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Safety assessment of uniaxially loaded stiffened panels

A.A. El-Badan, H.W. Leheta, Y. A. Abdel- Nasser, and M. A. Moussa

Naval Architecture and Marine Eng. Dept., Alexandria University, Alexandria Egypt

The aim of the present study is to assess the reliability of uniaxially loaded stiffened

panels. Firstly, the Idealized Structural Unit Method (ISUM) is selected to evaluate the
nonlinear behavior of stiffened panels for different loading stages, namely, buckling, post
buckling, and collapse. Moreover, different modes of buckling concerning plate, stiffener,
and stiffened panel are considered. Secondly, the First Order Reliability Method (FORM)
is selected to evaluate the safety index of the stiffened panel for the previous modes of
failure. A review of the reliability theory is included and the different safety margins or
performance functions required in the reliability analysis are outlined. Finally, to
determine the most critical failure mode and effects of stiffener dimensions on safety
index for stiffened panels pracﬂcal examples are studied and the results are presented.
Ay sae Jlaay A jeall y dacaal) #1511 A gae T s Caadll 138 e iagll
\.LQ_IY\Jcl_auJ\“ d.;‘)a‘ﬁ u\a\ﬂ dgbs_a\.m;l ;f!)\“ 4.;_).\“ QA-\Q},‘UA\ QJL?M hkuc\,.‘Y‘ L,Lin _)a_hl
uaalac).ae-\ s ?JL&.)“, C,ﬂ\ ‘1‘&.\&“ Cl,l\l\ ub,s.é ua;g Lq!c\.'.a.ly‘ _)L”_\\J w‘ t\,.a\[\ 4...;\)) (u g.ASS\
S J,.‘AM d.\l;.\“ :\SUH, s“h _)u.“ dél..;Y\ d.\la.m uwhwl, w‘ luL..u\[\ bh,}\ 4.‘.\)1: S JS.‘
l_.u‘ )yb&ul)au.u.u_“ﬁ,\],‘e.uu‘_;.ﬂl C);.“ oY) t,aL;Mu.dl,c.),m ksl & 5\_).\;\ hr“,\"\ 4a

Y i ae Jaall A Liagl g | el culyinia JS5 (J milill) Cuda o 3 Lola¥) dabs e aile s

Keyweord: Stiffened panel, Buckling strength, Safety index and probability of failure.

1. Introduction

Reliability theory has been applied in naval
architecture over the  (last two decades.
Mansour et al. [1], and Faulkner and Sadden
[2] carried out earlier works on the application
of reliability methods to ship structures.
Safety index has been commonly used to
judge the safety level of a structure against
primary failure modes. The higher the safety
index, the lower will be the probability of
failure. The reliability analysis of plate panels
subjected to uniaxial and biaxial loading was
studied in [3] and [4], respectively. Stiffened
panels constitute most of the steel structural
elements in ship structures. They are exposed
to various stresses and lateral pressure due to
the stillwater and wave induced bending
moments. The reliability of stiffened panels
has been studied in various literatures such
as [5]. In this study, the strength analysis
and the reliability analysis of stiffened panels
subjected to uniaxial loads are investigated.

Firstly, the stress analysis of the stiffened
panels is performed using the Idealized
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Structural Unit Method (ISUM)[6]. Secondly, a
reliability analysis of the stiffened panelsis
performed using a First Order Reliability
Method (FORM)[7-10]. The effects of initial
deflection and residual stresses are neglected.
A computer program, REL/ISUM (reliability
analysis with ISUM), is used to assess the
safety index for different modes of failure.
Several examples are carried out and the
results are presented.

2. Stress analysis
2.1. Description of ISUM

Ueda and Rashed [11] have proposed
ISUM as a model for the ultimate strength
analysis of frame and plate structures. In this
method, the idealized plate panel element and
the idealized stiffened plate element were
considered. The nonlinear behavior of each
element was idealized and expressed in the
form of a set of failure functions defining the
necessary conditions for different fauures
perceived to take place in the element, and a
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set of stiffness matrices defining the
relationship  between the mnodal force
increments and nodal displacement
increments until and after the ultimate

strength state. The details formulating these
structural units are found in [11,12]. Only
the theoretical outlines are briefly presented
here.

