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In this paper elasto-plastic analysis of framed structures is formulated in the convected 

Eulerian system taking into account both the large displacement effects and the spread of 

material plasticity.  Elasto-plastic cubic elements of fiber-type are formulated to account for 

the spread of material plasticity across the element section and along its length.  The 

derived centroidal axial strain includes the effect of bowing  and hence the  formulation is 

capable of modeling the beam-column effect.  Moreover the variation of the centroidal axial 

strain along the element length associated with the spread of material plasticity is taken 

into account.  Three Gaussian integration sections are employed along the element length 

for the numerical integration of the internal virtual work to calculate the element local 

forces and the tangent stiffness matrix.  A computer program is developed based on the 

present formulation considering both the geometric and material nonlinear effects.  The 

developed computer program is verified through comparisons with experimental and 

theoretical results.  The effect of the centroidal axial strain variation along the  element 

length is assessed through several numerical comparisons.  Finally, the ability of the 

present analysis to trace the behavior of framed structures under reversible loading is 

checked. 
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1. Introduction 
 

Two main approaches for  elasto-plastic 
analysis of framed structures are found in the 
literature, namely the plastic hinge approach, 
[1-7], and the distributed plasticity approach 
[8-13].  In the first approach, plastic hinge 
approach, the analysis is greatly simplified 
where the material plasticity is assumed to be 
concentrated at selected points, typically at 
the ends of structural members. This 
transforms the original problem of a material 
plasticity to a problem of at most a finite 
number of plastic yield hinges.  In many cases 
this type of analysis can be handeled 
effectively by considering the problem as one 

of a modified elastic structure, where the 
modification consists of a local change of 
stiffness at the active yield hinges.  While the 
computation advantage of the plastic hinge 
approach is significant, such analysis is 
suitable for preliminary approximate study as 
it is unable to deal with the spread of material 
plasticity.  Moreover the modeling of realistic 
stress-strain relationship in the context of 
plastic hinge approach is quite complex, which 
leads often to the simplifying assumption of 
elastic-perfectly plastic material [5,7]. 

In this paper, material plasticity is 
considered through the second approach, the 
distributed plasticity approach [13].  Fiber-
type elasto-plastic cubic elements have been 
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y(0) y(L) used, where the spread of plasticity can be 
monitored across the element section through 
enough number of detailed fibers for the  
section.  The spread of plasticity along the 
element length is monitored through three 
sections at the Gaussian integration points, 
[14,15].  The derived centroidal axial strain 
includes the effect of bowing which allows 
modeling the beam-column effect.  Moreover, 
the variation of centroidal axial strain due to 
the spread of material plasticity along the 
element length is considered.  The formulation 
is derived in the convected Eulerian system, 
[16], in which the local displacements are 
always referred to the deformed element 
chord.  Element-based orientation vectors are 
used rather than nodal triad vectors, [17], 
which perimts the modeling of large local 
displacements.  A computer program based on 
the present formulation has been developed 
and verified  through several comparisons 
with experimental and theoretical results.     

 
2. Elasto-plastic cubic formulation 
 

The elasto-plastic cubic formulation is 
derived in the convected Eulerian system, 
where the element local displacements are 
referred to element chord in the deflected state 
to take into account the large displacement 
effect, as presented in ref. [16].  The material 
plasticity is considered through monitoring the 
stress-strain relation at enough number of 
fibers across the element sections at several 
locations along the element length defined by 
Gauss integration rule [15].  
 
3. Local displacements & cubic interpola-
tion functions 

 
Six local degrees of freedom, referred to the 

element convected axes, are employed for 
three-dimensional formulation of framed 
structures, as shown in fig. 1.  The local x-axis 
is the element chord in the deflected state 
connecting the centroids of the two end 
sections.  The local  y-axis and z-axis are the 
section principal axes.  The element basic local 

displacements vector is cU; 
 

cU = [θ1y, θ1z, θ2y, θz2, ∆, θT]T  .          (1) 

                 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Fig. 1. Element local degrees of freedom referred to the 

element conveected axes. 

