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INTRODUCTION
eirs are the oldest hydraulic man-made
structures for stream flow diversion
and flow measurements. The very common
type is that one having a thin edge and is
1 the sharp-crested weir. The

Q, =(2/3) b (2g) "H™ (1)
in which Qth is the theoretical discharge, b is
e width and H is the water head acting on

the weir. However, for the triangular weir
shape, the equation becomes:

Q. = (8/15){tan (8/2); (Qg)osztS/z) 2

here is 6 the apex angle. It is well known
at the actual discharge, Q,__, can be given

by the following equation:
Qact 3 ch ) Cd (3)

in which Cq is the coefficient of discharge
Similar to Equation 1 and Equation 2, a
‘discharge relationship can be derived for any
other different weir shape [2,3]. The
derivation gets more difficult depending on
the shape of the weir.
- Kansoh [1] presented a theoretical
discharge formula for different weir cross-
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An applied relationship to estimate the theoretical discharge through
sharp crested weirs of different shapes (rectangular, triangular,
parabolic, semi cubical and any other shape) has been derived. The
mathematical series technique has been used to perform a complex
integration. A general relationship has been achieved to make the
formula simpler and valid for different weir shapes. Data obtained
from the literature, are presented and analyzed. Values of the
discharge coefficient for different shapes are being presented.

crested, Parabolic, Semi cubical,
Mathematical series technique

sections. The integration was derived for
some cases. The integration was performed
by a mathematical substitution technique,
which led to a very complex form depending
on the shape of the weir. He conducted a set
of experimental runs to find discharge
coefficients for different shapes and
compared his results with others. His
objective was mainly to relate the theoretical
discharge, Q[h, to the acting head, H.

The general relation between Q,, and H is
as follows:

Q, o H (4)

In case of the Sutro weir (hyperbolic weir)
Kansoh [1] found out thatz= 1.0. He also
was interested to find out weirs and notches
through which values of z =2, 3, 4 and so
on. After complex integration, He found that
z = 2 for the parabolic weir. Kansoh [1] said
that Greve was the first to publish any
results on parabolic weirs, however, Kansoh
stated that the parabolic weir was the
invention of C. Lauritson of Ohio, who was
the first to receive a patent on the weir.
Kansoh also stated that J.H. Gregory, of
Baltimore claimed to be the first to think of
the parabolic weirs early in 1895.
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Kansoh [1] also tested the semi cubical
notches and found out that z = 3.0 for that
shape. To get this result, he performed a very
complex integration different than that done
for the parabolic weir. It was clear that for
any other weir shape, the main problem is
using a suitable mathematical substitution
to solve the integration. Kansoh commented
that more researches are needed to find out
the notches for which z = 4, 5,... This
requires more time and effort to solve further
complicated integration.

The present paper attempts to find out a
unique form for all the weir shapes. One of
the main objectives is to find out a general

Table 1  Values of m and K for weir shapes

trend connecting between all dischar
relationships.

WEIR SHAPE
The weir of any shape can be present
by the following form:

x s K yﬂl (5]

in which K may be called the shape facte
and m is the power. Both are constants
vary from shape to shape. The weir shape!
always symmetrical about its vertical axe
Table 1 summarizes the contents
Equation 5. '

Weir shape m K Weir shape
v
Rectangular 0.0 b/2 I
X
b/2
¥
Triangular 1.0 tan (0/2)
8/2 X
0.0061,
Sutro - 0.9 0.01202,
(hyperbolic) 0.01803, g X
0.02404
0.0577,
Parabolic 0.5 0.0816,
0.11547,
0.1527 X
0.3463, v
Semi cubical 1.5 0.8663,
1.73253,
3.4630 X
0.3463,
Notch whose Q 2.5 0.8663,
Varies with H' 1.7325.
3.4630 X

Values of Kare data obtained by Kansoh [1].
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THEORETICAL DISCHARGE
RELATIONSHIP

According to Figure 1, it is well known
that, the velocity of flow within a small strip

- can be given as follows:

v = [2g(H-y)]"° (6)
the area of a small strip is
- a=2xdy (7)
. = via (8)
g, = 2x [2g(H-y)"" dy (©)
| qact . qth*cd (10)
- Substituting x from Equation 5 into
- Equation 9:
q, = 2k y" [2g(H-y)] *” dy (11)

the integration of Equation 11, leads to the

- following form
- Q, =2[2¢g]”° K Iy"(H-y)*"dy
- which must be integrated fromy=0toy=

(12)

H. The integration becomes complicated as
the value of m increases as shown in Table
1. The integration may be performed by the
use of a mathematical substitution as done
by Kansoh [1]. The difficulty of this method
is the suitable choice of the substitution
which varies from shape to shape depending
on the value of m.