2.1.1. ISUM rectangular plate element [11]

The element is a rectangular plate as
shown in fig. 1. Its edges are assumed to
remain  straight after deformation. The
bending stiffness of the element is neglected in
comparison with the bending stiffness of the
whole structure, and therefore the element is
treated as a membrane. The plate has four
nodes, one at each corner, each node has
three translatory degrees of freedom. The
nodal displacements (U) and forces (R) are
expressed, respectively, as follows:

U=[U: U2 Us Uq)T, Ui =[wi , vi , wi | (1)
R=[R1R2 R3s R4]T, Ri=[Rxi, Ryi , Rz ]T. (2)

In the absence of initial deformations, and
under increasing load the element behaves as
shown in fig. 2. The relationship between U
and R may be expressed incrementally as
follows:

AR = KA U. (3)

K is evaluated depending on the state of the
element. The failure- free stiffness matrix,
buckling conditions, post- buckling stiffness
matrices, plasticity condition and elastic-
plastic  stiffness matrix are summarized in the
next subsections, however, more details are
given in [12].

2.1.1.1. Failure- free stiffness matrix: Before
buckling occurs the stress distribution is
assumed to be linearly. The elastic failure free
stiffness matrix (KE) can be derived as follows:

K® = [ B" D® BAV. )
Where

DE is the stress- strain matrix in the
elastic range,

B is the strain- displacement matrix, and
\" is the volume of the element,

s
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Fig. 1. A rectangular plate element [1].

The stress
expressed as:

in the element may be

c =D Ae = D*BU. (5)

Where Ae
vector.

is the incremental of the strain

2.1.1.2. Post- buckling stiffness matrix: After
the element has buckled, the stress
distribution in the middle plane of the element
becomes non-linear. The post buckling
stiffness matrix (K8) is given as follows:

K* =J' B"D®BdV 6)
v
The relation between the average strain

and the average stress may be written as
follows:

Erav = (oxmax % vo-yav)/ E ’

Evav = (cymax P s vcxav)/ E,

‘nyx\v = Txy /Ge ¥

Where,

Gxmax ,Oymax are the maximum stresses in X and
Y
directions, respectively.

G. is the effective shear modulus.

The stress in

the element mav be
expressed as: i
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o= DB Ae. (7)
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Fig. 2. Local behavior of rectangular plate element [11].

2.1.1.3.Ultimate strength condition and elastic-
plastic stiffness matrix: The buckled plate will
continue to carry further load until yielding
starts, and the ultimate strength is reached.
After yielding, Eq.3 may be expressed in terms
of an elastic- plastic stiffness matrix (KP):

AR = KFAU.

The stress in the element may be expressed
as:

oc=D"BK"' . (8)

Dfl defines the relationship of the maximum
stress to the average strains. Yielding is
assumed to start at the ' edges to satisfy the
Mises yield equation, that is:

2 2 2

Iy =0y —0x0y +0y +314

—03 =2. (9

2.1.2. ISUM stiffened plate element [6]
The stiffened plate element is shown in fig.
3. Its edges, similar to the plate element, are

assumed to remain straight after deformation.
It has (L) parallel and equispaced stiffeners
and four nodes, one at each corner, and is
also treated as a membrane element. Nodal
displacements and forces are expressed by
egs. (1) and (2). In the absence of initial
deformation and under increasing load, the
element behaves as shown in fig. 4. The
relationship between U and R is expressed by
eq. (3), where K is evaluated depending on the
state of the element. The total stiffness matrix
K is the assembly of the stiffness matrix of
plate and that of stiffener.

S T
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> * | ...... <
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Fig. 3. A rectangular stiffened plate element |6].
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The relationship between the incremental
nodal force and the incremental displacerient
may be expressed in term of beam stiff..:ss
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matrix (K®) as follows [12],

AR = KPAU .

Then, the stress of the beam (stiffener) may be
expressed as,

c=R/A,. (10)

Where A is the area of stiffener.

The failure-free stiffngss matrix, buckling
conditions for overall panel buckling and local
buckling of plates between stiffeners, post-
buckling  stiffness  matrices, plasticity
condition and elastic- plastic stiffness matrix
were derived in a similar way to the
rectangular plate element. The initial
deflections of plates and stiffeners are not
taken into account in the present study.

3. Limit state analysis of stiffened panels

Stiffened  panels are predominantly
subjected to longitudinal compressive stress.
When this stress is higher than a certain
value, plate buckling will take place with
increasing deflection. This value of stress is
called the critical buckling stress. Within the
elastic range. the stiffeners do not buckle
before the plate panels ‘have reached their
mater;~<I yield strength and thus collapse. The
limst state analysis of stiffened panels must
iiclude the possible modes of failure, which
- are listed in table 1, and given in appendix.
Failure is defined by a suitable safety margin
or performance function for each limit state,
as shown in table 1.

As mentioned above, attention is only
given to buckling modes of failure. More
information on the failure modes is given by
Smith [13] and Mansour et al. [14]). The
torsional/ flexural buckling of stiffener
(tripping) will be discussed briefly.

