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The aim of this paper is to introduce and study an ideal extension of open D-nuclei. We
discuss the preservstion of some D-separation axioms and some weaker forms of D-
compactness by utilizing ideal extensions of open D-nuclei.
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1. Introduction

All unexplained facts concerning frames
can be found in P. T. Johnstone [1]. Recall
that a frame is a complete lattice L in which
the infinite distributive law, that is, aAv S=
vians:se S} holds for all ae L, Sc L. The
set of all open sets of a topological space forms
a frame. Frames can be viewed as generalized
topological spaces.

A map from one frame to another is called
a frame homomorphism [1] if it preserves
arbitrary joins and finite meets.

If x is an element of a frame L, the ele-
ment viyeL:ax = 0}, will be denoted by x* [2].

A homomorphism [3] is a map, that meet-
homomorphism (A -homomorphism) and a join
-homomorphism (v-homomorphism). Thus a
homomorphism ¢ of lattice L into lattice L’is a
map from L into L' satisfying both
(a AD)p=ap Abpand(aV D)p=apV b, for all
a,be L. ¢is a {0,1}-homomorphism that also
satisfies (x@Q )*=x*@, forx € L. Let L be a lattice

and a,b € L. Then b covers a (a is covered by b)
if (@ < b(b>a)if a < b and this is no
x € Lsuchthata<x<b.

A sublattice < K; A,v > of the lattice < L;
A,V > is defined on a nonvoid subset K of L
with the property a, b € K implies a A b,
a vbe K (A,v taken in L) and the A and the
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v of L are restricted to K while A and v of L.
Let L be a lattice and I be non-void subset of L.
Then I is an ideal [3] iff for every a, b, € I
implies a v beland a €I, xelL,x £ a
implies that x € L. We denote by I (L) the set
of all ideals of L.

A D-nucleus [4] on a frame L is defined to
be a map 7 :L—— L satisfying:

(i) azn(a) (i) 7 na)=n(a),
(iii) 7 (av b)=n(a) v nb), foralla, b € L.

Let a be an element of a frame L. Then the
maps ha, go L > L; ha(x) =anrx, gg=a —x
are said to be a closed D-nucleus, an open D-
nucleus, respectively. A D-nucleus that is both
an open D-nucleus and a closed D-nucleus is
called a clopen D-nucleus.

We denote of (L), Q & (L), Cof (L) and CO &4
(L) by the lattice of all d-nuclei, open D-nuclei,
cloased D-nuclei and clopen D-nuclei. We refer
to the bottom and the top [4] elements of _of (L)
by 4, V.

Abd El-Monsef and et al. [4] introduced the
definition of the interior and the closure of a
D- nucleus 7 which will be denoted by 7°, 77-,

respectirely. A D-nucleus 7 of a frame L is
called dense [4] iff - = V.

A frame L is said to be D-extremely
disconnected [4] if the closure of every open D-
nucleus on L is open.
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A frame L is D-submaximal [4] if all dense
D-nuclei are open. Also Abd El Mosef and et
al. [4] introduced the definition of D-Ti, D-
regular; D-normal and D-compact frames
utilizing) D-nuclei; I = 1,2.

A D-nucleus 7 is said to be regular - open
(resp. regular-closed) if 7 =770 (resp. 7=7°").
The set of all-regular - open (resp. regular -
closed) D-nuclei will be denoted by RO.2S (L)
(resp. RC2f (L)) [5].

Furthermore, Abd El-Monsef and et al. [4]
introduced the definition of some D-separation
axioms and some weaker forms of D-compact-
ness by using nearly opens D-nuclei.

Theorem 1.1 [6]:
The homomorphism image of a frame is
frame.

Corollary 1.1 [4]:

Let L, f (L) be two frames, O. be an
infimum of L and Ogy) be an infimum of, ¢f (L) .
Then f(Or) = Og)-

Lemma 1.1 [4]:
Let L be a frame and 7,g€ 2 (L). Then

@ If n<g ,then n°<g°n-<g-.

(ii) 7 is an open D-nucleus iff 7=7n°.
(iii) n is a closed D-nucleus iff n=7".
(@) (n~g)° =n°Ag°.(nvg) =n"vg .

