems. 

The analysis of type I assemblies posses 
no difficulty, because both the system of 
equilibrium equations and that of 
compatibility equations have square coefficient 
matrices of full rank. All other types involve 
departures from this straightforward routine, 
and are discussed in the following sections.  

In this section it will be explained how to 
use the four fundamental subspaces of the 
equilibrium matrix, in order to compute the 
responses of different types of assemblies 
under different loads. 
 
5.1 . Statically indeterminate and kinematically  

  determinate assemblies 

 
In this section we compute the response of 

an assembly with  s > 0 and  m = 0. Such an 
assembly has a rectangular equilibrium 
matrix, with more columns than rows. 

The solution of  t of the system of 
equilibrium eq. (1) can be written in the form: 

 
α  SStt +′= .                                               (7) 

 
Where t ′  the internal member forces, 
equilibrated by the assembly after removing 
the redundant members, due to applied load  
f,  αi  is the coefficient to be multiplied by the i-
th state of self stress and SS  is the states of 
self stress matrix, where each state of self 
stress can be defined as the internal forces 
induced in the assembly members due to a 
unit force in one of the s redundant members 
while zero in the remaining (s – 1) members. 
To obtain t ′one needs to solve the system of  r  
equations. 
 

ftAr =′ .                                                      (8) 

 
Where Ar is the column space of  A, formed by 
3j – c rows and the  r  independent columns 
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Table 1 
The four subspaces associated with the equilibrium matrix A 

 
Space Subspace Dimensions 
Bar space Row space of A 

Null space of A 
r × b 
b × s 

Joint space Column space of  A 
Left-null space of A 

3j - c × r 
m × 3j - c 

 
Table 2 
The four fundamental subspaces associated with the equilibrium matrix  A  and the compatibility matrix B = AT. A  
simple algorithm to compute the  basis for each of the four subspaces has been described by Pellegrino and Calladine  
[10]. The sign “=” indicates that two subspaces coincide, while “┴” indicates that they are orthogonal 
 
   Equilibrium  A  Compatibility  B 

r 

Row space: 
• The r independent rows 
• Bar tensions in equilibrium with 

loads in the column space 

= 

Column space: 
• Compatible bar elongations.  

 ⊥  ⊥ 

Bar 
space 
Rb 

 

s = b - r 
Nullspace [SS]:  
• Solution of   A . t = 0 
• States of self stress, (s > 0). 

= 
Left-nullspace:  
• Solution of  BT . e = 0 
• Incompatible bar elongations  

  

 

 

 

 

r 

Column space: 
• The r independent columns 
• Fitted loads, which can be 

equilibrated in the initial 
configuration 

= 

Row space:  
• Extensional displacements,  
 

 ⊥  ⊥ 
Joint 
space 
R3j - c 

 
 
 
 

m =  
3j - c - r 

Left-nullspace:   
• Solution of AT F = 0 
• Orthogonal Loads, which cannot 

be equilibrated in the initial 
configuration, (gives zero work 
done)  

= 

Nullspace D:   
• Solution of  B.d = 0 
• Inextensional displacements, 

(gives zero member elongations).              

 
 
of the equilibrium matrix. Hence, the total 
elongations are: 
 

e = eo+ F t ′  + SS α.                                        (9) 
 
The s-dimensional vector α is unknown, 
therefore one needs to write down  s-  
independent equations imposing the condition 
of orthogonality [4, 5 ]:  
 

0e  SST =  .                                                  (10) 
 
Multiply both sides of eq. (9) by SST and 
substitute eq.  (10): 

SST F  SS   α =  – SST  eo + F t ′ .                (11) 

 
Once α has been determined from eq. (11), 

eqs. (7) and  (9),  provide the member forces 
and elongations due to  f.  The final step is the 
evaluation of nodal displacement vector d.  
For this purpose the elongation vector e has to 
be decomposed into r components. Because e 
is compatible, the s rows of B corresponding to 
the redundant members, and also the 
corresponding elongations in the vector e, can 
be neglected  
 
Br d = er .                                                  (12) 
 
Where Br is the transpose of the matrix Ar  
introduced earlier, er contains the elongations 
of the independent members. 
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Table 3 
Four different types of structural assemblies 
 
 

Assembly type 
Dimension of nullspace and               
left-nullspace 

Static and kinematic features 

I 
Statically determinate and 
kinematically determinate 

s = 0 
m = 0 

Both of eq.(1) & (2) have unique solution for 
any r.h.s. 

II 
Statically determinate and 
kinematically indeterminate 
 

s = 0 
m > 0 

eq. (1) has a unique solution for some 
particular r.h.s” fitted loads”., but otherwise 
no solution. Eq. (2) has infinite number of 
solutions associated with the existing 
mechanism modes. 