All the equations for failure stresses
appearing in the appendix have been derived
rom American  Petroleum Institute (API)
requirements [15], while the ultimate collapse
load of plate is calculated with ISUM.

3.1. Tripping of stiffeners

In general, tripping is regarded as collapse
because once it occurs the plating is left
without stiffening, and consequently the
overall buckling follows  immediately.
Therefore, this mode of failure should be
avoided. Actually, for bar stiffeners the
following should apply:

E (11)

o3

o

350
tw

C 1is determined as follows: C= 0.35-.0.37
[16] or C=0.4[17].

The characteristics of tripping in stiffened
panels subjected to uniaxial compressive
loads are discussed widely by Paik et al. [18].

4. Safety assessment
4.1. Reliability theory

The reliability of a structure (R) is a
measure used to decide its ability to fulfill its
design purpose during a certain period. This
ability depends on a probability of failure (P;)
which is affected and determined by the entire
spectrum of demand (D) and capacity (S). In
general, the reliability is expressed as [19]:

N= 1-P;

In general, an alternative measure of
reliability, commonly known as the safety
index (B) is used. A limit state function or
performance function g(x) is defined in terms
of the set of basic random variables X,
representing uncertain quantities such as
loads, material  properties, structural
dimensions, ... etc. These uncertainties are
defined by mean values, variances and
probability functions. The limit state satisfies:

<0 failure
B(X )1'—'0 linit state surface

>0 survival.

Thus, the probability of failure can be
evaluated by the following integral [20]:
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Ifx(x)ix.

g(X)<0

Where, fx(x) is the joint probability density
function of the random variable. Because
each of the basic variables has a unique
distribution and they are correlated, the above
integral cannot be practically evaluated.

4.2, Reliability analysis methods

Many probabilistic approaches have been
proposed [21]. In this study, the First- Order
Reliability Method (FORM) is considered only.

4.2.1. First- order reliability method (FORM)[7]

Usually, the limit state function is
nonlinear and the basic variables are not
normally distributed and may be statistically
dependent. FORM is adopted to perform the
linearization of the limit state function.

Firstly, the basic variables (X) are
transformed to the standard normal vector
space (Z) [10]. The joint distribution of X such
that Z is jointly normal is obtained using the
Nataf model [8,9]. Then, the distribution
model is transformed to the standard normal
space (Y).

Finally, it is convenient to write this
transformation in the form:

Y=I' D-}(X-M).

In which D= diag[o;]= the diagonal matrix of
the standard deviation & ;, and '=L"!, where L=
a lower- triangular matrix obtained from
Cholesky decomposition and M = [my, ...,m,]"
is the equivalent mean vector for (n) number of

Table 1
Limit states for stiffened panels

variables.The  performance  function is

expressed as:

G(x) = g(M+DLY) = G(Y).

As mentioned above, FORM replaces the
limit state surface, g(x)=0, with a tangent
hyperplane at the design point(Y*) in the
standard normal space G(Y). Thus,

B= IY *| is as shown in fig. 5. The first-

order approximation to probability of failure is
given by:

P = @(-p).

Where, @ is the standard normal distribution
function. The flow chart for FORM is
illustrated in fig. 6.

5. Numerical application
5.1. Case study

A longitudinally stiffened panel located in
the deck of a tanker is considered. The
characteristics of the tanker can be found in
[22]. The initial stiffened panel is shown in
fig. 7. The required variables are listed in
table 2 [23]. All random variables are assumed
to be uncorrelated. Fig. 8. Shows the
relationship between the normalized load and
safety index as calculated using REL/ ISUM.
The safety index for the modes of buckling are
shown in table 3, which shows that tripping
was found to be the most critical mode.

Safety index

Failure mode

1- Buckling of plate between stiffeners

2* - Collapse of plate between stiffeners

3* — Column buckling of stiffeners
4*-Torsional/ flexural buckling of stiffeners
5- Buckling of stiffened panel

M= 6o - ox (€. (A-1)

Mz= ou - ox €qs.(8) and (9)
Mai= ocr - Ox €q.(A-2)

M4= ocr - Ox€QS (A-3), (A-3)
Ms= Gcr - 6x €(QS.(A-6)

Note: * collapse, the values of ox are calculated from egs. (7), (8) and (10).