Lemma 1.2 [4]:
Let L be a frame, ge O &f (L) and NE€ o

(L). Then gAan=gan .

Lemma 1.3 [4]:
(i) Every D- T2 frame is a D - Ti.
(ii) A D - regular frameisa D- Ty.

Definition 1.1 [5]:
Let L be a frame, ne ¢f (L). Then 7 is said

to be:
(i) semi - open if there exists an open D-
nucleus g of L such that g<n<g ,

(i) o-openifn<n°°,

(iii) preopen if n<77°,
o

(iv) y— openif n<n°vnp° ,
(v) semi - preopen if n<77°" .

The set of all semi - open, @ - open,
preopen, ¥ -—open, semi - preopen D-nuclei
will be denoted by SO of (L), aO of (L), POS
(L), O &f (L), SPO oS (L), respectively.

Lemma 1.4 [5]:
(i) A D-nucleus 7 is semi open iff 7 <7°".

(ii) A D-nucleus 7 is semi - open iff °” =n~.
(iii) Every open D-nucleus is semi - open (resp.
a — open, preopen, ¥ — open).

(iv) A D-nucleus 7 of L is preopen iff there
exists an open D-nucleus g of L such that
n<gs<n .

(v) A D- nucleus 7 of L is preopen iff there

exists a regular - open D-nucleus g and a
dense D-nucleus h of L such that n=gAh .

Theorem 1.2 [5]:

(i) An arbitrary join of semi - open (resp.
preopen, ¥- open) D-nuclei is semi - open
(resp. preopen, ¥ —open).

(i) An arbitrary join (resp. A finite meet) of
a — open D-nuclei is o — open.

Lemma 1.5 [5]:
In a frame y — open and closed D-nuclei

Lemma 1.6 [5]:
In a D-extremely disconnected frame, every
y — open D-nucleus is preopen.

2. An ideal extension of open D-nuclei

This section is devoted to give and study
the concept of an ideal extension of open D-
nuclei and investigate some of its properties.
Also we prove that an ideal extension of open
D-nuclei forms a frame.

Theorem 2.1:

If L is a frame and I(L) is the set of all
principal on L, then the family L () =
{gvlige O (L) ;I€]L)}is a frame on L;
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O (L)< L({)and Ie L(I), for every I e I(L).

Proof:

We prove that < L (I} ; A,v >forms a lattice:
For G, H, K € L(I), then there exists g;,92,93
€O (L) and I;,I5,I3€ I(L) such that G=
givI;,H=gpviIsand K=ggvIz. Since O
S (L) is a frame, I (L) is a sublattice of L, then
L () satisfies idempotent, commutative,

associative and absorption identities.
We prove that < L(I);A,v>is a complete

lattice: for any subset G of L (I), there exists

g;€ O L) and I;eIL)such that G=g; vI;,

then v G; = v (g;jv1;)=Ve L(I), where Ve O
i€l il

HL)and AG; = A(g;ivI)=A4,where Ae O ¢
il i€l

(L) and I (L).

For any G € L (I) and any subset H of L (I),
where G=g VIand H; =g; vI;, for g, g€ O
2 (L) and I, I;€ I (L), then we need to prove
GA v H = v (GAH;).

er ie/l( i)

If ne G/\.vﬂHiimplies that 7e G and

e

ne 'lei implies that 7€ G and for all ie 4,
e

ne H;implies that for all ieA,me G and

ne H, hence ne ,V/l(G/\Hi)- Therefore:
IS
G A \/HiS.V/i(G/\Hi). (1)

icd ie

Conversely. Let ne ,VA(G/\Hi ). Then for
e

all ieAne GAaH; that for all
ie lme G and ne H;, hence ne G and for

implies

all ie A,pe H; implies that 7ne Gandne,
v H; thus v (G A H;). Then;

el el

v(GAH;)<GA v H; . 2)
il il

Hence, from egs. (1, 2) we have the result.
ThenL(I)={gv I:ge O2f (L); 1eL)} forms a
frame. Also, if GeO_¢of (L), then G=Gv,
Ae L(I)where Ae I(L) implies that Ge L(I).
Hence O ¢f (L) <L(I). Furthermore, for any
IeI(L),then I=4vI, Ae O (L),
hence I'e L(I), for every IeI(L).

where

Remark 2.1:

A frame construct on Theorem 2.1 is said
to be an ideal extension of open D-nuclei by an
ideal ITon L, that is , if L is a frame and I is an
ideal on L, then a frame L () = {gvI:ge O

(L) ; IeI(L)} is called an ideal extension of O
S (L) by the set of all principal ideal I (L) on L.