III 
Statically indeterminate and 
kinematically determinate 
 

s > 0 
m = 0 

eq. (1) has infinite number of solutions 
associated with arbitrary states of 
prestressing. Eq. (2) has a unique solution for 
some particular r.h.s., but otherwise no 
solution. 

IV 
Statically indeterminate and 
kinematically indeterminate 
 

s > 0 
m > 0 

Both eqs. (1) and (2) have infinite number of 
solutions for some particular r.h.s., but 
otherwise no solution. 

 
5.2 . Kinematically indeterminate assemblies 

 

Now let us consider a kinematically indet-
erminate assembly, which is in equilibrium, in 
a certain given configuration, under initial 
prestressing member forces  to generated by 
initial external load fo, in case of statically 
determinate assemblies, or by altering the 
length of one or more members, in case of 
statically indeterminate assemblies,  fo= 0. 
 
A to = fo .                                                (13) 
 
Kinematically indeterminate assemblies could 
sustain additional external load δt with two 
distinct modes, depending on the type of load. 
Mode (i): the assembly can resist the 
additional external load δt with extensional 
displacements only, keeping the initial 
configuration, if the load is fitted.  
Mode (ii): in the case of geometric or unfitted 
load the assembly can not resist the additional 
load δt in it’s initial given configuration, Hence 
the stable equilibrium configuration is 
achieved through activation of internal 
mechanisms associated with inextensional 
displacement. A change in the internal forces 
of the assembly members δt happens due to 
the resulting change in geometry. 

In many instances the assembly responds 
by a combination of modes (i) and (ii):  we 
shall analyze this combined response after 
investigation each mode separately. 
 
5.2.1.  Mode (i) 

Recall that the column space of A contains 
all of the loads, which can be equilibrated in 
the initial configuration (table 2). We shall 
denote such loads by δf(i) 

 
)i(r ftA δδ =′  .                                            (14) 

 
Where Ar is the  3j – c × r defined in section 
5.1; t ′δ  contains the changes of axial forces in 
the r  non-redundant members. The system in 
eq. (14) is, of course, the complete system of 
equilibrium equations for the statically 
determinate assembly obtained by removing 
the  s  redundant members from the original 
assembly. Eq. (14) admits a unique solution, 
though 3j – c > r, if the applied load δf is fitted, 
where zero values of this load vector 
correspond to the dependent zero rows of the 
equilibrium matrix, after Gauss elimination 
process for both sides. To complete the 
calculation, we consider the general solution 
of system of equilibrium equations  δt = 
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αδ   SSt +′ and compute α from the compatibil-
ity equations 
 

=α SS  FSST – )t Fe(SS o
T ′+ δ  

 
For statically determinate assemblies (s = 0)  A 
= Ar and  δt = t ′δ .  
 
5.2.2. Mode (ii) 

A general inextensional displacement  d(ii), 
associated with the mechanism mode,  is 
given by: 

 

)1m()mcj3(
)ii(

)cj3(
}{]D[}d{ ××−− = β ,                 (15) 

 
where  [D]  is the  (3j – c) × m  matrix of inex-
tensional mechanism modes defined in table 
2, and ][ β  contains the  m  participation coef-

ficients of these mechanisms. 

The geometric loads associated with )ii(}d{  

can be written in the form: 
 

)1m()mcj3(
)ii( ][]G[}f{ ××−= βδ  .                   (16) 

 
Where each column of the  (3j – c) × m matrix  
[G], represents the geometric loads associated 
with inextensional mechanism modes.  The 
geometric loads [G], in eq. (16) are obtained 
from the following considerations.  Let  i  be 
unconstrained joint of the assembly, con-
nected by member  p  to joint  j. The equilib-
rium equation in the  x-direction of joint i,  
with the assembly in its initial prestressed 
configuration, is: 
 

ix0p0

k

1p p

ji
ft 

L

xx
=∑

−

=
 .                               (17) 

 
Where  k is the total number of members 
connected to joint i, xi  is the x-coordinate of 
joint i, Lp  is the length of member p, t0p is the 
prestressing force in member p, and  f0ix is the 
x-component of the initial load   f0i    on joint i. 
We then consider the equilibrium equation in 
the x-direction of joint  i,  with the assembly in 
an infinitesimally displaced configuration 
obtained by imparting the inextensional 

displacement h
h
ix
d β  corresponding to mecha-

nism h; (h = 1→m) ,where  hβ   is sufficiently 

small, and h

ixd  is an element of [D], represent-

ing x-component mechanism motion mode h 
of joint i. Assuming that all member forces are 
unchanged from t0, the new equilibrium equa-

tion is obtained simply by replacing ix  by  

)dx{ h
h
ixi β+  and similarly  xj  becomes   

)dx{ h
h
jxj β+ . All member lengths remain 

unchanged because the imposed displacement 
is inextensional. The required force that acti-
vates this mechanism motion is h

ix
}f{ δ . Thus, 

the updated version of eq.  (17) is: 
 