Alexandria Engineering Journal Vol. 40, No. 2, March 2001
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Table 2
Variables of stiffened panel

Variables Distribution Mean Cov

73 Lognormal 30 mm 0.01

tw Lognormal 32 mm 0.01
E Normal 206 KN/mm? 0.02

= Normal 260 N/mm? 0.063

S, Normal 122 N/mm? 0.2

= Fixed 280 mm 3

Mo Fixed 0.3 -

hw

v

Table 3
Safety index for the modes of buckling
Buckling Plate Column Tripping of Overall
mode Buckling buckling stiffener buckling
Safety index 4.394 4.194 2.582 4.386
Probability of  5.558 x10-4 1.37x10-3 4.911 x102 5.782 x 104
failure
# Goometrical variables Material propartios Load variables
k. toten B, . 000w E PM,...
) | ¥

3
W 777 tangent hyperplane

|_—— limit state surface
Failure set Gy)=0

Fig. 5. lllustration of the safety index.

5.2. Effect of stiffener dimensions

The effect of stiffener, dimensions, such
as the stiffener height, on safety index is
considered. From the safety view point, the
larger the height of the stiffener, the smaller
the safety index for tripping, as shown in
fig. 9, whereas the opposite is true for the
column buckling mode, as shown in fig. 10.
From figs. 9 and 10 itis seen that, for the
same load (G, = 0.4 G ) the safety index for

tripping will increase from 2.25 to 3.19 with
reducing hy from 300 mm to 200 mm. These
values of safety index correspond to
probabilities of failure of 1.22 x102 and
7.114 x10-4, respectively.

\d

Specify design random variables (X, i=1,2, ..,n) and
their peobabilistic descrpuion (i, O, distbutions)  f4— -

[7
Define 8 performance function
8(2) © glxidne. it )
¥

Transform X into andasd
nonmal vector Z

v
Use the geoera) Nataf model 10
obtain the joint normal PDF of X,

Y

Transform the previous distnbutioo mode) uno
siandard normal space Y

'

Determine B, usiog iterative procedure [8].

Fig. 6.
(FORM).

Flow chart for first order reliability methoc
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Table 4 .
Values of B and P for tripping and for column buckling
B Ps
Hw Tripping Column buckling Tripping Column buckling
200 mm 3.19 4.86 7.114x10% 5.8691x107
300 mm 2.25 S.11 1.222x102 2.868x107

‘&— leﬁmm—el
SS

gl
=30 mm r’
G
- -
£ z
4 :
S.S—E
ZSOMIT-EJOM
e
32 mm
Sec. A-A

Fig. 7. Longitudinally stiffened panel in center tank of
example tanker at a midship [22].

The reduction of B obtained by reducing hy for
column buckling mode from 5.11 to 4.86
corresponding to probabilities of failure 2.86
x107 to 5.86 x107, respectively, does not
constitute a substantial change. Therefore,
the height of stiffener must be chosen to avoid
tripping, see eq. (11). The previous results are
summarized in table 4. _

It may be noted that, the design may be
made considering the local buckling and
collapse of plate between stiffeners to occur at
the same level of stresses, while the collapse of
stiffener is prior to plate collapse.

5.3. System reliability

In general, stiffened panels are considered
as a series system, since they fail immediately
if any of their limit states is reached. In this
study the probability of failure of the system
(stiffened panel) is determined using the

Alexandria Engineering Journal Vol. 40, No. 2, March 2001 1

simple bounds [24] given by:

max(Py)) < Pr< 1-(1-Py!) (1-P)......... (1-Pym).

Where P;i is the failure probability of the j th
failure mode, for j =1, 2, ...,m. Applying the

system reliability to the previous case study
showed that the upper and lower bounds are

identical to the probability of failure for the

weakest mode of failure, namely, tripping.

.
s

1 ° s 4

0 1 I I () L B

03 04 [ a8 07 [T 09’

Nomuglizedload (o, /a.)

Fig. 8. Relationship between safety index and normalized
load for different modes of failure.

: f

P %,
Lo i

o&l 02 03 04 05 08 Q7 08
Normalizedioad (g, /3.)

Fig. 9. Effect of stiffener height on safety indc: for
tripping mode of failure.
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Safety index

[+] w o4 s [ a7 s é w
Normalized losd (3, /90)

Fig. 10. Effect of stiffener height on safety index for
Column buckling mode of failure

6. Conclusions and recommendations for
future work

The purpose of this paper is to assess the
safety of stiffened panels. Different modes of
failure are considered and the analysis is
carried out for an example stiffened panel.
From the results of this study, the following
may be concluded:

1- ISUM and FORM may be combined to
assess the safety of uniaxially loaded
stiffened panels for different modes of
buckling.

2- The uncertainties of random variables
associated with loads and strength are
very important and their coefficient of
variation must be chosen carefully based
on existing data.
[t is well known that the stiffener height is
an important parameter affecting the
safety index and probability of failure of
uniaxially loaded longitudinally stiffened
panels, and the applied method verifies
this.