Example 2.1:

A chain o<a<b<c<..... <1 on a closed
interval [0,1] forms a frame . The set of all D-
nuclei is of (L) = {n;i=o0,a,b,c,...,1}, the set of
all open D-nuclei is O & (L)= {g,,91 =9q =
dp = 9o =...} and the set of all ideals on L is
I(L)={I;:i=o0,a,b,c,...,1},then an ideal exten-
sion of O &f (L) is L () = {9,11,91=da =
gp =gp =0<i<l1}.

Remark 2.2:

Fifter extensions of open nuclei and ideal
extensions of open D-nuclei are independent
as showing in [4,5,7].

Remark 2.3:
We denote by kg .of (L) the closure of a D-
nucleus k with respect to O 2 (L)

Theorem 2.2:

Let L be a frame and L (I) be an ideal
extension of O ¢ (L) with respect to the set of
all principal is ideals I{L) on L. I({L)= { A}, for

every Ie I (L), then KL(I)=kO (L)

Proof:
Since O L) <L(I)
ke L(I), we have,

kr) Sko (L) (3)

Conversely. Let xe k™ of O & (L). Then there
exists an open D-nucleus g of O¢f (L) such
that g Ak # AForhe L(I), there exists ue O &

(L) and I;e I(L) such that h=uvI;, then
hak#A4 , where k=qv Iy, for ge O _of (L),
IoeI(L) and gArueO & (L) ,I;vIyeI(L)

then for every

Hence l;e L(I). Therefore;
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ko XS (L) <kp) (4)
Then from egs. (3, 4) we have,
ko H(L)= ki 1), forevery ke L(I).

Remark 2.4
The condition of principal ideals in
Theorem 2.2. is necessary as shown in

Example 2.1, we have Ipp)=1Ip;Ip0 S (L) =
I;.Then Ipp(1)2lpo for every I e L(I).

Lemma 2.1.

If Lis a frame L (I) in an ideal extension of
open D-nuclei by an ideal I on L, then Oﬁ (L)
=L (D) if I A, for every I €I(L).

Proof:

Let ge O (L). Then g = g v A4, where
ge O (L)and I = A, for every I €I (L). Hence
g e L (I). Therefore,

O 4 (L) SL{D). (5)

On the other hand .If h I € (I), then there
exists an open D-nucleus g and an ideal Ion L
such that v I but I = 4, for every Ie I(L).
Hence he O _¢f(L). Then,

L() s OHAL). (6)
From egs. (5, 6), the proof is complete.

Corollary 2.1:

If L (I), K (I) are ideal extensions of O ¢f (L),
O 4 (K), respectively and {0 ¢f (L) —» O &S (K)
is homomorphism, then f;:L(I)— K(I) is
homomorphism if I =4, for every I belongs to
I(L), I (K), respectively.

Lemma 2.2:
A frame O of (L) is D-submaximal if and
only if PO(O¢S (L) ) = Of (L).

Proof:

Necessity. Let O ¢ (L) be a D-submaximal
frame , ge O &f (L) . Then g is preopen of O &
(L), thatis ,ge PO(O &f (L) (by Lemma 1.4) .
Hence;

O (L) <PO(O H(L)). (7)
If g is a preopen D-nucleus of O of (L), then
g<g?°. Since O & (L) is D-submaximal,

hence g is an open D-nucleus of O ¢ (L), that
is, ge O _¢f(L). Hence,

PO(OS (L) )< O L (L). (8)

Then, from egs. (7, 8) we have PO(O f (L)) =O
(L)

Sufficiency. Let g be a dense D-nucleus of
O of (L) and PO(O o (L)) = O & (L). Then g is
an open D-nucleus. Hence O ¢f (L) is D-
submaximal.

