Comparisons of point estimation methods in 3-parameter

. Weibull and 3-parameter Gamma distributions in the
presence of outliers
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This paper is concerned with the estimation of parameters of Weibull and Gamma
distributions. For each of these distributions, we estimate the parameter by moment
equations. Also we compare between estimates in the case of outliers. We use the
coefficient of skewness to find the approximate value of the shape parameter of Weibull
distribution. Numerical examples are given in which the parameters are estimated from
complete data.
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1. Introduction

The Weibull distributions have in recent
years assumed a position of importamce in the
field of reliability and life testing. Various
problems associated with these distributions
have been considered by numerous writers,
among them are Harter and Moore [1] used
the maximum likelihood to estimate the
parameters of 3 parameter Gamma and 3
parameter Weibull distributions. Cohen and
Whitten [2] used the maximum likelihood and
modified maximum likelihood to estimate the
parameter of 3 parameter Gamma distribu-
tion. and A.C. Cohen [3] used maximum
likelihood for estimating the parameters of 2
parameter Weibull distribution, also he
derived the coefficient of variation to find the
approximate value of the shape parameter.

Rosaiah, et al. [4] used the maximum
likelihood and modified maximum likelihood,
defined by [4] and Batakishuan [5] to estimate
the parameters of Gamma distribution.

This paper is concerned with moment
estimation in the case of complete samples
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from three parameter Weibull and three
parameter Gamma distributions, We obtain
the parameter estimates of Gamma distribu-
tion in terms of the sample moments. Also
coefficient of skewness is used to find the
approximate value of the shape parameter of
Weibull distribution.

2. Gamma population - mathematical
formulation

The probability density function of the
random variable x having a Gamma distribu-
tion with location parameter & > 0, scale
parameter 8 and shape parameter p is given
by:

f(x, a,8,p) =

p-1
wE) (53] s 0 o
0 Otherwise

The rth moment of the distribution p%
can be obtained from the relation:
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n =BT )= x f(x)dx,

e T
5 i§o(' )a ; I(p)

From the last equation, the first three mo-
ments can be obtained as:

pi=dp+a, (1)
R =8 p(p+l]) +2adp + o, )

Ky =@ p (p+1)(p+2) + 3 82 p (p+1)
+ 3a2pd + a3 . (3)

The first three moments of the sample
rni ; ma , and mé .can be obtained from the

relation;
| e T
m,=— Y X;
n i:l

'Where m}. is the rth moment of the sample

By equatmg the first three moments of the
sample to the corresponding first three mo-
ments of the distribution and solving for o, p
and 6 we have,

1 12

mj,;-mj =8&p, 4

mj3 - mf = 25(32p)+3(62p) (Bp+ o) (5)

: g-—l mj -mj —3m1(m% —mi?) )
ke )i 2 J
’ o iy
A 4(m} -m?)3
P= 1 3.2 ’ (7)
(m3 -3m; my +2m;’) :
1 2,2
A 2(m,-mj)
a=m; ety (8)

1 3
mj, —3my m) +2m;

o b 10 X A
From egs. (6), (7) and (8) the estimates of §,
A

A

Pand a can be estimated directly, on the

other hand, we can derive,

e =y - 3phm +2pd,

ps = 283 p, 9)
Var(x)= ph.—p2 =8%p.

The coefficient of skewness (SK) of the distri-
bution is given by:

A Ha _‘__
Skewness = —3— J_

where o"i's,k the standard deviation.

Equating skewness of the sample to —\/g.]; , we

can obtain p then substitute in eq. (9) about p,
we will have §, from eq. (1) o can be obtained.

3. Weibull population, mathematical
formulation

The probability density function of random
variable x having a Weibull distribution with
location parameter y, scale parameter B and
shape parameter c is given by :

f(x,B,1,¢)=
1 x-y)°
0 SR L :
BC € Y X (X), B) C.> O
0 _ otherwise

The first three moments can obtained as:
m = pr(l+l/c) +vy,
nh=p2I(1+2/cH2ypr(l +1/c)+v2, (10)
p3=p3r(l+3/ch3yp2r(1+2/c)
+3y2pr(l+1/c)+y3,
Var(x) = uy-uf ,

=B2[[(1+2/c) -T2 (1+1/c)], (11)
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83 =3 [[(1+2/c) - TY(1+1/c)p3/2,
s = py-3ppmy 2,
= B3 [I(1+3/c) - 3r(1+2/c) I'(1+1/c)
-2I3 (1+1/¢)],
skewness = B3
53

o ]r(l +3/c)30(1+2/c)r(l+1/ch2r3(1 + 1/c)]
[l‘(l +2/c)-T2(1+ 1/c)]3/2
S :302I‘(3/c)—6cl"(2/c)l"(1/c){/-il':;(l/c) (12)
[2cr(2 /c)-Tr?(1 /c)F

The coefficient of skewness given by eq.
(12) is a function of the shape parameter c
only, the values of skewness (SK) of the
sample when there aré no outliers and when
we have an outlier are -0.257 and 2.528,
respectively, by equating the right hand side of
eq. (12) to skewness of the sample when there
are no outliers and when we have an outlier
and solve each of those equations by iterative
method or by trial and error, we obtain the
approximate value of the shape c, with
tolerance of 0.02 ,we can form the following
table 2.

Table 1
Parameter estimates of 3 parameter gamma distribution

N o True MEN MEO REN REO

value

: 20 -365.25 -19.54 0.679 0.067
10 A 50 14.821 196.72 0.2693 0.142

?\ 30 29.77 0.659 0.376 0.127

l: 20 -454.21 13.27 0.679 0.067
20 /C\Z 50 23.77 203.4 0.2693 0.142

E 30 23.69 0.554 0.376 0.127

P

0 is the vector of parameter estimates.

N is number of observations.

MEN (moment estimates without outliers)
MEO (moment estimates with outliers)
REN (relative error without outliers)

REO (relative error with outliers)

Table 2

Approximation of the shape
parameter ¢ when N = 10,
SK = -0.257 and SK = 2.528

C SK
0.7 2.16
0.75 2.19
0.8 2.8146
0.85 2.5801
0.9 2.725
1 2

b 2 0.631
3 0:.137 ' .- ¢
3.5 -0.0442
4 -0.085
4.2 -0.2536
4.5 -0.856
4.7 -0.871
4.8 0.3262
S 0.833

From the above table 2, we find that the
shape parameter c=4.2 when there are no out-
liers and ¢=0.85 when we have an outlier.
When we substitute in eq. (11) we have the pa-
rameter estimate B, then substitute in eq. (10),
we will obtain on the parameter estimate Y.

Table 3
Parameter estimates of 3- Parameter Weibull distribution
N o True MEN MEO REN REO
value
B 100 270.384 87.82 0.17 0.012
10 y 20 -180.882 -8.685 0.948 0.143
C 3 4.2 0.85 0.04 0.072

4. Conclusions

1. Since A. C. Cohen used the coefficient of
variation to find the approximate value of the
shape parameter of 2- parameter Weibull
distribution and in this paper we use the
coefficient of skewness to obtain the
approximate value of the shape parameter of
3- parameter Weibull distribution, one can use
the coefficient of kurtosis to obtain the
approximate value of the shape parameter of 4
parameter Weibull distribution.

2. Outliers reduce the values of the relative
errors, and we have to remove these
observations, which represent the outliers.

3. The use of coefficient of variation or
coefficient of skewness is easy in computation
and takes few time on computer than
maximum likelihood calculations.
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