0pt . 
k

1p pL

)hβ
h
jx

dj(x)hβ
h
ix
di(x

∑
=

+−+
   

h
ix
f}{0ix{f} δ+= ,                                    (18) 

 
subtracting eq. (17) from eq. (18)  we obtain, 
 

h
ixh

k

1p
p0

p

h
jx

h
ix

}f{t  
L

dd
δβ =

















∑
−

=

 .                   (19) 

 
The summation in parentheses gives the x-

component of the geometric load at joint i   
associated with a unit amplitude of 
mechanism h, hence the coefficients in 
column  h  of   [G]. 

Similar expressions are valid in the y- and 
z-directions.  Once  ][ β  is known, the 

displacements due to )ii(}f{  are obtained from 

eq. (15). 
 

5.2.3.  Combined response in modes (i) and (ii) 

Now  we can analyze the response of a 
prestressed kinematically indeterminate 
assembly subjected to a general load  ]f[δ . 

Since the load is resisted by the combined 
action of modes (i) and (ii), we consider the 
sum of eqs.  (14)  and  (16). 
 

)ii()i(r }f{}f{}]{G[}t]{A[ δδβδ +=+′ .         (20) 

The r.h.s. of this system is precisely  
]f[δ . The member force  }{ t ′δ  and the dis-
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placement coefficients  }{ β due to  }f{δ  can 

be computed by solving eq. (20), which can be 
written in the form: 

 

}f{
t

]G|A[ r δ
β

δ
=







 ′
 .                             (21) 

 

Where ]G|A[ r ,  is a square equilibrium ma-

trix of size  (3j – c). 
These new equilibrium equations are valid 

not only for the original configuration of the 
prestressed assembly, but also in all distorted 
configurations obtainable through inexten-
sional displacements of infinitesimal 
magnitude where the prestressing forces to is 
assumed constant through the mechanism 
motion and then updated during the iterative 
solution procedure. To guarantee a rapid 
converging solution the mechanism motion 
must be infinitesimal. 

The system in eq. (21) can be solved 

uniquely for the vector T}|t{ βδ ′ , which 

contains the mixed set of unknowns of this 
formulation. Once { t ′δ } and { β } have been 

computed, the complete solution { tδ } is 
obtained following the procedures described 
above with reference to mode (i), while the 
inextensional component of the nodal 

displacement is }]{D[}d{ )ii( β= . 

The validity of eq. (21) rests upon the 
assumption that the member forces remain at 
the level {t0}, while in fact they become 

}t{}t{ 0 δ+ . If }t{δ is small relative to {t0}, there 

is no need to refine this analysis. Otherwise, 
the geometric loads [G] should be recomputed 
on the basis of the updated forces }t{}t{ 0 δ+ , 

and an improved estimate of }t{δ  obtained 

from updated system of eq. (21). This process 
converges after only a few iterations, where 
the norm of }t{δ  is almost equal to that of the 

previous iteration. Note that, the final internal 
forces {t}i  at any iteration  i  is equal to the 
initial internal forces {to}, at the initial 
configuration, plus i}t{δ  obtained through the 

iteration  i ,  { } { } ioi }t{tt δ+= . 

The next task is to compute  )i(}d{ , the 

extensional component of {d}, corresponding to 

the final elongations  }e{δ , achieved at the 

new equilibrium configuration. This will be 
explained in the next section. 
 
5.2.4.  Extensional displacements  

As noted in section 3, the system of eq. (2) 
of compatibility equations admits more than 
one solution for any compatible member 
elongations }{ eδ .  Our aim in this section is to 

identify some additional conditions, which 
determine a unique displacement vector. 

In analogy with section 5.1, we delete from 
eq. (2)  the compatibility equations, which 
refer to the  s  redundant members to obtain. 

 

}e{}d]{B[ r)i(r δ=  .                                  (22) 

 
Which is equivalent to eq. (12), but the 

coefficient matrix [Br] here is rectangular with 
fewer rows  r  than columns  (3j – c) = m + r.  
These set of equations needs m additional 
equations to get a number of equations equal 

to the number of unknowns )i(}d{ . These 

additional equations represent additional 
conditions satisfying the new configuration 
after admitting mechanism motion. 