In this paper, it is suggested to use the

- mathematical series technique. The idea is to

find the value of (H-y)o'5 as a series function.
The next step is to multiply the series by the

for example
(1-x)°°=1+ nx + [n(n-1)/2!x" + [n(n-1)(n-2)/3!x> +
=1-(1/2)x - (1/8)x” - (1/16) x* -

(2.5/64) x"* - (14)
the series can be applied as follows:
(H-y)"® = [H(1-y/H)]” (15)

= H"7[1 - (1/2)(y/H) - (1/8)(y/H)’
- (1/16)(y/H)” - (2.5/64)(y/H)"- ] (16)

Now
J'ym(H_y)O.a dy=' ymHC.o [/'ZI,___I O.oCr-1
(-y/H)1dy.. (17)

The result of integration varies according
to value of m. Investigation leads to the
following general form: &

Iy™(H-y)** dy = [T,_, {1/(r+m)}

r=1 !

{O.:')(:r—1 (_ 1)1‘- 1}](H) 1.5+m
[ y™(H-y)*° dy = flm) (H)" "™

The form of Equation 19 is a general
simplified form for the integration. This form
can be applied to find the result of
integration for different weir shapes as given
in Table 2. The mathematical series is always
limited and has a unique value. Now the
funiction, F(m), can be defined as follows:

F(m) = 2[2g]" °K fim) (20)
Finally, the theoretical discharge can be
defined as follows:

; = F(m)(H)' > 21
value of y". The third step is to integrate Q, = Flm)(H) (21)
y"(H-y)"°. It is well known that:
n _ n r-1
(I+x) = Z_ C_ x (13)
Y
;water level
T a small strip
X
o e A :
H Y N\Z Z V777
v
X
Figure 1 General weir shape
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Table 2 Values of n and f{m) for weir shapes

Shape m f{m)
rectangular 0.0 2/3 = 0.666
triangular 1.0 0.5*8/15 = 0.2666
Sutro (hyperbolic) - 0.5 n/2=1.57
Parabolic 0.5 n/8 = 0.39
Semi cubical 1.5 n/16 = 0.196
Notch (Q varies with Hl) -5 (r/2)(5/64) = 0.1227

Figure 2 shows the relationship between
the theoretical discharge, Q ~and the water
head acting on the weir, H. [t is shown that
at certain head, H, the minimum Q,, is given
by the Sutro weir (m=-0.5, K=0.012,
F(m;=0.303). However, Q_  increases for the
semicubical (m = 1.5, K=0.8663, F(m)=2.73)
and increases more for the parabolic (m =

0.5, K=0.115, F(m)=0.7277). It is s
increasing a little more for the triangular (
= 1.0, K=1.0, F(m)=4.28) and final
increases so much for the rectangular (m
0, K=0.5, F(m)=10.7). The very importa
remark is that the trend between Q  and|
is linear for the Sutro weir only. Therefore
the Sutro weir is called proportional.

8 — - -
— =—rectangular (m=0, F(m)=10.7) /7
T - = = triangular (m=1, F(m)=4.28) / e e s
6L : semicubical (m=1.5, K=0.9863,F(m)=2.73) - o 7
- notch (m=2.5, K=0.8663, F(m)=1.7063) ~
5 | === -parabolic (m=0.5, K=0.115, F{m)=0.7277) // 7

s utro (m=-0.5, K=0.012, F(m)=0.303)

Qu, in cubic feet per second
N
T

Figure 2 The relationship between QLh and F for different weir shapes

EVALUATION OF DISCHARGE ERROR

The percentage error in evaluating the
theoretical discharge, (dQ)/Q, can be related
to the percentage error in head, dH/H.
Provided that C,is constant. Differentiating
Equation 21 leads to the following equation:
dQ= F(m) (1.5+m) (H)' >™ dH (22)
Dividing Equation 22 by Equation 21 leads
to:

C 228

0.5

H in feet

06 07 08 0.9 1

(dQ)/Q = (1.5+m) (dH/H) (23)

Figure 3 shows the trend between dQ/Q
and (dH/H). It is shown that at certain value
of dH/H, dQ/Q increases as m increases,
thereby emphasizing the importance of using
shapes such as Sutro weir which has
minimum percentage error, dQ/Q at certain
value of the head error, dH/H.