 
The corresponding element basic local forces 

vector is  cf; 
 

cf = [M1y, M1z, M2y, M2z, F,  MT]T .       (2)    
 

The centroidal axial displacement, u(x), 

and the relative twist, α(x), at any point along 
the element reference axis, x-axis, are defined 
by linear interpolation functions as follows: 
 

u(x) = ∆.x /L,                (3)    
 

α(x)  = θT.x /L.               (4) 
 

The centroidal displacement in the local y-

direction, v(x), and in the  local z-direction, 

w(x), at any point along the reference axis, x-
axis, are defined by cubic interpolation 
functions, [13], given by;     
 

v(x) = (θ1y + θ2y ). (x3/L2) – (2θ1y + θ2y ). (x2/L)  
    +  θ1y.x ,                                  (5)                                   

 

w(x) = (θ1z + θ2z ). (x3/L2) – (2θ1z + θ2z ). (x2/L)  
+ θ1z.x.               (6) 

                                    

z(0) z(L) 

θT 
θ1z 

θ2z 
1 2 2 

L ∆ 
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4. Generalized strains 
 
     Through the derivation of the present 
formulation, the following assumptions are 
made: 
a- Plane sections remain plane after 
deformation. 
b- Warping strains due to non-uniform 
torsion are negligible. 
c-  Shear strains due to flexure are negligible. 
d- The section centroid and shear center are 
coincident, and their loci represent the 
element reference axis. 
     These assumptions allow the strain state 
within a cross-section to be determined solely 
by a set of four generalized strains: centroidal 

axial strain, εc, rate of twist, ζ , and curvature 
strains about the two principal axes,  κy and 
κz.  The derivation of  the centroidal axial 
strain includes the effect of bowing and hence 
the formulation is capable of modeling the 
beam-column effect.  Moreover, the variation 

of  εc along the element length due to spread of 
material plasticity is considered, rather than 
assuming it constant; 
 

εc =  du/dx  +  0.5(dv/dx)2  +  0.5(dw/dx)2.  (7)  
 

     The remaining three generalized strains are 
obtained from the following differential 
relations: 
 

ζ  = dα/dx,                (8) 
 

κy = d2v/dx2,               (9) 
 

κz = d2w/dx2.                  (10) 
 

     Substituting eqs. (3-6) into eqs. (7-10), the 
relationships between the generalized strains 
and the element freedoms are obtained as 
follows: 
 

εc = (∆/L)  + 4.5(θ1y 2 + θ2y 2 + 2 θ1y . θ2y  +  θ1z 2  
  + θ2z 2 + 2 θ1z . θ2z   ).(x/L)4 - 6.0(2θ1y 2  
  + θ2y 2 + 3 θ1y . θ2y  +  2θ1z 2 + θ2z 2  
  + 3 θ1z . θ2z   ).(x/L)3 + (11θ1y 2 + 2θ2y 2  
  + 11θ1y . θ2y  +  11θ1z 2 + 2θ2z 2  
  + 11θ1z . θ2z   ).(x/L)2 - 2.0(2θ1y 2   
  + θ1y . θ2y  +  2θ1z 2  +  θ1z . θ2z   ).(x/L)  
  + (θ1y 2  + θ1z 2 )/2.0,          (11)   

 

ζ  =  θT /L ,                    (12)  

κy=6.0 (θ1y+θ2y). (x /L2) –  2.0 (2θ1y + θ2y)/L,  (13) 
 

κz=6.0 (θ1z+θ2z). (x /L2) –  2.0 (2θ1z + θ2z )/ L. (14) 
 
                                    

5. Generalized stresses 
 
As the relationship between the general-

ized stresses and strains can not be 
established explicitly in the presence of 
material plasticity, the integration of the 
internal virtual work to get the element local 
forces is performed numerically.  Three 
sections along the element length at the 
Gaussian integration points are employed for 
the numerical integration of the element 
internal virtual work.  The positions of the 
three Gaussian sections according to Gauss 
integration rule [15] are:  
 

gx1 = 0.5L[1-(0.6)0.5], gx2 = 0.5L,  

gx3 = 0.5L[1+(0.6)0.5] .                          (15) 
 

The corresponding weighting factors, ag, at 
the three Gaussian sections required for the 
numerical integration process are: 
 

a1 = 5.0/ 9.0, a2 = 8.0/ 9.0, a3= 5.0/ 9.0.     (16) 
 

The generalized strains at the three 
Gaussian sections are represented by a matrix 

sU as follows: 
 

εc (gx1)   εc(gx2)    εc(gx3)   

sU =   κy (gx1)   κy(gx2)    κy(gx3)   .       (17) 

κz (gx1)   κz (gx2)   κz(gx3) 

       ζ             ζ               ζ 
 

The elements of this matrix can be 
determined explicitly in terms of the element 

basic local displacements, cU, using eqs. (11-
14). 