Theorem 2.3:

Let L be a frame and L (I) be an ideal
extension of O of (L) by an ideal [ on L. Then
for every Ie I(L):

(i) SO (Of (L)< SO(L(I)), if I is semi - open D-
nucleus in O of (L).

(i) If O¢f (L) is a D-submaximal frame, then
PO (O S (L)) <PO(L(I)) .

(iii) Let I be an «a— open D-nuclus in O of (L).
Then oO(O &f (L)) <aO(L(I).

(iv) CO (O & (L)) <CO(L(I)), if I is a clopen D-
nucleus in O &f (L).

(v) If I is a Y — open D-nucleus in O &4 (L),

then yO(O & (L)) <yO(L(I)).

Proof:

(i) If k is a semi - open D-nucleus of O &f (L),
then k <k°” (by Lemma 1.4). Since Iis a semi
- open D-nucleus in O ¢f (L), hence k is a semi
- open D-nucleus of L (I. Then SO (Ogf
(L))< SO(L(1)).

(ii) Clearly, since Of (L) is a D-submaximal
frame , then PO(O ¢S (L)) < PO(L(I)) .

(iii) Proof is evident. (iv) Obvious.

(v) Let k be a y— open D-nucleus of O of (L).
Then k<k® vk °,but Iis a y- open D-
nucleus in O of (L), hence k is a y— open D-
nucleus of L (I). YOO & (L)
< yO(L(1)).

Therefore

Theorem 2.4:

If L is a frame, L (I) is an ideal extension of
O (L) by an ideal I on L and I = 4, for every
Ie (L), then the follwing statements are holds:
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() SO(L (1)) <SO(O . (L)),
(i) PO (L (1)) <PO(O (L)),
(iii) @O(L(I))<aO(0O & (L)),
(iv) CO (L (1)) <CO(O (L),
(v) ¥O(L(I)) < yO(O & (L)).

Proof:

(i) Let k be a semi - open D-nucleus of L (I).
Then there exists an open D-nucleus g of L ()
such that g<k<g , where g = hv for

he O of(L),Ie I(L). Hence k is a semi - open

D-nucleus of O &f (L) (by Theorem 2.2 and
Lemma 2.1). Therefore SO(L(I)) <SO(O 5 (L)).

(ii) Clearly, if k is a preopen D-nucleus of L(I),
then there exists an open D-nucleus g of L(I)

such that k<g<k , where g=hv]I, for
he O (L), I€ I(L). Therefore k is a preopen
D- nucleus of O of (L) (by Theorem 2.2 and
Lemma 2.1). Hence PO(L(I)) < PO(O 24 (L)).

(>iii) (iv) Obvious.

(v) Let k be a y— open D-nucleus of L (I.
Then kis an y— open D-nucleus of O¢f (L) (by

Lemma 2.1). Therefore yO(L(I)) < yO(O 4 (L)).

Theorem 2.5:
If L is a frame and L () is an ideal
extension of O ¢f (L) by an ideal I (L) on L, then

k(1) = ko . (L) iff RO(O.% (L)) =RO ( L (1)), for
every ke L(I).

Proof:

Necessity: Let kg .S (L) =kr(1), for every
ke L(I). Then I (L)={A}, for every Ie I(L)
(by Theorem 2.2), hence SO (L (I)) <SO (O.4L))
(by Theorem 2.2) , hence SO (L (I) < SO (O &
(L)) (by Theorem 2.4), implies that ki‘()l ) o <

=k;}o 4, for every Ie L(L), then RO(OAL)) =

RO(L(1)).
Sufficiency: Let k be a regular-open D-
nicleus of L) and L (I. Then k,°H(L) =

k[?l )= k, also since every regular — open D-

nucleus is opne, hence k, & (L) = kr (), for
every € L (I).

Lemma 2.3:

If Lis a frame, L (I) is an ideal extension of
O & (L) by an ideal Ion L, then RO (O &f (L)) =
RO (L @), ifI= A, for every I I(L).