For this purpose, we start by considering 
the initial forces }f{ 0  are in equilibrium with 

member forces }t{ 0  when the assembly is in 

its initial configuration; and the displacements 
)i(}d{  are compatible with the assigned 

elongations }e{δ .  Virtual work relates the 

external and internal work done by the 
following equation: 

 

}e{}t{}d{}f{ T
0

)i(T
0 δ= .                             (23) 

 
Now consider the new configuration of the 

assembly obtained by imposing the (small) 
inextensional distortion due to mechanism 

motions  }]{D[}d{ )ii( β= .  According to the 

way in which the geometric forces were 
defined in section 5.2.2, the forces 

}]{G[}f{ 0 β+  are in equilibrium with member 

forces }t{ 0 . 

Starting from the distorted configuration, 

the displacements )i(}d{  are still compatible 
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with the elongations }e{δ  since the change in 

the configuration considered is small. Virtual 
work can be used again, to obtain: 

 

}e{}t{)}d{}d({})]{G[}f({ T
0

)ii()i(T
0 δβ =++ .     

                                                                 (24) 
 

Because no elongations correspond to { } )ii(d , 

then : 

0}d{})]{G[}f({ )ii(T
0 =+ β  and 

 

}e{}t{}d{})]{G[}f({ T
0

)i(T
0 δβ =+  .        (25) 

 
Subtracting eq. (23) from (25), we obtain: 
 

0}d{]G[}{ )i(TT =β  .                               (26) 

 
As }{ β  can take any values, the above scalar 

condition is equivalent to  m  conditions 
 

0}d{]G[ )i(T = .                                         (27) 

 
Note that the above argument dem-

onstrates that the orthogonality between 
extensional displacements and geometric 
loads. 

Eq. (27) provide the additional m equations 
required to solve the system of eq. (22). Adding 
eq. (27) to eq. (22), we obtain: 

 













=












0

e
}d{

G

B r
)i(

T

r δ
.                                  (28) 

 
Which is a system of   (3j – c) linear equations 
and  (3j – c) unknowns.  

The linear analysis of any kinematically 
indeterminate assembly is now complete: 
inextensional and extensional displacement 
vectors can be added up to obtain the total 
displacements. 

The extensional displacement )i(}d{  may 

also be deduced by considering the concept of 

superposition, where )i(}d{  can be written in 

the form: 
}]{D[}d{}d{ )i( γ+′=  .                                  (29) 

 

Where }d{ ′  is the set of nodal 

displacements that are in compatible with the 
elongations }e{ rδ ; admitted by the assembly 

after suppressing internal mechanisms. { }d ′  is 

obtained using eq. (22) after removing the 

columns of matrix ]B[ r  corresponding to the 

mechanisms, where the corresponding 
mechanism degrees of freedom are 
suppressed, thus: 

 

}e{]B[}d{ r1* δ−=′ .                                   (30) 

 
Note: zero entries, corresponding to the m 
suppressed mechanisms, are removed from 

the vector { }d ′ in eq. (30); where ]B[ *  is a 

square matrix of size  r.  
The term }]{D[ γ , can be defined as the 

modification in the extensional displacements 
due to the mechanism motion. The  m  
components of  }{γ , can be determined by 

considering eq. (27), which satisfy orthogo-
nality between extensional displacements and 

geometric loads. Multiplying eq. (29) by T]G[ , 

therefore:  
 

})]{D[}d({]G[}d{]G[ T)i(T γ+′= , and  

 

solving for }{γ :  

 

}d{]G[])D.[]G([}{ T1T ′−= −γ  .                       (31) 

 
5.2.5. Correction to linear theory 

The linear theory presented in the previous 
sections is valid if the nodal displacements are 
sufficiently small. In order to extend the 
validity of the linear computations to a wider 
range of nodal displacements, corrections 
should be made to the computed displace-
ments and member forces. As will be 
discussed the correction is significant in type 
IV assemblies, but becomes practically 
negligible in type II assemblies, where it has 
little effect on member tensions and the 
correction is confined to nodal displacement. If 
we assumed for example that the assembly 
shown in fig. 1 is subjected to purely 

geometric load { } )ii(fδ , by computing the 
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response using the linear theory (eq. (21)), it 
can be noted that { }β increases linearly with 

the increase of { } )ii(fδ , while { }tδ remains 

equal to zero violating the equilibrium. Hence, 
it can be concluded that computations of the 
linear theory overestimate the nodal displace-
ments and under estimates the member 
tensions. In fact kinematically indeterminate 
assemblies possesses a limited infinitesimal 
magnitude of mechanism motion, depending 
on the assembly configuration and internal 

prestressing forces. So if { } )ii(fδ  is sufficiently 

small it will be sustained by the assembly, 
where it will be equilibrated by the initial 
prestressing force, without any change in its 
value, at a new configuration achieved by truly 
inextensional displacement only. Thus if the 
geometrical load is increased gradually, the 
displacement will increase linearly with the 
load increase until it reaches the inextensional 
motion limit after which the assembly tightens 
up and resists the excess of load through 
extensional displacements. Thus, the first 
requirement at the end of linear theory is to 
restore the violated geometrical compatibility 
by letting each node return to its path. The 
undesired elongation of each member 
associated with inextensional displacement, 
computed from eq. (21), is calculated as 
difference between the distorted and initial 
lengths and stored in vector { }e . In the case of 

statically determinate assemblies these 
elongations { }e , changed in sign, could be 

used in eq. (28) to compute corrective 
displacement, hence the final inextensional 

displacement is { } { }c)ii( dd + . 

