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ABSTRACT

In this work, the Lyapunov's direct method is used to carry out
transient stability analysis of an N-machine power system
considering a more sophisticated generator model. Each generator
is represented by the so-called 2-axis model [1),in which the two
voltage components E'q and E'd of the generator internal voltage
E' are considered to be changing with time. The system loads are
represented by constant shunt impedances, then the system nodes
(except the generator internal nodes) are eliminated, and finally the
system reduced admittance matrix of the order N, is computed.
Applying the decomposition-aggregation method, the system is
decomposed such that each subsystem includes three machines,
instead of only one machine as considered so far [2],in addition to
the comparison machine. Describing each generator by a fourth­
order dynamic model, and considering non-uniform mechanical
damping, the system mathematical model (the transfer
conductances are included) is determined and decomposed into (N­
1)/3 15th -order interconnected subsystems. Each of them is
decomposed into free subsystem, containing six nonlinear
functions,and interconnections. A vector Lyapunov function is
constructed and used for the system aggregation. A square
aggregation matrix of the order (N-1)/3 is obtained, whose stability
implies asymptotic stability of the system equilibrium. As an
illustrative example, the developed approach is applied to a 10­
machine, 11-bus power system ,and an estimate for the system
asymptotic stability domain is determined. The system transient
stability computations are carried out considering a 3-phase short
circuit fault, and the approach is used to determine directly the
critical time for clearing the fault. It is found that the developed
approach is suitable and can be easily used for practical and on-line
stability studies of power systems (number of machines may be
more than 10). The developed approach can also reduce the
conservativeness of the decomposition-aggregation method.

Keyu1ords: Power systems, Transient stability, Two-axismodel,
Lyapunov method, Large scale systems.

INTRODUCTION

The study of the transient stability ofpower systems began in about 1920.
Since then, various methods have been
developed to attack the problem. The
numerical methods allow accurate and
detailedrepresentation of power system, but
theyare not suitable for on-line application
due to large computation time. The
Lyapunov'sdirect method, which has been
used to carry out analysis of power systems
since 1966, has the advantage of avoiding
the need for a direct solution of the system
nonlineardifferential equations.
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As the power systems increased in size
and complexity so did the difficulties in
applying the Lyapunov scalar method to
stability analysis of these systems, and in
particular when the problem of the stability
domain estimation of the system is attacked
[ 3-6 ].

Because of the high efficiency of the
Lyapunov's direct method, it has important
applications in power system design and
operation. It can be used, for example, for
estimating critical fault clearing time for on­
line security assessment, and for emergency
control [7]. However, the direct methods of
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stability analysis are acknowledged to
provide satisfactory practical results, as far
as the use of a simplified mathematical
system description may be acceptable [8].

Attempt to overcome the Lyapunov scalar
method drawback have led to the
application of the general decomposition­
aggregation method, which is based on
Bellman's concept of vector Lyapunov
functions [9]. The expected advantages of
the decomposition-aggregation method are,
however, numerous. It is obvious that the
Lyapunov function of a low-order
disconnected subsystem can handle more
sophisticated generator and transmission
models than a multimachine one. Exact
estimates of the overall system stability
domain may also be defined [10].

The decomposition-aggregation method
has been used for stability analysis of an N­
machine power system in a number of works
[5, 6, 11-20]. In those works it is noted that
the stability analysis was performed
considering the generator classical model
(hat is, the generator internal voltage E' is
considered constant), which is equivalent to
neglecting the effect of generators flux
decays.

In References 7', 21-23, the authors
carried out power system stability analysis
assuming each generator to be represented
by the so-called one-axis model, in which
the generator voltage component E'q is
changing with the time while the second
component E'd is assumed constant.
Further, the authors used different forms of
(scalar). Lyapunov functions which were
constructed neglecting the transfer
conductances GJ . This essentially means
that resistances of the system lines are
neglected, in addition the system network
cannot be simplified by eliminating the
nodes at which system loads are connected.

In Reference 24, transient stability
analysis of an N-machine power system was
caIried out considering the transfer
conductances, and assuming the generator
two intemal voltage components E'q and
E'd to be changing with time. The system
was decomposed into (N-l), two-machine

subsystems, and it is obtained (the uniform
mechanical damping was considered)an
aggregation matrix of the order (N- 1). A3·
machine, 4-bus, power system was used as
an illustrative example.