Proof:
Obvious from Theorems 2.2 and 2.5.

Corollary 2.2:

Let L be a frame and L (I) be an ideal
extension of O ¢f (L) by an ideal I on L. Then:
(i) SO (O (L)=SO( (I),if1is semi - open
in O ¢f(L)and I= A, for every I € I(L).
(i) If O of (L) is a D-submaximal frame and
I=A, for every Ie I(L), then POO o (L) =
PO(L(I)).
(iii) Let I be an a— open D-nucleus in O¢f (L)
and I = 4, for every I€ I(L). Then aO( & (L))
= aO(L(I)).
(iv) CO (O of (L))=CO (L (1) , if I is a clopen D-
nucleus in O ¢&f (L) and I=4 , for every I € I(L).
(v) If Iis a ¥ — open D-nucleus in O ¢f (L) and
I= A, for every Ie I(L), then yO(O &5 (L)) =
yO(L(1)).

Proof:
Obvious from Theorems 2.3 and 2.4.

Corollary 2.3:

If, f: SO (O& (L)) (resp. PO (O & (L)), YO(O
& (L))— SO(O & (K)) (resp. PO(OS (K)), yO(O
. (K)) is v —homomorphism and I is semi -
open (resp . O ¢S (L), Of (K) is D-submaximal
frames, y- open) of O o (L), O & (K),
respectively, I = 4, for every I belongs to I (L)
and I (K), then:
fi SO (L (1)) (resp. PO (L (I )) , yO(L(I))—
SO(K(I))(resp.PO(K(I)),O(K(I)))isv —homom
orphism.

Corollary 2.4:
Let f:aO( .2 (L)) (resp. CO (O & (L))
—-a0(0 of (K)) (resp. CO (O o (K)) is
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homomorphism. Then {;:aO(L(I)) (resp CO (L
(1)) = aO(K (1)) (resp. CO(K(I))) is homomorph-
ism, if I is an Ol — open (resp. a clopen) D -
nucleus in O &f (L), O of (K) and [ = A4, for
every I belongs to I (L), I (K), respectively.

3. Preservation of some D- separation
axioms under ideal extensions of open D-
nuclei

We discuss the preservation of some D -
separation axioms, D - T, D - regular, D -
normal (3], D- S - T;,D-P-T;,D-a-T;, D-
clopen Tiand D - y—T; [5] frames under ideal
extensions of open D - nuclei, i= 1, 2.

Theorem 3.1:

If L (I) is an ideal extension of O of (L) by
an ideal Ton L and I = A4, for every I€ I(L),
then:
(i) If O of(L)is D - T: frames, then L (I) is D -
T;;i=12.
(ii) Let O .of (L) be a D- regular frame. Then L
(I) is D-regular.
(iii) If O .&f (L) is a D-normal frame, then L (I) is
D - normal.

Proof:

(i) We shall prove the theorem only for a
D - T: frame . Let O of (L) be a D-T: frame.
Then for every two open D-nuclei g;,g, with

the condition gj(x)<go(x), for every xe O &S
(L) = L (I) implies that g; = go (by Lemma 2.1).
Hence L (I)is a D - T; frame.

(ii) and (iii) are obvious.

Theorem 3.2:

Let L (I) be an ideal extension of O ¢f (L) by
an ideal Ton L and I = A4, for every Ie I(L).
Then:
i) fO(L)isD-S-T; frames, then L (I)is D
- S -T;, if Iis a semi - open D- nucleus in O ¢f
(L), then the second part of (i) has the same
proof.
(ii) Let O &S (L) be D- P — Ti frames. Then L (I) is
D-P-T; if Ogf(L)is a D - submaximal frame,
=1,2.

(iii)IfO(L)is D- y—T; frames and Iis a
y— open D - nucleus in O &f (L), then L (I)
isD-y-T; ,i=1,2.

Proof:
(i) Assume that O of (L) is a D - S — T2 frame,
then for every two semi - open D - nuclei
ny,Mmo of O o (L) = L () such that
ni(x)vna(y)=1 whenever xvy=1in O & (L)
= L (I) implies that 7; =71, ( by Corollary 2.2).
Hence L (I)isD-S- Ty.