Each Gaussian section is divided into a 
number of small areas at which strains and 
stresses are monitored, as shown in fig. 2.  If 
the effect of shear strains on the material 

plasticity is neglected, only axial strains em,g at 
the monitoring points of the Gaussian sections 
are considered as follows: 

 

em,g   =  4∑i=1   dm,i . sUi,g ,             (18) 
 



H.A. Zien El Din / Analysis of framed structures� �� �� �� �

234                              Alexandria Engineering Journal, Vol. 42, No. 2, March 2003 

y 

z 

zm 

ym 

Monitoring area Am 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Monitoring areas for a rectangular solid section. 

 

where em,g is the axial strain at a monitoring 

point  m  of Gaussian section  g  and, 
 

dm,1 =1, dm,2 = -ym, dm,3 =-zm and dm,4 = 0.       (19)   
 

A uniaxial stress-strain relationship is 

employed to establish the axial stress, Sm,g, at 
the monitoring points of the Gaussian sections 

in terms of axial strain em,g.    
 

Sm,g = σ (em,g),                           (20)   
 

where  σ  is a function that represents the 
stress-strain relationship of the structure 
material. 

For the element tangent stiffness matrix 
calculation needed for the incremental 
iterative solution procedure, the material 

tangent modulus tEm,g at monitoring point  m 

of  Gaussian section  g  is: 
 

tEm,g = d Sm,g / d em,g.               (21) 
 

Eventually the axial generalized stress  sf1,g 

and bending generalized stresses  sf2,g and  sf3,g 

at a Gaussian section  g  are determined from 
the material axial stress while the torsion 

generalized stress  sf4,g  is determined from the 
torsion generalized strain as follows: 
 

sfi,g  =  n∑m=1 Am . dm,i . Sm,g ;     i = 1, 2  and  3 

sfi,g  =   G . J . sUi,g;           i = 4,          (22) 
 

where  Am  is the area of a monitoring point  

m,   n  is the number of monitoring points over 

a Gaussian section g,   G is the elastic shear 

modulus and  J is St Venant’s torsion 
constant. 
 
6. Element local forces and tangent stiff-
ness   

 
After the generalized stresses are 

determined at the three Gaussian sections 
along each element, the local end forces for 
each element can be obtained through 
numerical integration of internal virtual work 
and then carrying out the appropriate partial 
differentiation.  Accordingly, the element local 

forces cf corresponding to the element basic 

local displacements cU,  defined  by eqs. (1,2), 
are obtained as follows:   

 

cfi  = 4∑J=1 3∑g=1     ag . sfJ,g . cTi,J,g ,           (23) 
 

where cT is a 6x4x3 matrix determined 
through  partial differentiation of the general-

ized strains  sU with respect to local 

displacement cU, multiplied by (L/2). 
 

cTi,J,g =  0.5L( ∂sUJ,g / ∂cUi).                   (24) 
 

Eventually the elements of cT matrix can 
be determined explicitly in terms of the 
element basic local displacements as indicated 
in Appendix A.   

The element local tangent stiffness matrix  

cK can be obtained through partial 
differentiation of the element local forces cf 
with respect to the element basic local 

displacements cU, where: 
 

cKi,k  =  ∂cfi /∂cUk .                         (25) 
 

Substituting eq. (23) into eq. (25), we get:  
 

cKi,k  =  4∑J=1 3∑g=1  (ag . cTi,J,g . ∂sfJ,g / ∂cUk    

+  ag . sfJ,g   . ∂cTi,J,g / ∂cUk ),                 (26) 

 

cKi,k = 4∑J=13∑g=1 ag. [cTi,J,g .4∑h=1(∂sfJ,g/ ∂sUh,g ). 