In the present work, transient stability
analysis of an N-machine power system is
performed considering non-uniform
mechanical damping, transfer
conductances, and variations of the
generator internal voltage E' in both the
quadrature and direct axes. Applying the
"four-machine" decomposition, the systemis
decomposed into only (N-l)j3,
interconnected subsystems.

A scalar Lyapunov function of the form
"quadratic form + sum of the integrals ofsix
nonlinear functions", is accepted for each
free subsystem. The free subsystem
Lyapunov functions are used for
constructing a vector Lyapunov function by
which the system is aggregated. An
aggrergation matrix ofthe order (N-l)/ 3,is
obtained for the considered system.

POWER SYSTEM MODEL
Let us consider an N-machine power

system with mechanical damping, and
assume that the machine parameters Mj

and Pmi of each machine are constant.
Now neglecting the stator resistance and

assuming each machine to be represented
by the two-axis model [1], in which the two
voltage components E'q and E'd of the
intemal voltage E', are considered to be
changing with the time. Then, the absolute
motion of the i-th machine is described by
the following three differential equations
(see Notation),

.. .
Mi 0 i + Di 0 i =Pmi - Pei
T'dOiE 'qi=Efdi-E'qi + (Xdi - X'di) Idi

T'qOiE 'di=-E'di-(Xqi- X'qi) I qi (1)

where

Pei=E'di Idi + E'qi Iqi - (X'qi-X'di)Idi Iqi
i = 1,2, ,N (2)
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Under the assumption X'di = X'qi
(machineswith solid cylindrical rotors are
considered),we get,

N
P.=" Y,.{E' .[E' .cos(e .. -~)..)-el L. 1J q1 ClJ IJ IJ

j=l '

E'd' sin ( e.. - 8.. )] + E'd' [E'd' cos(e.. - 8..) +J 1J 1J 1 J 1J 1J

E'qj sineeij - 8ij)]},i = 1,2, ,N (3)

where 8i, is the rotor angle of the i-th
machine, or position of the rotor q-axis from
the common reference frame.

Note carefully that, in this work , the
dynamics of the automatic voltage regulator
(AVR) has been, for simplicity, neglected,
and hence the voltage Efdi in Equation 1 ,

is equal to its pretransient value E fdi.
Now, let us select the Nth machine as a

comparison machine, and let the following
(4N -1) state variables to be introduced,

aiN = 8 iN - 8°iN ' i ;eN

ffii = 0 i ' i = ,2, ,N

EQi = E'qi - E 'qi EDi = E'di- E'di
i = 1,2, ,N (4)

- -
where 8°iN , E'di and E 'qj are the steady-

state (pretransient) values of 8 iN, E'di and
E'qj, respectively.

Hence, the overall system motion is
govemed by the following state equations:

(J iN = ffii - ffiN =, ffiiN
· 2 - 2 - ~

(()i=A.iffii-(l/Mi){Gii[E Qi+2EQiE'qi+E Di+2EDiE'di] +IYii{Aii lii(aii)+Aii gii (aii)
A

+ [i~'i Qj + E 'di EDj ] f ii (a ii) - [E'di EQj - E 'qi EDj] gii (aii) + [EQi(EQj+E 'qj )+

+ EDi (EDj+E 'dj)] f ii ( aii ) - [EDi(EQj+ E 'qj) - EQi ( EDj+ E'dj)] gii ( aii )}}· --
E Qi = -ri EQi + Ki {Gii EDi +IYij[E'dj lij (a ij) -E 'qjg ij (a ij)

- EQj gij ( aij ) + EDj f ij( a ij) ]}· --
EDi = -f.liEDi -Li {Gii EQi +IYij [E'qj lij (a ij) + E'dj g ij (aij)

+ EQj f ij ( aij )+EDj gij ( aij )]), i = 1,2,..., N (5)

lij (0) = gij (0) = 0; 0 <_/ij (aij ) / aij :S S ij

o < I gij (aij)/ aij 1:5 ; ij , aij ;e0 ,

i;ej,i,j=1,2,:..:.,N (7)

where ~ij and; ij are positive numbers,
and may be determined as,

N
where, L is defined as I , and the

J>,l

followingnonlinear functions are defined,

fij (<Jij)=cOS(aij + 8°ij - eij) - cos(8°ij - e ij )
gij(<Jij)=sin(aij + 8°ij - eij) - sin (8°ij- eij )
"-

f ij (<Jij)= cos (aij + 8°ij - 8ij )

g ij ( <Jij)= sin (aij + 8°ij - eij )
,i ;e j, i,j = 1,2,..., N (6)