Alexandria Engineering Journal, Vol. 38, No. §, September 1999
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em—=notch {(m=2.5)
L A semicubical (m=1.5)

----- triangular (m=1)
0.8 4o o o — - —- parabolic {m=0.5)
=== rectangular (m=0)

sutro (m=-0.5)

0.6 4-oie e ik

percentage error in discharge (dQ/Q)

COEFFICIENT OF DISCHARGE

It is well known that the coefficient of
discharge is the ratio between the actual and
- the theoretical discharge values. It can be
written as follows:

Cy= Qact/ch (24)
The value of C, is always less than one
[4,5]. The assessment of an accurate value of
Cq for a certain weir shape requires extensive
experimental  work to cover several
parameters affecting that coefficient such as
- characteristics of weir, flow and flume.
- Kansoh [1] conducted sets of experimental

03

percentage error in head (dH/H)

Figure 3 dQ/Q versus dH/H For different weir shapes

runs to investigate the use of accurate value
of C; for different weir shapes.

SUTRO WEIR

The data of Kansoh [1] were used. The
analysis of these data is presented in Table 3
and Figure 4. Linear trend lines were
proposed  to relate Q.. to H at each value of
K. It is shown that the correlation between
Qac: and H increases as K increases. Values
of Cq were estimated and presented in Figure
5. It is shown that Cgq increases as K
increases However, most of the data were
lying in the range 0.58 to 0.62.

Table 3 Values of Cq for Sutro Weir according to relationships shown in Figure 4

Value of K Relationship of Qact Value of Ca average Ca
0.02404 Qact = 0.3438 H 0.5672
0.01803 Qac = 0.2739 H 0.60235 0.6
0.01202 Qaa = 0.1778 H 0.3867
0.0061 Qact = 0.0968 H 0.629
Alexandria Engineering Journal, Vol. 38, No. 5, September 1999 C 229
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0.12
y = 0.3438x
® K=0.02404 R?=0.9934

0.1 -

K=0.01803 Lz, 0.2739¢
A K=0. 2 — :
A  R?=099761

\ Ke001208 'y=04778x]
- R?=0.9961!

0.06 -

act

y = 0.0968x

*K=0008T  pe-0g941

0.02 == 2 e W vovessvspaia s e cam e R S R S S S

0— -, e s e

0 0.05 01 0.15 0.2 0.25 0.3 0.35
H (height, ft)

Figure 4 Qact versus H for different values of K (Sutro weir)