    (∂sUh,g/ ∂cUk ) +  sfJ,g . ∂cTi,J,g/ ∂cUk],      (27) 
 

cKi,k  =   (L/2) . 4∑J=1  3∑g=1 4∑h=1 ag. cTi,J,g .  

 sKJ,h,g . cTk,h,g      +    fKi,k ,               (28) 
 

where cTi,J,g   is defined in eq. (24)  and  
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sKJ,h,g =  (∂sfJ,g/ ∂sUh,g),                        (29) 
 

fKi,k  =   4∑J=13∑g=1 ag. sfJ,g . ∂cTi,J,g/ ∂cUk .              (30) 
 
Substituting eq. (22) into eq. (29), we get: 
 

For Index:  J =1,2,3   and     h =1,2,3 
 

sKJ,h,g= n∑m=1 Am. dm,J. (∂Sm,g/∂em,g).(∂em,g/∂sUh,g) ,                          
    (31) 

 

where  Am is the area of a small monitoring 

area on the element cross section and  index  

n is the total number of monitoring areas that 
represents the real element cross section.  
 Using eq. (21) and eq. (18), we get: 

 

sKJ,h,g =  n∑m=1  Am . dm,J. tEm,g. (∂  4∑L=1   

  dm,L . sUL,g / ∂sUh,g ).                          (32) 
 

Thus  for:  J =1,2,3   and   h =1,2,3 ; 
 

sKJ,h,g  = n∑m=1  Am . dm,J. tEm,g. dm,h.            (33) 
 
Substituting eq. (22) into eq. (29), we get: 
 

For Index:  J =4   and     h =4    
 

sK4,4,g  =   G.J.                           (34) 
 

All other terms of sK are zero.  
 

Substituting the elements of cT into eq. 
(30) and carrying out partial differentiation: 
 

fK1,1 = fK2,2  = fK3,3  = fK4,4 = 2F.L/15, 

fK1,3 = fK3,1  = fK2,4  = fK4,2  =  -F.L / 30,       (35) 
 

where  F  is the axial force  and  all  other 

terms of fK are zero.  
 
7. Developed computer program 
 

A computer program based on the present 
formulation has been developed.  The effect of 
large joint translations and rotations are 
considered through the convected Eulerian 
system.  The Modified Newton-Raphson 
method together with the Current Stiffness 
Parameter are used to trace the nonlinear 

equilibrium path including the instability limit 
point, [16]. 

In the calculation of direct stresses at the 
monitoring points of each Gaussian section, 
strains at each iteration must be considered 
incrementally from the last equilibrium state, 
the end of last load increment.  This requires 
storage of material variables (stresses, strains, 
etc) at the start of load increment, to be used 
as a reference to the new material variables 
calculated through each iteration.  After global 
equilibrium is achieved at the end of load 
increment, the material variables are updated 
and saved.    
 
8. Verification examples 
 

The present formulation and the developed 
computer program are verified through 
comparisons with experimental and theoretical 
results of several examples. 
   

Example 1  
The experimental results of a K-frame 

shown in fig. 3 are reported in ref. [13].  The 
dimensions of the frame and the mechanical 
properties of the frame materials are indicated 
in the same figure. Both the transverse beam 
and diagonal members have circular tubular 
sections.  An imperfection of (L/1000) are 
assumed in the diagonal members to initiate 
their possible lateral deflections.  The 
nonlinear load-deflection relation, including 
the ultimate load and post-buckling behavior, 
is determined by the developed computer 
program, based on the present analysis, and 
compared with the published experimental 
result as shown in fig. 4.  The difference 
between the predicted ultimate load and 
experimental one is less than 1%.  Also, good 
result is obtained for the predicted post-
buckling behavior as shown in fig. 4. 
 

Example 2 
Another validation example is a steel gable 

frame with solid circular section shown in 
fig.5.  Experimental results of this frame have 
been reported in ref. [7], for symmetric loading 

case, e=0.  The nonlinear load-deflection 
relationship is calculated by the present 
analysis and compared with  the  experimental  
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Fig. 3. Geometric configuration of K-frame. 

 

 
 

Fig. 4. Load-deflection relation of K-frame. 

 

 
 

Fig. 5. Gable frame: dimensions and properties. 