In the case of statically indeterminate 
assemblies, a set of elongations { }e−  is 

applied to the structure as imposed 
elongation. For the sake of simplicity, we refer 
to an assembly with arbitrary 0m >  but 1s = , 
thus the matrix [ ]SS reduces to the column 
vector { }ss . In analogy with eq. (9), the result-

ing compatible elongations { }ce  is given by: 

 

{ } { } [ ]{ }αssFeec +−= .                                 (32) 

 

Applying the orthogonality condition 
between the nullspace [ ]SS  and any set of 
compatible elongations, eq. (10), then:  
 

{ } [ ]{ }( ) { } { }essssFss T1T −
=α . 

 

This elongation { }ce causes a set of corrective 

displacements { }cd , which can be calculated 

from  eq. (28); where: 
 

 { }












=












0

e
d

G

B c
c

T

r

. 

 
Now the configuration will be defined by 

{ } { }c)ii( dd +  is then geometrically compatible. 

The level of prestress in the mean time 
increased to { } { }αssto + , due to the corrective 

imposed elongations.  
To account for the overestimation in the 

inextensional displacement calculated by the 
linear theory, a reducing factor ε  ( )10 << ε , 

is introduced to the initial estimate { } )(ii
d , 

accordingly: 
• The reduced inextensional displacements 

will be: { } )(ii
dε . 

• The elongation associated with the reduced 

displacement { } )(ii
dε is { }e2ε ; where 

elongation is a second order function of 
displacement, this can be simply proved from 
fig. 1. 

• The corrective displacements are { }c2 dε , 

hence the displacement vector is 

{ } { }c2)ii( dd εε + . 

• The stress level increase associated with 

the reduced displacements is { }αε ss
2

. 

We shall use virtual work to find an 
equilibrium equation in ε . Assume that the 
assembly is subjected to a total load { }f , 

equilibrated by internal forces given by the 

sum { } { } { } 2
o sstt εαδ ++ , the individual terms 

of which are the initial prestress, the member 
forces due the fitted component of { }f  and the 

increase in prestress level computed above, 
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respectively. Now, let the assembly have a 
virtual infinitesimal displacement from the 
configuration defined above. This Virtual 
displacement is obtained by differentiating 

{ } { }c2)ii( dd εε +  with respect to its only 

variable, ε ; this gives { } { } εε d ) d2d( c)ii( + . 

The elongations compatible with this 
displacement are [ ]{ } εεα d ssF2 .  Equating 

external to internal work and divide by εd  to 
obtain: 
 

{ } { } { } { }
{ } { } [ ]{ }{ } { } [ ]{ } . ssFss2ssF)tt(2

 df2df

32TT
o

CT)ii(T

εαεαδ

ε

++=

+
 

 
This equation can be written in the form: 
 

{ } [ ]{ } { } { } [ ]{ }

{ } { } { } { } (33)                       . 0df ]df

ssF)tt[(2ssFss2

)ii(TcT

T
o

32T

=−−

++

ε

αδεα

                                   
This is a third-order equation of type 

0a a a o1
3

3 =−+ εε , the solution of which 

completes this non-linear correction. From 
structural behavior, while the load increase 
from { }0 to { }f , the inextensional displace-

ment { } )(ii
d develops and the internal forces 

are increased from { }ot to { } { }tto δ+  . Finally, 

the correcting displacement { }cd  takes place. 

The work done by the applied load in this 

process is { } { } { } { }cT)ii(T dfdf
2

1
+ , while the 

work done by internal forces is 

{ } { }( ) [ ]{ }αδ ssFtt T
o + . Equating external and 

internal work done obtains: 

{ } { } { } { } { } { }( ) [ ]{ }αδ ssFttdfdf
2

1 T
o

cT)ii(T +=+  

               (34) 
from eq. (34) it can be noted that coefficients 

1a and oa are equal, thus one can divide both 

sides of eq.  (33) and use the simplified form: 
 

 
{ } [ ]{ }

{ } { }
01 

df

ssFss2 3

)ii(T

2T

=−+ εε
α

.                (35) 

For the assembly with s independent 
states of self-stress, ε would be replaced by an 

s-dimensional vector, and we would end with 
a system of s cubic equations similar to eq. 
(35).  
 