It is important to preyent the tripping of

stiffener web prior to the collapse of

plating between stiffeners. :

5- Using the - simple bounds of system
reliability, the failure probability of a panel
is identical to the failure probability of the
weakest mode of failure.

This study was established for uniaxially
loaded stiffened panels, but may be

W
1

H
|

()}
1

extended to include biaxial loading effects,

shear stress and lateral pressure.

7- The influence of initial imperfection and
residual stress are not included in the
present study, but further work is
underway to take them into account.

It is to be noted that the proposed
procedure should be extended so as to assess
the safety of the ship hull girder using
REL/ISUM.

Nomenclature

A Length of panel

Ae Effective cross section area

As Area of stiffener

B Width of panel

a Spacing of transverse frames

b Spacing between longitudinal stiffeners
Cw Warping constant

E Young’s modulus of elasticity

G Shear modulus

Ipx , Iy Moment of inertia of the effective plate
associated with the stiffeners extending
in the x and y directions, respectively;
bout the neutral axis of the entire

section

I Moment of inertia (including effective
plate)

J St Venant’s torsion constant

Sx, Sy Spacing of the stiffeners extending in
the x and y directions, respectively

to Plate thickness

tw Web thickness

te Equivalent thickness = (t, +As/b)

hy Height of web stiffener

v Poisson’ s ratio

G, Yield stress of material (meun)

Op Proportional limit stress in
compression, taken as 60 % of o,

a. Axial load (mean)

Cer Critical buckling stress
B Safety index

Py Probability of failure

1) Mean

o Standard deviation

I's Local buckling function
e\ Overall buckling function
Ty Ultimate function
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Appendix

Failure of plating between stiffeners [15]:

The serviceability and ultimate limit states of
plates are considered.

Serviceability limit state: the critical buckling
equations for the determination of the elastic
stability of plates are as follows:

o) 2 -
, wE ([t .
O.szl\C ) [—p] s lf GCI' <0’p
1x1-v7)\ b
c|o
O 170 .
C) +1
X (A-1)
for — 21 and Oop >0
b cr P
1
O =0 ——— >
cS
for —<1 and Ser >0
and '
/' a
K =4 for -
b
2
a b a
=| —+— for -<
4 [b a) b
: 0'12 ' 4nE tp 2
(’l e O'I I . | e
Op(0o=0p) 120-v%)( b

2 2 t 2
Cs:-—-c—s————,cs:(i-f-g)i_p
op(5y 70p) b a) 120-v?) b

Failure of stiffeners with effective plating [15]:

In the following, only the ultimate limit
state is considered due to the fact that, when
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column buckling occurs the ultimate strength
is immediately reached.

-Column buckling

The critical stress is:

7t2E N
Oc = : > if o =g
g
1 i B
Doy BBols =4 if Gg 2 Sp , (A-2)
Cg
where
Og n’E
Fg T e e R oy 3
6p(0o ~Op) (i/r)
and

1 is the length of stiffener between transverse
frames, and

r = (I./A)!/? is the radius of gyration
- Torsional / flexural buckling (tripping)

a- Double symmetric section
The critical stress is:

2
EC
Oct = IL(GJ + L -

o 12 ) P
op(l- ?—p»)
o -
Gy =0gfl- = it cc,>cp’(A3)
Ot
J
where
. 2
&
o, = Llars 1250 (A-4)
Lo 12

b- Section with one plane of symmetry

i) Elastic range oy < op

ouds the smallest root of the following
equation :

‘I
=]
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I 2
<04 — O (O +01) +0,0, =0,

L (A-5)

where o is as given by eq. (A-1), and o is as
given by eq. (A-4).
ii) Plastic range Giye >0p

Overall buckling of stiffened panel [15]:

The elastic buckling stress can be written in
the form: :

1 A ;
=G, —— for—<1 if oy >0,,
O¢r =0g C, B cr P
where
(‘IU A
cr:Cl +°l for—21 if oy, >0,, (A-6)
2
Tr’JDny .
where
K=4 for %Zl
K:|iL+2n+p2] for ﬁ<l
2 B
p
2 4n2 [D,D
OGN W
”p(co_cp) teBz

Os

Cg=—=—0r
op(To ~7p)

2 '
1 T Dny
oy =(—2"+2Tl+02)———'

p leBz

|
_A[DYJA = |exley

B{ D, lxly ’
El El
Dx=———x—-2—,and Dy =+L2*.
Sy(-v ) Sy (1=-v*)
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