4 INTRODUCTION

he Mathieu equation is one of the
, famous equations of dynamics [1]. The
terministic equation had been solved
ing the perturbation techniques [2]. In
S paper, a stochastic force combined with
ler deterministic forces are considered as
mbined excitations for the Mathieu
uation. In this case, the solution process
of stochastic nature and some statistical
ments are needed to describe the
haviour of the process.

The technique used in this paper is the
iEP technique [3] which is composed of
 application of Wiener-Hermite expansion
iE) [4] and followed by a perturbation
nique to solve the obtained
erministic  equations. The WHEP

chastic Van der Pol equation [5] and a
ametrically forced Duffing oscillators
1 a stochastic external force [6]. The
is successful in obtainig an
dmate solution via the Gaussian part
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problems. The technique is a combination of the Wiener-Hermite
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of the solution process to the requied order
of validity. The method can obtain a better
approximation through using terms which
represent the non-Gaussian solution part
and increasing the order of the expansion.

In this paper, the multiple time scale
perturbation technique [2] is used to
prevent the secular terms appearing when
the direct expansion is used. It is quite
enough to illustrate the application of the
method up to the order of €’ and time
validity in the order of 1/€’. To modify the
approximation used in this paper, one
should use terms of non-Gaussianity and
increase the time validity of the expansion
used. The approximate solution is obtained
as a function of time t and the different
parameters of the problem. General
expressions are obtained for the ensemble
average and variance of the solution proess
in terms of the computed deterministic
kernels.
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THE MATHIEU EQUATION
The general form of the Mathieu equation
under combined load is

i+Q%u=e[-2nu+2u QMucosot+An(t;q)] (1)

where € : a smail perturbation parameter, |
el <1

Q : The mode frequency

® : The excitation frequency

n : The damping factor

i : the parametric load parameter

A n(t;q) : scaled white noise which has zero
average and Dirac-delta function as
correlation. “q’ belongs to an arbitrary
triple probability space.

APPLYING THE WHEP TECHNIQUE
The general algorithm of WHEP technique
is as follows:

a) Using Wiener-Hermite expansion to
obtain a stochastic D.E. in terms of
Wiener-Hermite stochastic polynomials
[7].

b) Taking the suitable ensemble averages
to obtain deterministic equations in the
deterministic kernels of the expansion.

¢) Solving the deterministic simultaneous
equations using a suitable perturbation
technique,

d) Computing the ensemble average and
variance or any required statistics of the
solution process.

In this paper, the Gaussian solution part is

computed. In this case, the W-H-E takes
the following form:

ut=u@m+ [ uWiee) W (e))at 2)

-0

where u®© (t) and ul (t,t,) are deterministic
kernels should be computed. [t is known
that

aft; q) = HYy ' 3)

ey =0 (4)

and EHDg. HW(g)=5t-5) (5)

where Hf(-) is the Wiener-Hermite
Polynomial of order (i). The properties of
these orthogonal functions can be found
in [3,8], for example.
Substituting from Equation 2 in Equation
1, the following stochastic D.E. is
obtained:

o0
L@+ [ LaWiee)aWiepae, =

-

-

e[~ Ma® - 2n | a®HO(1, ¢, )dt,

+2pQ%u@ cos ot (6)

- 2u$'22 cos ot jﬂ I.I(I’Hmdli + AH® (1)

-0

Where

g8 (7)

L

£y

dt”

Taking the ensemble average of Equation 6,
we get

Lu@ = e 2na O + 2,02 u@ .
cos ot] (8)

Multiplying Equation 6 by H(1 (t2) and then
taking average, we obtain

LuMiety) = e[-2naD e,t)) + 21 0
cos ot. u(l)(t,t1} + Aﬁ(t-tl)] 9)

We have obtained two simultaneous
deterministic equations in the
deterministic kernels u© (t) and u'? (t,t;).
The WHEP  technique uses the
perturbation method to solve Equations 8
and 9. The Appendix proves the
existence of the solution of Equation 1 [or
Equations 8 or 9] as a power series in €.
The direct expansion method fails since
secular terms are obtained which cause
instability of the solution. To prevent
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these secular terms, the multiple time
scale perturbation is wused as the

following:

W9t e) = “(0)(T0,T1,T2)

) (10)
where
T.=elt ,  i=0,1,2, (11)

1

uittse=ul’ 1, Tt preuP 1),
2

Bt re?ul ) (0,1 To ty) (12)

It should be noted that using To,T: and T2

only as time scales, make the expansion
valid up to 2nd approximation only , i.e

u® =P+ euf?. (13)

The use of T2 insures that the secular terms
in u{’are removed which enables the
computations of the general functions
inu{”. We can prove that

—=——+€E——+E€ (14)
d o1, T, a1,
d 2
or — *DyteD; +e" D, (15)
dt
Also,
dl; =Dj+2eDyD+ € (D12+2D0D2) (16)
Accordingly;
©)
dl:it =D, (u(°J+ eu”+ e’ ugo))
+eD, (u(0)+ eui”+ e u(g)) (17)
+e? Dz( Myeu®+e uw})
or equivalently;
i@ = Dyu+ € (Doul® + D)) -

+e (Dﬂugo) +Du” + Dzuf_f”)+ O
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Also, we can prove similarly that

i® = D2+ e 2D,D,ul” + D2u{®)
, [D? +2DyD,u” (19)
+2D,Du{” + D2

Substituting Equations 18 and 19 into
Equation 8 and equating the equal
powers of € in both sides of the
equation, we obtain the following results:

DZul +Q%u{” =0 , (20)

Diu{” +Q*u{” = -2D,D,uf”
—ZnD.,ug’)+2|.1.Q‘ D’cosc:)l
Diud’ +Q%u}” =-Dfuf” -2D,D,uj”
—2nDlug’)—2D Du®
-mDul” +2uQ%u(” cos ot
Also, similar equations are obtained for

(21)

ug),ugl) and u(l) as the following:
DO ug’ +6° uf-,” =0, (23)

Diuf"” + Q%uf” = AS(t - t,)
-2D,Du’ - 2nD,u’
+2uQ%) cosot |

Diu{’ + Q% = -DAu’ - 2D, D, uf
-2nDyu})’ - 2D,Du’ (25)
- 2nDoui" + 2uQ%u” cos oot .