6. Developed computer program  

 
A computer program is developed and 

several examples are introduced implementing 
the presented approach to verify the present 
program and study the basic behavior of such 
kind of structures.  
 
Example 1 

Fig. 2 is a plane assembly, which is 
kinematically indeterminate, with one 
mechanism, and statically determinate. The 
assembly is subjected to initial external forces 

{ } { }To 1010f = kN. 

The equilibrium matrix is: 
 





















−

−

=

1000

0100

0010

0001

477.00

894.10

00447.

01894.

]I|A[ ;  

 
After Gauss ⇒ elimination  
 





















−−−

−

−

=

15.15.

1000

0100

0001

000

477.00

894.00

01894.

]I
~
|A
~
[ . 

 
Therefore, m = 1, s = 0. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2. Plane pin jointed assembly. 



F. A. Fath El-Bab et al./ kinematically indeterminate assemblies 

                                      Alexandria Engineering Journal, Vol. 42, No. 5, September 2003                                      623   

The Nullspace [SS] = 0, and Left-nullspace, 

{ }T15.15.D −−−=  . 

• We start by checking if {fo} can be carried 
by the assembly, i.e. that the component of {fo} 
in the subspace of load which can not be 
carried is zero: 

0}f.{]D[ o
T =  ⇒  {fo} is certainly “fitted load”. 

• Calculation of the initial forces { }ot : 
 

. 

.

.

t

t

t

         

t

t

t

.

.

.

}f
~
{}t]{A

~
[ oo

















=
















⇒
















=

































−

−

⇒=

236072

2

236072

1

0

0

447200

894410

018944

3

2

1

3

2

1

 

 

Where  [ ] { }ofA
~

&
~

 are [ ] { }of&A  after Gauss 

elimination. 
• The assembly is then analyzed under the 

external load vector { } { }T1000f =δ kN. 

Using eq. (19), the geometric force vector is 

then: { }T6161G −−−= . 

• Calculation of { }tδ  & { }β : 

Using eq. (21), { }ft
]G|A[ r δ

β

δ
=








⇒  









β

δt
 

{ }T0769.204.11032.1 −=  

The forces will be then { } }tt{t o δ+=  

{ }T4401.332807.3= and the norm of { }tδ  is 

1.8747. 
The formula of eq. (21), relies on the 

knowledge of exact geometric forces although 
these cannot be computed until the final 
forces }tt{ o δ+  is known, therefore an 

iterative procedure is applied. 
New [ ]G  matrix is calculated using { }t  

rather than { }ot and again eq. 21 is used to 

obtain new 








β

δt
 as. 

{ }T0513.1952.19901.032.1
t

−=








β

δ , 

From which: 
 

{ }T4313.39901.22593.3}t{ = kN. 
 
(Note: The new }t{δ to be added to the initial 

force {to} to obtain the final { }t ). 

The norm of the new { }tδ  is 1.864, very close 

to 1.8747 of the previous iteration. 
• Calculation of the inextensional 

displacements { } )ii(d : 

The general inextensional displacement 
)ii(}d{  is given by eq. (15), }]{D[}d{ )ii( β= . 

( ) .m0513.02565.0513.02565.           

D0513.}d{

T

)ii(

−=

×−=   

 

Calculation of extensional displacements 

{ } )(i
d : 

To obtain the total nodal displacements, 
one still has to compute the extensional 

displacements )(}{ id . 

For simplicity the axial stiffness  (AE); of 
members is taken as 100 kN. The elastic 
member elongations are given by: 

 
























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00

0
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1
0

00
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}t]{F[}e{ δδ  

















=
















0134.0

0099.0

0114.0

1952.1

9901.0

0232.1

. 

  
Where [F] is the flexibility matrix. 
 

Using eq. (28);  
 

.

0   

0134.0

0099.0

0114.0

dy

dx

dy

dx

0769.95385.19231.84615.1

4472.08944.000

0101

004472.08944.0
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3
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2
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The solution is {d}{i} = 
{-0.0061    0.0378     0.0038   0.0375}T m. 
 

• Corrections of linear computations: 
The elongation of each member, in 

consequence of the calculated inextensional 
displacements, is equal to the difference 
between the length in the ‘inextensionally’ 
distorted configuration and the original one. 
The vector of undesired elongations turns to 
be: 
 

{ }T0015.00052.00014.0}e{ =  m. 

