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THE HYBRID SCHEME
The two cubic Bezier curves are defined

as follows:

equations numerically or otherwise. The
idea of using hybrid Bezier schemes has
been described in Reference 2. This scheme
is based upon the idea of a convex
combination of local Bezier curves.

P1(t) = (1 - t)3Ii + 3(1 - t)2tBl + 3(1 - t)t2Cl
+ t3Ci+1 (1)

P2(t) = (1 - t)3Ii + 3( 1 - t)2t82 + 3( 1 - t)t2C2
+ t3Ii+ 1

where B1, B2, Cl, C2 are the inner Bezier
points, and 0 ~ t ~ 1, (see Figure 1).
Then, convex combination is used to
combine PI (t) and P2(t) into a hybrid curve
P(t), where
P(t) = u(t) PI (t) + v(t) P2(t) (2)
and

u(t) + v(t) = 1, u(t)~ 0, v(t) ~ O. (3)

We need P(t) to interpolate the data points Ii
and Ii+I, and also to satisfy unit tangent
and curvature continuity at these points. As
such, we would like the following conditions
to be fulfilled:

P(O)= PI(O),P'(O)= P'I(O), P"(O)= P"I(O) (4)
and

P(I) = P2(I),P'(I) = P'2(I), P"(I)= P"2(I) (5)
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The paper presents a method for interpolating a set of data
points, given as (xi, Yi), i = 1, ... , N, such that the overall
curve possesses both tangential and curvature continuity.
The basis for this curve is the hybrid (or convex combination)
of two cubic Bezier CUlves. This scheme is local and easy to
implement.
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INTRODUCTION

Given a set of data points, (Xi,Yi),i = 1, ..., N. It is required to interpolate these
ints such that the overall curve possesses

both tangential and curvature continuity.
Although there exists numerous schemes
ruch ensure tangential continuity, more
rk is still required for the case of

curvaturecontinuity.
In Reference 1, parametric cubic curves

are used to interpolate the data points. The
~(} . antral paint of ea.chspan must
be determined such that curvature
continuity is preserved at both endpoints.
Numericalmethods are used to solve the
position of these inner points which is given
as the solution of two nonlinear equations in
two unknowns. However, it is not always
possibleto fL.'1da pair of inner control points
which will ensure curvature continuity at
bothendpoints simultaneously.

This paper presents an altemative
method which uses the hybrid of two cubic
Beziercurves to interpolate data points. This
method has the advantage of not only being
local but also taking away our worry of
whether the tangent and the curvature at
one data point are compatible or not with
the tangents and the curvatures at the other
data points. Less computation is needed as
there is no need to solve any set of
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In order to satisfY (4) and (5), we need the
following relations:

The above blending functions are monoto
and symmetrical about t = 0.5 (i.e.u(O.51
v(0.5) 0.5). Since most compu
programming languages have predefine4
trigonometric functions, programming
Equation 8 should not be a problem
although more computation time will be
required compared to the computation time
of Equation 9, which causes the resulting
curves to appear tighter compared to the

curves of Equation 8. The following steps
have to be taken:
(a) estimate the curvature

values
at the data points.

(b) obtain the two sets of inner Bezier points
across each span which will satisfy the
estimated curvature and tangent values

at
the data points.

Trigonometric form:

u(t) = ((1 - 2t)nsinnt - 4( 1 + cosm)

+ n2(1 - t))/(n2 - 8)

and v(t) = 1 - u(t)

Polynomial form:

u(t) = (-6t2 - 3t - l)(t - 1)3

and v(t) = 1 - u(t)

ESTIMATION OF THE TANGENT AND

CURVATURE VALUES
To define a curvature continuous

interpolating curve, we must know the
tangent and the curvature values at the data
points. This can be obtained from the
general cross product form Reference 1and
2 given in Equation 10. In actual practice,
we need to estimate these values. We denote
Ti and Ki as the tangent and curvature of
point Ii respectively.
Consider now three consecutive interpolation

data points denoted by Ii-I' Ii, Ii+1, where:the

curvature values at points Ii is:

I
1+1

C 1
o

II

u(O) = 1 v(O)= 0u'(O) = 0v'(O)= 0
u"(O)= 0

v"(O)= 0 (6)

u(l) = 0

v(l) = 1u'(I) = 0v'(I) = 0
u"(I) = 0

v"(I) = 0 (7)

Figure 1 P(t) is the hybrid of P1(t) and P2(t)

where prime indicates differentiat;ion with
respect to t. By differentiating Equation 2 we
obtain

P'(t)=u'(t) PI (t)+u(t) P' 1(t)+ v'(t) P2(t)

+ v(t) P'2(t)

P"(t) = u"(t) Pl(t) + 2u'(t) P'I(t) + u(t) P"I(t)

+ v"(t) P2(t) + 2v'(t) P'2(t) + v(t) P"2(t)

The points Bl and Cl are chosen so that Pl(t)
matches point, tangent and curvature at Ii, and
B2 and C2 are chosen so that P2 (t) matches
point, tangent and curvature at Ii+1. We can use
the blending functions u(t) and v(t) in any form
provided that they always satisfY Equations 3, 6
6 and 7. These ensure that the resulting hybrid
curve P(t) interpolates Ii and Ii+ 1 with curvature
continuity correctly only if B1, Cl, B2 and C2
are set properly. Below are two examples of u(t)
and v(t) which can be considered, as presented
in Reference 1.