THE SOLUTION PROCEDURE
Solving Equation 20, the general solution
is

ul P = A, (T, T, )™ + A e ¥, (26)

where Ao, is the complex conjugate of Ao.
To obtain Ao, we substitute Equation 26 in
the r.h.s. of Equation 21, i.e.
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A,
2. (0 2.(0) 0_iQT,
Dou:)-l-Q u; =—2ﬁﬁb1
< Ao o-iTo
0T, 0T,
0 i 0 = __iom
“2n—A O~ 2n—Age "
L e T,

+210Q? cos ot (Age™Te + AgeT0).)

(27)
To prevent secular terms (TO_e:tlﬁfo) we
should have:
OA,
~+nA, =0,
o, NAg
(28)
which has the general solution:
= A 29
Ag(Ty T =a(Ty)e ™l (29)

The general solution of Equation 20 is then
taking the following form:

ul® = o(T,)e e +cc. , (30)

where c.c. denotes complex conjugate.
Solving Equation 21 which has the following
form.

DZu{® + Q%u{®

= 2uQ%a(T, )e e cos o T,

+2pQ%(T,)e "Me M cos 0 T,
(31).

The general solution of Equation 31 is
ul® = AT + B cos 0T,

& cleim" sino T, +cc.
(32)

where A,B, and C, are functions of T, and
T2. To obtain Ai, we substitute in the
r.h.s. of Equation 22 and by preventing

+QT,

the secular terms T € , we obtain

the following equation:

A, g, DolTy) . nt
A =My 22 i1 _oT, 33
] +n 1 c ( 7 ; 12., C"( _)) ( l

To solve Equation 33 let

Ay =F(T). G(Ty) . (34)

The technique of separation of variables
succeeds to evaluate T, as the following:

QM) M (T,)Te ™. (35)

T)=(- s
Al(Th 2) ( grl 20

The final form of u,© is

u§°) = Al(Tl,Tz}:im" + B, eiQT° cosaT

o (36)
+C, e sinoT, +cc.

Finally ;

u@ =uP+eu® +0?), (37)

and the expansion is valid for t wup to
1
O(—).
EZ

To modify the expansion, To, T, T2 and Ts
are used as time scales and o, w0,
and u2® are obtained such that no
secular terms exist in the kernels up to
uzl9. In this case,

(0) (0)

1@ =uP+eu”+e? ul” +0(e?) (38)

and the validity of time t is up to O(Ls},
€

To get the functions B, and C; in
Equation 36, we  substitute from
Equation 36 into Equation 21. Equating
the similar terms in both sides of the
equation we obtain the following results

2 Q% —(Q* +0*)2p Q2 a(T,)e "
W

B\(T,.T,)=

(39)
and
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4io Q° pno(T,).e L

W
where
y=[2p 0 (0% + Q%) - 2ie Q]2 O (1)

(2 +0?)+2i0Q)

The procedure is repeated when solving

Equations 23 to 25 for ul’,u{’ and uf’.
The final results are:

ul) = B(T,)e MMe ™ +cc., (42)

ul = AA, +B,e ™ +C,e'o cos 0 T,

+Fesino T, + (43)
i o +C.C.,
where
Q
BT, . p’ i

B.(T,,T,) =| ~——2-—jf e i .

(T, Ty) ( E:’Tz 129[3{’]‘2)] €

(49)

C, (T, T,) = Y =@ +0 ] 200°p(Ty)e

2(1y, 15 = :

(46)

_ 4ieQ up(T,)e

(M. Ty)= (47)
W

STATISTICAL MOMENTS OF THE
SOLUTION PROCESS
The average of u is computed using the

following:

Eu=u“(1)

. (48)
= ug”+ = u{o).

The variance is computed using the
following:
Var u =E (u - E u)?

= [ @Pdy +2e [uPulPdt,.  (49)

—an

CONCLUSIONS

The WHEP technique proves thatitisa
very efficient algorithm, which produces
an approximate modifiable solution to
the problems of linear and nonlinear
dynamics with random excitation and/or
random coefficients. The weakly time
variant coefficients Mathieu equation can
be solved approximately using the
previously mentioned technique through
the  application of Wiener-Hermite
expansion (W-H-E) and the multiple time
scale perturbation (MTSP) technique. The
solution can be modified using additional
terms in both the W-H-E part and/or the
perturbation part.

APPENDIX
Let Equation 1 be put in the form:
L u =e [oui +B(tyu +y(1)] (A-1)
At e=0 , u=uw (A-2)

Using successive approximations,
Lu® =€ [on, +Bt)u, + (1)} (A-3)
which has the solution

u® =y, +eu, (A-4)
where

u=ol'u, +L'Byu, +L7 y(t)  (A-5)
Repeating
u@= u,+eL’! l_a u® +Bmu® + y(t)j

- 2 e
=Ugt+ew+€°u,
where
u, =aL'e, +L'BM)y, . (A-7)
Generally,

U =ugteu+ein, +..+€ u;i2l. (A-8)
The solution

x o .
u=limu’=3% €' u,.
1—» i=0
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