 
All members of this assembly are statically 

determinate; hence, all the above elongations 

are certainly compatible. Substituting { }e  

with opposite sign in eq. (28), the corrective 
displacement:  

 

{ } { } .m0.0084-0.0025-0.0085- 0.0027d Tc =

  
The corrected inextensional displacement, will 
be: 
 

{ } { } .m}0429.02310.5890.00283.0{dd Tc)ii( −=+  

The total nodal displacements of the assembly 
are therefore: 
 

{ } { }
{ } . m  0804.00268.00220.00221.0     

}d{dd}d{

T

)i(c)ii(

−=

++=

 
From the previous calculations it can be noted 
that: 
- As the studied assembly is statically 
determinate, the initial prestressing process is 
carried out through external fitted forces [ ]of . 

- The total load is applied linearly in one 
step rather than dividing it into increments. 
- Very few iterations, (2 iterations in this 
example), are required to achieve the 
convergence. 
 
Example 2 

A simplex, triangular tensegric prism is 
shown in fig. 3, was the object of numerical 
investigation by Pelligrino, S. [4] and 
experimental study by Motro  [10]. 

• It is made of three steel tubes and nine 
high-tensile steel cables with AE = 1.60 MN for 
cables, and AE = 65.0 MN for tubes 
• The length of all cables is 1420mm and 
the tubes were of length 2085mm. 
• Only node 2 is fully fixed, node 1 is fixed 
in y & z-directions and node 3 is fixed in z-
direction only, the total number of constraints 
is therefore six. 
• As shown in fig. 3, the initial configuration 
of the prism that is liable to be prestressed 
has a relative rotation angle of 300 between 
the upper and lower triangles. 
• The initial prestress is zero, but to start 
the solution a very small prestress, dependent 
on the null space of the assembly was 
assigned and all obtained results are 
computed accordingly. 
•  Equal vertical forces are applied to nodes 
4, 5 and 6.  The loads were applied with four 
levels 1.25, 2.5, 3.75 and 5 kN. Calculations 
for each load level are done in one step 
starting from zero.  
• The [A] matrix of the shown assembly is of 
(3j –c =12) rows, (b=12) columns. From com-
putation, r = 11, with s = 1 & m = 1, hence the 
assembly is both statically and  kinematically 
indeterminate, therefore it is of type IV.    
• From the analysis of this example it can be 
noted that: 
• The load displacement relationships in z- 
and x-direction for nodes 4,5 and 6, computed 
with the present developed computer program, 
fig. 4, are found in good agreement with 
Pellegrino published theoretical results, [4]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. Double layer tensegrity unit “Simplex”. 
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Fig. 4. Load displacement relationship of simplex. 
 

The [A] matrix of the shown assembly is of (3j 
– c = 12) rows, (b = 12) columns. From  
- Geometrical stiffening in the behavior of 
the simplex can be observed as shown in fig.4.  
This is due to the big distortion in geometry 
associated with such kind of tensegrity units 
at the beginning of loading.    
 

Example 3 

The shallow saddle-shaped cable net 
shown in fig. 5-a was the object of experimen-
tal and analytical study by Pellegrino [4 & 5]. 
• The assembly consists of two parallel 
sagging wires (segments 1, 2, 3 and 4, 5, 6) 
and two parallel hanging wires (segments 7, 8, 
9 and 10, 11, 12). 
• The coordinates of the joints are shown in 
fig. 5-b. 
• The wires are of high tensile steel “piano 
wire” 0.42 mm diameter. 
• The prestress level was set at 80 N. 
• The load condition consists of two equal 
incremental down ward loads acting on node 5 
and 8.  
• The shown assembly is both statically and 
kinematically indeterminate with  s=1 & m= 1, 
therefore it is of type IV.    
• From the analysis of this example it can be 
noted that: 
- The results of the present program are in 
good agreement with the published 
experimental results as shown in fig. 6 . 
Example 4 

Fig. 7 shows a deep saddle shaped cable 
net. The wires are of steel E =210 kN/mm2 
and A = 0.1cm2. 

The shown assembly is statically and 
kinematically indeterminate with s =1 & m= 1, 
therefore it is of type IV. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 5. Shallow saddle shaped cable net. 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Fig. 6. Load displacement relationship of shallow saddle 
shaped cable net. 
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• The states of self stress or, the nullspace 
[SS] is: 
 

[ ]T111111113334.03334.03334.03334.0

]SS[ =

 
• The components of displacement mode 
associated with the mechanism or, the left-
nullspace is: 
 
[D] = [-0.667  0.667  -1 0.667  0.667  1   0.667 

      - 0.667  -1     - 0.667   -1   -0.667  0.667  1]T 

 
• Three loading cases have been considered: 
1. Two equal incremental downward loads on 
nodes 5 and 7 with initial prestressing system 
of forces, 0.3 kN multiplied by [SS], results are 
shown in fig. 8. 
2. Two equal constant downward loads, 0.75 
kN, on nodes 5 and 7 with an incremental 
initial prestressing system of forces, obtained 
by an incremental prestress parameter λ  

multiplied by [ ]SS , results are shown in fig. 9. 