If O ()isaD-S- T; frame, then the
proof is similar.
(ii) Evident.
(iii) We prove the theorem for a D- a-Ty
frame. Let O &f (L) be a D - y—To frame. Then
for every two y— open D - nuclei 77,75, of O
o (L) = L () such that n(x)vna(y)=1
xvy=1in Ogf (L) = L (I) implies
that 7n; =7, ( by Corollary 2.2) . Therefore L

whenever

(I)is a D-y — Ty frame.

Theorem 3.3:
If L () is an ideal extension of O ¢ (L) by an
ideal Ion Land I= 4, for every I e I(L), then:

i) If O (L)is D - a-T; frames and [is an
a — open D - nucleus in O of (L), then L (I)is D
- a—Ti;i=1,2.

(i) Let O & (L) be D-clopen T; frames and I be

a clopen D- nucleus in O of (L). Then L (I)is D -
clopen Tj;i=12.

Proof:
Obvious from Theorem 3.2.

4. Preservation of some weaker forms of D -
compactness under ideal extensions of
open D - nuclei

This section is devoted to discuss some
weaker forms of D- compactness [4], D-semi -
compactness [5]; D-strongly compactness [4];
D-clopen compactness [4]; D-y- and D-a-
compactness [5]; frames which are preservad
under ideal extensions of open D - nuclei.
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Theorem 4.1:

If L (I) is an ideal extension of O _¢&f (L) by
the set of all principal ideal I (L) on L such that
IIL) = {A}, for every Ie I(L) and O &S (L) is a
D-compact frame, then L (I) is D-compact.

Proof:
Let {G;:iie A} be any family of open D -
nuclei of L (I) for which 'lei =V. Then
e

{G;:ie A} is a family of open D - nuclei of O of
(L) for which 'lei =V (by Lemma 2.1). Since
e

O o (L) is a D - compact frame, then there
exists a finite subfamily {G;;,G;3,...,Gj, }of
open D-nuclei of O ¢f (L) = L (I), for which

n

v Gjr =V . Hence L (I) is a D-compact frame.
k=1

Lemma 4.1:

If L (] is an ideal extension of O & (L) by an
ideal JTon Land I = 4, for every I € I(L), then:
(i) If O of(L)is a D- a—compact frame and I
is an Ol- openD - nucleus in O 2f (L), then L (I
is D - a — compact .

(ii) Let O & (L) be a D-clopen compact frame
and Ibe a clopen D-nucleus in O of (L). Then L
(I) is D - clopen compact.

Proof:
Obvious.

Lemma 4.2:

Let L (I) be an ideal extension of O ¢ (L) by
an ideal Ion L and I(I) = {4}, for every Ie I(L).
Then:
(i) If O of (L)is a D - semi - compact frame
and I is a semi - open D - nucleus in O of (L),
then L (I)is D - semi - compact.
(i) Let O of (L) be a D - strongly compact
frame and O &f (L) is a D - submaximal
frame. Then L (I) is D - strongly compact.
(iii) Let O of (L) be a D - y— compact frame.
Then L (I)is D - y- compact, if [ is a ¥ - open
D - nucleus in O o (L).

Proof:

(i) Let {G;:ie A} be a family of semi - open D

- nuclei of L (I) for which .lei =V. |(by
e

Corollary 2.2 ). Since O &f (L) is D-semi -
compact, then there exists a finite subfamily
{Gi1,Gi2,...,Gjp } of semi - open D-nuclei of O

n
2 (L) =L (I) for which v Gy =V . Then L (I)is
k=1

D - semi - compact.

(ii) Obvious

(iii) Assume that {Gj:ie A} is a family of y-

open D - nuclei of L (I) for which 'lei =V,
e

then {Gjiie A} is a family of y—open D -
nuclei of O ¢&f (L) for which .VﬂGi =V (by
e

Corollary 2.2). But O of (L) is D-y — compact,
then there exists a finite subfamily
{{G;1,Gio,...,Gijp } of y— open D - nuclei of O

n
2 (L) =L (I) for which v Gy =V. Then L (I)is
k=1
D - y— compact.
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