It is to be noted that the two

nonlinearities fij and gij of Equation 6,
satisfy the following conditions

Sij =(8Iij (aij) /8 aij) laij = 0
and-
; ij = ( I 8 gij (aij) /8 aij D I aij = 0 (8)
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where 0 and , are zero and identity
(square) matrices, respectively, of the
indicated dimensions, and where

and the interconnections hI (X ).
Referring to Equations. 5 and 9, the

matrix PI is derived in the form (see
Notation)

(12)

I I I
I I I
I I I
: I 3: - a : 03 x 8
I I I
1 • ~---- _

I I I
: - Pn :- 2 PI2 : - 2 PI3
I I I
I .J.. ~ _
I I I
I I I
: ~PI4 : PIS
I I I
:°8 x 4 : --------+---------
I I I
: : PI6 : -PI?
I I I

a = [ 1.0 1.0, 1.0 ]T
Pn = diag Ail, AiI+ 1 ' AiI+2 ' AN]

PI2=diag [E 'q~ Gil,il/MiI' E 'qil+ 1GiI+ I,il+ 1/
M iI+ 1, E 'qil+2GiI+2 iI+2 I M i1+2,,

E 'QN C1N,N I MN ]

PI3 = diag [ E'diI Gil ill M il, E 'diI+ 1,

GiI+ l,iI+ ~iI+ I, E'diI+2 GiI+2,iI+2/M iI+2,

E'dNC1N,N IMN]

PI4 = diag [liI ' ril+ 1 ' riI+2 ' rN]

PIS=diag [Kil GiI iI, KiI+ 1 Gil+ 1 il+ 1, Kil+2, ,
Gil+2,iI+2 ' KN C1N,N ]

PI6=diag [LiI Gil iI, LiI+l GiI+l iI+ 1, Lil+2, ,
GiI+2,iI+2' LN C1N,N]

PI? = diag [l-l.iI,~I + I,I-lli + 2, I-lN] (13)

Now, to defme the matrices BI ' Cl and
hI, we must at first select elements ofthe
nonlinear functions FI' However, a largest
asymptotic stability domain estimate can be
obtained for a power system provided that
each interconnected subsystem of Equation
10, is decomposed such that the free
subsystem contains the largest number of
nonlinearities [16,17,19,20).

XI=PIXI+BIFI(crI)+hJ(X),crI= eTI XI,

1= 1,2, , S (10)

where PI , BI and Cl are constant matrices

with appropriate dimensions, and FI (cri) is a
nonlinear vector function, whose elements
are arbitrary chosen.

It is of importance to note that each
subsystem of Equation 10, may be
decomposed into the free (disconnected)
subsystem

Then, the mathematical model of the whole
system (Equation 5) can be decomposed into
S (N-1)j3 15th-order interconnected
subsystems, each of them can be written in
the general form

POWER SYSTEM DECOMPOSITION
In this paper, decomposition of the

considered N-machine system is carried out
as follows:

1. All the system loads are represented by
constant impedances to ground ( those
impedances are obtained from the
pretransient conditions of the system).

2. All the system nodes, except gene­
rators intemal nodes, are eliminated .
Hence, we obtain the system Nth-order
reduced admittance matrix Y .

3. To reduce the conservativeness of the
decomposition-aggregation method, it is
found that each subsystem should
contain a largest number of machines
[16,17,19,20]. Accordingly the consi­
dered power system is decomposed such
that each subsystem includes four
machines, instead of only two machines
as proposed so far [2].

Referring to the obtained Y-matrix, and
using the "four-machine" decomposition [19)
the system is decomposed into only (N-1)j 3

subsystems, instead of (N-l) subsystems
for tl1.epair-wise decomposition.

Now, let us define the state vector X I
in the form
XI= [O'iI,N , O'iI+l,N, O'iI+2,N, WiI, WiI+l , WiI+2, WN ,

EQiI , EQiI+1 , EQil+2 , EQN , EDiJ, EDiI+1, EDiI+2,

EDNfI' = [Xn , XI2, Xn , , XI14, XI15]T (9)

B 56 Alexandria Engineering Journal, Vol. 37, No. 2, March 1998



A NewStability Approach Applied to Large-Scale Power System with Generator Flux Decay

13
I

T -----------------~
C 1 = 1.0 - 1.0 0 : 06 x 12

1.0 0 -1.0:
I
I
I

o 1.0 -1.0:

are the negative and
respectively, of the

1!lk, Ulk
solutions,

where

positive
equation
iIk (O"Ik)=Elkcrlk,k=1,2, .... ,6 (17)