3. Two equal incremental downward loads, 
on nodes 5 and 7 with four different 
prestressing parameters λ = (0.3, 0.6, 1.2, 
2.4) kN, results are shown in fig. 10. 
• From the analysis of this example it can be 
noted that: 
- Considering a cables segment from the 
assembly of fig. 7, consists of cables 8, 2, 11 
with down ward load at node 7, and referring 
to the plane assembly in fig. 2, we can clearly 
notice that both of them have the same 
behavior which may give us much insight 
understanding of the response of the overall 
assembly of fig. 7. Accordingly, as shown from 
fig. 8-a the vertical displacement of node 7 is 
downward in the direction of the applied load 
and the vertical displacement of node 6 is 
upward, while the horizontal displacement of 
both nodes in the positive direction of x-axis, 
towards the side of loaded node. 
- It can be noted from fig. 8-b that tensions 
of the hanging wires increase due to increase 
of vertical displacement while tensions 
increase of sagging wires is due to the shape 
distortion of the middle square. Also it can be 
noted that tensions in wires 3 and 4 increases 
with load increase up to a load 0.55 kN, then 
tension starts to decrease until slackness,  at 

that point wires 7 and 6 starts to work as two 
springs connected in sequence, and conse-
quently with the load increase, tension in-
creases in wire 7 while it decreases in wire 6. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 7. Deep saddle shaped cable net. 
 
 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 8. Results of deep saddle shaped cable net, loading 
case 1. 
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- With prestress level-increase, the nodal 
displacements decrease, as shown in fig. 9-a, 
due to the increase of the assembly stiffness. 
Moreover, as shown in fig. 10, for assembly 
with high prestressing level the behavior is 
almost linear from the start of loading, while 
for low prestress level the behavior is 
extremely nonlinear at the start of loading, but 
with loading increase  the behavior tends to be 
linear with high stiffness. 
- It can be noted from fig. 9-b that the change 
in wire tensions is nonlinear at low prestress 
levels due to the low stiffness of the assembly 
and consequently associated large nonlinear 
nodal displacements. With the increase of 
prestressing level the assembly reaches almost 
constant stiffness resulting in linear increase 
in the wire tensions depending on the 
prestress force value.    
 
Example 5 

The example, shown in fig. 11, was the 
object of numerical and experimental study by 
A. Hanor  [11].  
• The model consists of seven simplex units, 
with three supports only and this necessitated 
the addition of some boundary members to 
prevent large mechanism displacements. 
• Bars were made of steel tubes , (outer 
diameter = 17.5mm and inside diameter = 

12.6mm), with buckling force ( =crf 13.3 kN). 

• Cable were made of stainless steel  
(6.4mm) diameter with rapture force (7.6 kN). 
• The three central nodes of the shown 
assembly were loaded by three incremental 
equal downward loads, with three different 
prestressing parameters λλ ,fcr12

1=  

cr3
1

cr6
1 f&,f == λ . 

• From the analysis of this example it can be 
noted that: 
- Very good agreement between the results 
of the present program and the finite element 

solution for the case of crf3
1=λ , is obtained 

as shown in fig. 12. 
- Geometrical stiffening can be observed 
from the load-deflection relationships shown 
in fig. 12. 
- Also it can be observed that, curves tend 
to be linear with the increase of prestressing 
forces, which means that the non-linearity of 

the structure decreases with the increase of 
prestress level. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9. Results of deep saddle shaped cable net, loading 

case 2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 10. Load-displacement relationship on node 5 (z-
component). 
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Fig. 11. A tensegrity model consisting seven prismatic 
units. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 12. Load-deflection relation of central point for the 
three different prestressing levels. 

 
 
7.  Conclusions 
 

• A linear approach is presented in detail in 
this paper predicting and exploring the 
response of kinematically indeterminate 
assemblies. The main feature of the present 
approach is that it does not divide the load 
into small increments but performs one-step 
solution with few number of iterations, so it is 
more efficient than the standard formulation 
of nonlinear finite element method. 
• A computer program based on the 
presented approach has been developed using 

MATLAB. The program results have been 
compared and verified with published 
experimental and theoretical results. 
• From the analyzed examples, in this paper 
it can be concluded that: 
- The response of cable nets and tensegrity 
structures is highly nonlinear due to the big 
shape distortion at the beginning of loading, 
and then gradual tightening up is achieved 
with the increase of loading. 
- The higher the prestress level, the higher 
the stiffness of the structure, the lower the 
nodal displacement and the closer the 
assembly response to be linear. 
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