 

result, shown in fig. 6.  A very small 

imperfection, e =0.001, is assumed with the 
numerical solution.  Fair agreement with the 
experimental results is obtained although the 
maximum difference reaches 8%.  This may be 
attributed to modeling the supports as  totally  

 
 

Fig. 6. Load-deflection relation of Gable frame. 

 
fixed in the theoretical solution, while it is   
difficult  to  achieve  complete   fixation  in 
practice especially with large deformation and 
spread of material plasticity.   
  

Example 3 
This example is a space curved frame 

consists of two semicircles in two perpendicu-
lar planes as shown in fig. 7.  The curved 
space frame has a steel tubular circular 
section.  Both the geometrical details and the 
mechanical properties of the used steel are 
indicated in fig. 7.  The load-deflection curve is 
determined by the present analysis and 
compared with the solution of the commercial 
program Abaqus, [18], which considers both 
the geometric and material nonlinearity.  Good 
agreement is obtained between the result of 
the present analysis and the solution of 
Abaqus as shown in fig. 8.  The difference in 
predicting the ultimate load, between the two 
solutions is 1.7%.  Also, good agreement in 
predicting the post-buckling behavior by the 
present analysis and Abaqus solution is 
achieved with maximum difference 4%.     
 

 
Fig. 7. Space curved frame of two semicircles. 
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Fig. 8. Load-deflection relation of space curved frame. 

 

Example 4 
A space horizontal bent which consists of 

two steel straight members with tubular 
circular section, shown in fig. 9, is analyzed 
using Abaqus and the present formulation. 
The result is shown in fig. 10, where good 
agreement between the two solutions is 
obtained with maximum difference 2.7%. 

 
9. Effect of the variation of the centroidal 
axial strain 

 
     Considering the bowing effect on centroidal 
axial strain, eq. (7), results in a variable 
function of fourth degree indicated in eq. (11).  
Moreover in the presence of material plasticity, 
the centroidal axial strain is not constant 
along the element length, where it depends on 
the nonlinear distribution of axial stress over 
the element section.   

In the present analysis, the variation of 
centroidal axial strain along the element 
length has been considered, though it may be 
insignificant.  To assess the effect of the 
centroidal axial strain variation, it is assumed 
constant along the element length with 
average value as follows:      
 

εc=∆/L+(1/L). 0∫L  (0.5(dv/dx)2+ 0.5(dw/dx)2).dx. 
    (36)   

 
Substituting eqs. (5) and (6) in eq. (36), 
constant centroidal axial strain along the 
element length is obtained as: 
 

εc = ∆/L + {2 (θ1y 2 + θ2y 2 + θ1z 2 + θ2z 2) 
     – (θ1y. θ2y + θ1z. θ2z )}/ 30.             (37)   

 
 

Fig. 9. Space horizontal bent of straight beams. 

 

 
 

Fig. 10. Load-deflection relation of space horizontal bent. 

 
Accordingly, some elements of the matrix 

cT change as indicated in Appendix A. 
The four previous verification examples are 

solved with the present analysis assuming 

constant centroidal axial strain and the results 
are compared with the solution considering 

variable centroidal axial strain, as shown in 
figs. 11, 12, 13 and 14.  From the results, it 
can be seen that the effect of the variation of 
centroidal axial strain is very small, with 
maximum difference 3.2% obtained in example 
4.  This means that the variation of centroidal 
axial strain along the element length can be 
neglected and it can be assumed constant 
without any significant decrease in the 
solution accuracy. 
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Fig. 11. Computed load-deflection relation of K-frame. 

 

 
 

Fig. 12. Computed load-deflection relation of Gable frame. 

 

 
 

Fig. 13. Computed load-deflection relation of space 

curved frame. 
 

10. Analysis with reversible loading 
 
     Elasto-plastic behavior of framed struc-
tures under reversible loading can be traced 
through the present analysis by applying the 
suitable cyclic stress-strain relationship of the 
used material  at  the  monitoring  points  over  

 
 

Fig. 14. Computed load-deflection relation of space 

horizontal bent. 
 
each Gaussian section along the element 
length.   
     At the reversal points of a load-deflection 
curve, the load parameter and displacement 
increments are reversed with certain 
proportional elastic values and the overall 
stiffness of structure is updated according to 
the imposed displacement increments.  Then 
the Modified Newton-Raphson iterative 
technique is applied till achieving the correct 
displacement increments through satisfying 
the equilibrium between the imposed external 
load and internal forces. 
     Both the space curved frame, example 3, 
and the space horizontal bent, example 4, are 
analyzed by the present analysis using a 
kinematic model considering the material 
hardening and Bauschinger effect as shown in 
fig. 15.  The results of the present analysis are 
compared with the solution of Abaqus, as 
indicated in fig. 16 and fig. 17.  Good 
agreement between the result of the present 
analysis and Abaqus solution is achieved, 
though the difference at some parts of the 
shown load-deflection curves which is due to 
the Bauschinger effect considered in the 
present analysis through the used kinematic 
material model. 
 