0.9 4o coeinns RS, SRR e v s e B A s e I O
I I T s SR B Y B o pp——

0.7 Ao e e st I S AR

0.8 demsenresnin < o wsnagsanm . E— - SRV, S N . - -

0.5

Cd

e K=0.01202
= K=0.01803 "~
6.3 dessmn . o L I ... ®X=002404

H, feet

Figure 5 Cd versus H at different values of K (Sutro weir), data obtained bv Kansoh 1970
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064 .
0.635
0.63
0625 1 oy =-01136X+0.6459 T ITINNG .
R?=0.9393
8 062 1
0.615 4-
polynomial trendline
061 A \ st
y = 3.3861x" - 2.0851x" + 0.2508x + 0 6288
R?=0.982
0.605 4 - e e e T T e chasnes
0.6
0 0.05 01 015 02 025 03 035 04
K
Figure 7 C4 versus K for parabolic weir
SEMICUBICAL WEIR shown in Figure 8. Most of the Cq val
The data obtained by Kansoh [1] are are in the range between 0.75 to 0.85 wi
used and analyzed for four values of K as average value of 0.72.
1 A
= -
0_9 YT L LIS S B 5 ov % 8 RN AR AR RES e s RS SERPEE RNRE LY
. [
0.8 . o LS n
o} o » * 4 ¢
o - i
8 0.7 4= snme e . . SRR -
A
. ——
0.6 s-en SR RS S —— . . . *K=0.3465
4 K=0.8663
8 K=17325
R e
0 K=3 465
0.4
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
H, feet
Figure 8 Ca versus H for Semicubical weir [1]
NOTCH WEIR (Q VARIES WITH H4) Figure 9. Most of the C4 values are in the
The data obtained by Kansoh are used range between 0.70 to 0.9 with average
and analyzed for four values of K as show in value of 0.82.
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GENERAL RELATIONSHIP OF Cq = f(K, m, shape) (25)
DISCHARGE COEFFICIENT It is difficult to find out a general
( All the data are given in Table 5 and relationship for Cq to be used for all weirs of
- shown in Figure 10. It is suggested to relate different shapes. However, the statistical
- Cq to both K and m for different weir shapes analysis given in Table 6 shows that 70 % of
-~ as follows: the data are in the range of 0.58 to 0.8.
1.2
] *
[ e e g Te 4
=] A
s} I a
*
08_ UV WOy S S - ,,,. B ..A. a
L ]
. a
g 064
N T S e K=03465
0 K=0.8663
a K=17325
0‘2 e S Pt R S ey e e g e b e S ST NN N NN N SO U, - T U SR (S B .K=3465
0 i ‘
0 0.05 0.1 0.15 0.2 0.25
H, feet
Figure 9 Cq versus H for notch weir |1}
1.2
o
1 - Q.. g R AT S (RSB RS A5
= . 2 ©
° 3 @ °
0.8 1 - 28 ® d T ! & e - e s
- L] a o ® Q‘ ® ¢
A » = & ] 2 -
o] “a - s . - s m [
* = []
- o -
fa 17 (F S ': .......................................................... Wogrusiie s e S sses R + Cd(Sutro weir)
m Cd (Parabolic weir)
. B TSR e o Cd (Semicubical)
& o Cd (Notch weir)
0 +
0 0.05 0.1 015 02 0.25 03 035 04
H, feet
Figure 10 Values of Caversus H for all weirs of different shapes
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Table 5 Experimental data obtained by Kansoh [1]