K= 2(1i-ll_l)x(lH-11)
, 111-1i-11111+1 -1;1111_1 -IH!

(101
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DETERMINING THE INNER BEZIER
POINTS OF EACH SPAN

Proceeding the calculation of the inner
Bezier points of each piece-wise curve or
span, let A = Ii, 0 = Ii+ 1, is the angle
between Ti and (0 - A), and is the angle
between Ti+1 and (0 - A), (see Figures 2 and
3). Therefore:

(17)

(19)

(18)
. lli x (D- A)Isma=~---~

IlillD - AI

sin fJ = ~I(_D_-_A_)_x_T_i +~11

ID - Allli+ll

The above suggested method, which
results in Equations 16 and 17, is not the
only method to estimate the tangent values
at the endpoints. The choice of the tangent
of the circle passing through 11, 12, 13 (or IN­
2, IN-I' IN) could also be used but our
experience has shown that this choice may
result in the curve not satisfying shape
preservation at the endpoints.

(11)

andthe tangent values of points Ii is:

where:

8.i = I Ki+11 I Ii+1 - Ii 12

and bi = IKi-111Ii - Ii_112
In the case of a closed curve, the estimation
of the curvature and tangent values of I 1
and IN is done by using methods given in
Equations 10 and 11 and by taking 10 = IN
and IN+1 = 11' In the case of an open curve,
we take the curvature of I1 as the curvature
of the circle passing through 11, 12 and 13
and the curvature of IN as the curvature of
the circle passing through IN-2, IN-1 and
IN' In order to estimate the tangent values
of both endpoints, the following method is
suggested.
Let 11, 12 and 13 be the first three

interpolation points. We define a cubic curve
[3] as:

Q(t)= (1 - t)2(1 - 2t)I1 + 4( 1 - t)2tE1
+ 4(1 - t)t"2E2 + (2t - 1)t2I3 (12)

= 0.5. Let this point be (El + E2)/2 = 12 (13)

Similarly at t = 0.5, we can estimate T2 as:

T2 = Q'(0.5) = (13- 11)/2 + (E2 - El) (15)

Differentiating Equation 12, we can estimate
the tangent values at 11, namely

There are five cases which we shall
consider.

Case 1: At KiKi+1 = O. Ii and Ii+1 are
joined by a straight line with zero curvature
from Ii to Ii+1.
Case 2: At KiKi+1 > 0, Ki-1 ""0 and Ki+2 ""
O. As in [4], the curve tums towards the
same direction. Both inner Bezier points, B1
and Cl (or B2 and C2) are on the same side
of the line joining A (or Ii) and 0 (or Ii+1)'
For simplicity and without loss of generality,
we would like (C1 - B1) to be parallel to and
in the same direction as (0 - A). Thus, we
can write:

(14)

where 0 ~ t ~ 1 and El' E2 are the inner control
points. From Equations 12 we observe that:
Q(0.5) = (El + E2)/2 which indicates that the
curve touches the control polygon when t

T1 = Q'(O)= 4(E1 - 11)

Solving Equations 13, 14 and 15, we get:

(16)

IT x T 11sin (a + fJ) = 1 1+

Ilillli+t1
(20)

and

(22)

Similarly, we obtain the estimated value of
TN as:

and

where A.;:: O. Also: a = IB1 - AI
h = ICl - B11 sin a. =/. 10 - A I srn a.

(21)
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Figure 2 Cases where Ki Ki+ 1 < O. Refer to case 3(a)

ID - Cd = jB) - Al (28)
sma sinp

where sina and sinp are always positive since0
< a, p < 180°. Hence, we obtain 10- Cll from

IB1 - AI = (-sino sin(o+~) + (sin20 sin2(o+~)
+ 61 ~II 0- AI sino sin2~}lj2)j(31 Kilsin~) (27)

Analogously, we obtain:

1 D - C21 = (-sina sin(a+p) + (sin2a
sin2(a+p)+ 61 Ki+11 1O-A I sin2a
sinp}lj2)j(3IKi+llsina} (29)
and

I B2 - AI = ID - ~21sin f3 (3D)sma

One of the roots of Equation 26 is
positive and the other is negative. Wetake
the positive root, which is:

31 Kil sinpl Bl - AI2 + 2sino sin(o+~)IBl
- A I - 2 I0 - A I sino sin~ = 0 (26)

substitute Equation 25 into 24 to get rid on
and obtain a quadratic equation in IBl - AI:

(24)

(23)

31Ki I I B1 - AI 2 = 2A1 D - AI sino

From Reference 5, if Ki is the Cluvature at
point A,

then

and substituting Equation 22 into 23, we
get:

Figure 3 Cases where Ki Ki+ 1 < O. Refer to case 3(b)

...

where Equation 24 and 25 are two equations
in the two unknowns IB1 - A I and A.We

Case 3: At KiKi+1 < 0, Ki-1 't 0 and ~+2:f.
O. As in Referenc 4, the curve tums in different
directions at the interpolation points, as oneis
tuming clockwise and the other is turning anti·
clockwise. In this case, one of the followingtwo
cases may occur:
(a) The two sets of inner Bezier points lieon

opposite sides of the line joining Ii and li+l'
i.e. Bland Cl lie on one side while B2and
C2 lie on the opposite side. As before,for
simplicity and without loss of generality, we
assume B1C1 and B2C2 to be parallel to AD,

as in Figure 2.
(b) The two points of each set of inner Bezier

points lie on opposite sides of the line
joining Ii and Ii+1, i.e. Bland B2 lie on one
side while Cl and C2 lie on the opposite
side. We define two vectors, Si which is
perpendicular to Ti and Si+ 1 which is
perpendicular to Ti+l' with both Si and
Si+ 1 making acute angles with (0 - A).

Then, we let Cl lie on vector line Si and let
B2 lie on vector line Si+1, see Figure 3.

(25)jB1-AI = (l-A)ID-~
sin f3 sin ( a+ f3)

Using the sine rule, we obtain
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Case 5: At KiKi+1 < 0, Ki-l = 0 and/or Ki+2=0.
As in case 4, we shall consider when Ki-l = O.
In order to achieve the continuity at Ii, we need
to treat Ki = O. By using the sine rule, we get:

Therefore,by replacing ~ = 90 - Cl.in Equation
27, weget:

IBl - AI = (-sinCl.+ (sin2ex, + 61 Kill 0 - AI
sin a cos2C1.) 1/2) / (31Ki I cosa.) (31)

and Equation 27 gives:
ID-C11=IB1-AltanCl. (32)

Weemployth~ same ~p~roach to obtain:
ID- C21 = (-srnI3+ (srn I3+ 61 Ki+1110 -AlcosZpsin~) 1/2) /(31 Ki+11cos~) (33)

and

IB2-AI = ID-C21 tanI3
(34)

Similarly, when Ki+2 = 0, we get:

ID - C21 = ID - A I sin a
sin(a + /3)

1B:2 - AI JD- Alsin/3
sin( a + /3)

IB 1 - A I = I0 - A I cos Cl.
and

(37)

(38)

(39)

Alternatively, we obtain Equation 35 from 27
by taking the limit Ki ~ O.

case4: At KiKi+1 > 0, Ki-1 = 0 and/or Ki+2
= O. We shall consider the case Ki-l = 0 and
the other follows analogously. From case 1,
when Ki-1 = 0, we define the Bezier curve to
be a straight line joining Ii-1 and Ii' This
implies that we have to treat Ki = 0 in order to
achieve the continuity at Ii and we need to
impose h = 0 in Equation 23. This implies that
81 coincides with Cl' By using the sine rule,
we get:

Alternatively, we obtain Equation 38 from
Equation 30 by taking the limit Ki ~ O.
Similarly, when Ki+2 = 0, we get:

NUMERICAL RESULTS
The above scheme was tested on the

data given in Tables 1, 2 and 3. The
interpolating curves are shown in Figures 4,
5 and 6. The output satisfies the
compatibility and continuity of tangents and
curvatures at the data points.

(42)

(41)

(40)

IB2 - A I = I0 - A I sinI3

I0 - C2 I = I D - A I cos ~
and

ID-C11 = ID-AI sinCl.

(36)

(35)IB] - AI = ID - AI sin/3
sin(a + /3)

and

ID - Cl I = ID - A Isin a
sin(a+ /3)

Table 1 McAllister, Passow and Roulier data

X 22 22,522.622.722.822,92323.123.223.323.4

Y

523543550557556575590620860915944

Table 3 Circle data=U~
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Figure 4-b Curvatme profile (magnified) of Figme 4-aFigure 4-a Data McAllister, Passow and Roulier
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Figure 5-a Heat titanium data

x Spill
Figure 5-b Curvatme profile (magnified) of Figure 5-a

y

II

Figure 6-a Test data of circle Figure 6-b Curvatme profile of Figure 6-a
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CONCLUSION
Suggestion is given to interpolate data

with curvature continuity at the
interpolation points. This scheme is simple
to use, requires few calculations and the
output is fairly comparable to the work of
Reference 1.
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