11. Conclusions 
 
1. Elasto-plastic analysis for framed structures 
is formulated in the convected Eulerian 
system considering large displacement effects 
and spread of material plasticity.  The elasto-
plastic analysis is based on formulation of 
cubic elements of fiber-type  which  is  capable  
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Fig. 15. Stress-strain model of steel under cyclic loading. 

 

 

 
 

Fig. 16. Space curved frame under reversible loading. 

 

 

 
 

Fig. 17. Space horizotal bent under reversible loading. 

to monitor the spread of material plasticity 
over the element section and along its length.   
2.A computer program based on the present 
formulation is developed and verified through 
several comparisons with experimental and 
theoretical results. 
3.The effect of the variation of the centroidal 
axial strain along the element length, due to 
considering bowing and spread of material 
plasticity, is assessed and according to the 
present results it is concluded that the 
centroidal axial strain variation can be 
neglected and assumed constant along the 
element length without any significant 
decrease in the solution accuracy.   
4.The present elasto-plastic analysis is 
capable to trace the load-deflection path of 
framed structures under reversible loading 
through applying the suitable cyclic stress-
strain relationship of the used material at the 
monitoring points over each Gaussian section 
along the element length.  
 
Appendix A 

    The elements of cT matrix, considering 
variable centroidal axial strain: 

cT1,1,1 = L.(0.1724 θ1y – 0.055 θ2y) 

cT1,1,2 = L.(0.03125 θ1y + 0.03125 θ2y) 

cT1,1,3 = L.(0.0176 θ1y – 0.055 θ2y) 

cT1,2,1 = -1.6619 , cT1,2,2 = -0.5, cT1,2,3 = 0.6619  

cT2,1,1 = L.(0.1724 θ1z – 0.055 θ2z) 

cT2,1,2 = L.(0.03125 θ1z + 0.03125 θ2z) 

cT2,1,3 = L.(0.0176 θ1z – 0.055 θ2z) 

cT2,3,1 = -1.6619, cT2,3,2 = -0.5, cT2,3,3 = 0.6619  

cT3,1,1 = L.(0.0176 θ2y – 0.055 θ1y) 

cT3,1,2 = L.(0.03125 θ2y + 0.03125 θ1y) 

cT3,1,3 = L.(0.1724 θ2y – 0.055 θ1y) 

cT3,2,1 = -0.6619, cT3,2,2 = 0.5, cT3,2,3 = 1.6619 

cT4,1,1 = L.(0.0176 θ2z – 0.055 θ1z) 

cT4,1,2 = L.(0.03125 θ2z + 0.03125 θ1z) 

cT4,1,3 = L.(0.1724 θ2z – 0.055 θ1z) 

cT4,3,1 = -0.6619, cT4,3,2 = 0.5, cT4,3,3 = 1.6619 

cT5,1,1 = cT5,1,2 = cT5,1,3 = 0.5 

cT6,4,1 = cT6,4,2 = cT6,4,3 = 0.5 

All other elements of  cT matrix  are zero. 

The elements of cT matrix, considering con-
stant centroidal axial strain: 

cT1,1,1 = cT1,1,2 = cT1,1,3 = L.(4θ1y – θ2y)/60 

cT2,1,1 = cT2,1,2 = cT2,1,3 = L.(4θ1z – θ2z)/60 

cT3,1,1 = cT3,1,2 = cT3,1,3 = L.(4θ2y – θ1y)/60 

cT4,1,1 = cT4,1,2 = cT4,1,3 = L.(4θ2z – θ1z)/60 
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All other elements of cT matrix remain 
unchanged, with the same values as the case 
of variable centroidal axial strain.   
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