Notch Semicubical ‘weir Parabolic weir Sutro weir
m K Ca H m Ca K H m K Ca H m K Cq
2.5 (0.35 | 1.18(0.16 1.5 | 1.07]0.35]0.14 0.5 |0.06]0.49|0.17 -0.5 | 0.0061 |0.43
2.5 |0.35 |0.84|0.24 1.5 |{0.97 |0.350.18 0.5 {0.06|0.69| 0.2 -0.5 | 0.0061|0.61}
1.5 |0.77 {0.35|0.22 0.5 |0.06 [{0.590.26 -0.5 | 0.0061 | 0.62 |
2.5 (0.87 |0.93(0.12 1.5 |0.79(0.35|0.25 0.5 [0.06 {0.62]0.33 -0.5 | 0.0061 |0.67 |
2.5 10.87 [0.89]0.14 1.5 10.78 10.3510.32 -0.5 | 0.0061 | 0.65 |
2.5 0.87 |0.790.17 S |0.080.620.03 -0.5 | 0.0061]0.61
2.5 0.87 |0.88|0.18 1.5 1]0.9910.87 |0.11 0.5 [0.08 | 0.7 10.035 -0.5 | 0.0061 |0.62
2.5 |0.87 | 0.7 |0.22 1.5 {0.73(0.87]0.15 0.5 [0.08]0.72]0.09
1.5 {0.68 0.87 ] 0.2 0.5 [0.08]0.65|0.17 -0.53 | 0.012 [ 0.63 1|0
2.5 1.73 [0.93 |0.14 1.5 |0.7910.87 |0.26 0.5 10.08| 0.5 [0.25 -0.5 0.012 10.38 |0
2.5 (1.73 |1.02 | 0.16 0.5 {0.080.68|0.27 -0.5 | 0.012 {0.58 | 0.
2.5 i.73 {0.87 |0.17 1.5 |0.821.73 [0.08 0.5 [0.08] 0.6 |0.34 -0.5 0.012 | 0.55 |0.]
1.5 [0.631.73[0.13 0.3 | 0.012 |0.59 |0.]
2.5 [3.47 |10.83]0.09 1.5 |0.7311.73]0.14 0.5 10.120.74|0.04 -0.95 0.012 |0.38 | 0.
3.47 |10.73|0.11 1.5 {096 |1.73|0.16 0.12{0.57 |0.04 -0.5 0.012 [0.61 {0.
25 [3.47 10.77]0.14 1.5 {0.76]11.73( 0.2 0.12(0.61]0.05
.5 {0.12 | 0.67 | 0.07 -0.5 | 0.018 [0.57 | 0.04
1.5 [ 0.85(3.47 | 0.06 0.5 [0.1210.53]0.13 -0.5 | 0.018 |0.57 | 0.0
1.5 10.91|3.47 |0.08 0.5 {0.120.7710.15 -0.5 | 0.018 |0.61| 0.1
1.5 {0.78 13.47 | 0.1 -0.5 | 0.018 | 0.6 |0.12
1.5 10.74 {3.47 |0.12 0.5 10.15]10.91]0.05 -0.5 | 0.018 | 0.6 [0.14
1.5 |0.84|3.47 {0.12 0.153]0.64 | 0.1 -0.5 0.018 [ 0.59 |0.17
1.5 {0.76 |3.47 |0.14 0.5 [0.15(0.81]0.15 0.5 | 0.018 10.62 |0.21
1.5 | 0.8 |3.47(0.14 0.5 [0.153]0.353]0.26
0.5 |0.153]10.65| 0.4 -0.5 0.024 | 0.68 | 0.01
-0.3 | 0.024 | 0.4 |0.03
0.5 {0.180.42]0.03 -0.5 | 0.024 |0.59 | 0.05
0.18 {0.539 |0.12 -0.53 | 0.024 | 0.535]0.08 |
0.5 [0.180.83]0.15 -0.5 | 0.024 |0.56 | 0.1 |
0.5 {0.180.66{0.19 -0.5 | 0.024 |0.36 |0.14
0.1810.37| 0.3 -0.3 | 0.024 |0.58 |0.16
Table 6 Statistical analyvsis for wiers of different shapes
weir kind number of points poi?é‘ssoauttoo&rsainge Perce;/:tage
Sutro 28 3 3
parabolic 36 10 10
Semicubical 21 8 8
Notch 13 9 9
Total number of points 98 30 30
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CONCLUSION
A general relationship is presented to

sharp crested weir of different shapes
(rectangular, triangular, parabolic, semi
cubical and any other shape). Different than
atempts done before, the relationship is
based on a mathematical series technique
which is wused to perform a complex
integration.

Data obtained by Kansoh [1] are
presented and analyzed. Itis shown that at
certain values of percentage error in
measuring the water depth, dH/H, the
percentage error in measuring the discharge,
dQ/Q, increases as m increases, thereby
emphasizing the importance of using shapes
such as sutro weir which has minimum
value of m for the shapes under study.

For a sutro weir, data of Kansoh [1],
- were analyzed to show that C, increases as K
increases However, most of the data were

lying in the range between 0.58 to 0.62.
' For a parabolic weir, most of the data
were lying in the range between 0.55 to 0.75.
Average values of Cy for different K values,
are estimated.

For a semicubical weir, most of the Cq4
values are in the range between 0.75 to 0.85
with average value of 0.72

For a notch weir of Q varies with H',
most of the Cy values are in the range
between 0.70 to 0.9 with average value of
0.82

Suggested relationship is presented to
elate Cq to both K and m for different weir
apes. It is recommended in the future to
do more experimental work with different
ues of K and H for different shapes to find
ut a general relationship for Cq4 to be used
all weir shapes. A statistical analysis
iven in Table 6 shows that 70 % of the data
e in the range of 0.58 to 0.8.

estimate the theoretical discharge through -

General Relationship for: Discharge Through Sharp Crested Weirs

NOMENCLATURE
theoretical discharge,

Q
b width of weir .

H water head acting on the weir
apex angle

Q actual discharge

Cd coefficient of discharge

z constant depends on the geometry of
weir

K constant called a shape factor used in
the formula x = K y™

m constant called power used in the

formula x = K y" v
dy height of a small strip

a area of a small strip

v velocity of water through a small strip
q,, discharge through a small strip

g gravetional acceleration

flm) function defined in the paper
F(m) function defined in the paper
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