Using the six functions of Equation 14,
the nonlinear vector FI is constructed in the
form:

FI (aI) = [/11 ( an) '/12 (a12) , /13 ( aB) , Jj4

(aI4) , Jj5 ( aI5) , Jj6 ( aI6) ]T (18)

Hence, the corresponding Cl and BI
matrices are derived, referring to Equation.
6, as

Applying the proposed "four-machine"
decomposition, it is found that each free
subsystem can include at most 24
nonlinear functions, instead of only four
nonlinearities for the two-machine

decomposition [2]. However it is found, after
expanding the free subsystem 24
nonlinearities, that there are only six
nonlinear functions satisfy the Lurie sector
condition on bounded intervals. These six
functions are given as,

In (crIl)=sin ( aiI,N + 6°i[,N ) - sin ( 6°iI,N)

.Ij2 (()I2)=sin(cril+I,N + 8°iI+1,N)-sin WiI+1,N)
1j3 (oJ3)=sin( criI+2,N+ 8°iI+2,N)-sinWiI+2,N )

1j4 (eJI4)=sin (O"il,il+1+ 8\I,il+ 1) - sin ( 8°il,iI+1 )
.Ij5 (eJIS)= sin (O"il,il+2+ OOiI,il+2) - sin ( 8°iI,iI+2)

Ji6 (eJI6)=sin(cril+1,il+2+8°iI+l,iI+2)-

sine8°iI+1,il+2) (14)

is satisfied on the compact interval of alk,

It is to be noticed that for the nonlinear
functions of Equation 14, there exist positive
constants Elk E (O,Slk), for which the
following condition

2
()Ik Jjk (oIk ) 2: Elk a Ik

, k = 1,2, ..... ,6 (15)

(19)
03 x6 - Bn

BI4

an

°lx3

BI=

BI2 BI5

-aI2

01x3

-BB
BI6

aB

°lx3 (20)

UIk = [~Ik , U Ik ]

, k = 1,2, ,6 (16)

where ° is zero matrix with indicated
dimension, and where (see Notation),

A A A

Bn =diag [(HiIN+HiIN)IMiI,(HiI+IN + HiI+IN)IMiI+l> (HiI+2N + HiI+2N)/Mil+2]') " " ,
BI2 = diag [Kil (S il N - S iI N) , KiI+ 1 (S iI+1 N - S iI+1 N), KiI+2 (S iI+2 N - SiI+2 N)]" " , ,
BB = diag [Lil (SiI N + §il N) , LiI+ 1 (SiI+ 1 N + §iI+1N), LiI+2(SiI+2 W §iI+2 N)]"" " "

an = (l! MN)[( HiI N - HiI N) , (HiI+l N - HiI+ 1 N) , (Hil+2 N - HiI+2 N)]" , , , ,
aI2 = KN [( SN,il - SN,iI) , (SN,iI+l - SN,iI+l) , (SN,il+2 - SN,iI+2) ]

A A A

aB = ~ [( S N,iI + SN,il) , (S N,il+1 + SN,iI+ 1) , ( S N,iI+2 + SN,iI+2) ]
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- - J

KiI ( S iI,il+2 - S iI,iI+2) 0- -
o Kil+ 1 ( S iI+ 1 il+2 - S il+ 1 i1+2)

- Kil+2 ( §il+2 iI - SiI+2 iI ) - Ki;+2 ( §il+2 iI: 1 - Sil+2 iI+ 1),:> "

-LiI (S iI,iI+2+ SiI,iI+2) 0 ]

o - Lil+ 1 (S iI+ 1)1+2 + SiI+ l,iI+2)

LiI+2 (S il+2 iI + SiI+2 iI) Lil+2 (S il+2 il+ 1 + SiI+2 iI+ 1)" "
(21)

Now, using Equations 9,12,18-20, the free subsystem of Equation 11, is completely defined,
Referring to Equation 5, the interconnections, that is, the matrix hI (X),is derived in the form,

T
hI (X)=[ 0,0,0, hI4(X), hIS(X), , hIl4(X), hIlS(X)] (22)

where,

h[4(X)= - (1/ M'I){ " YiI· [AI' f'1 ,(aiI·) +A '1' g'1 . (a·1, ) + (XI8 +E '1) [EQ' f'1 . + F_. g" iI' 1. 1 L. J 1 J I J J I J I J I J ql ~ I J -DJ J
'" '" '"

+ (XIl2 + E'diI ) [ EDj f iIj - EQj giI} + XI8 E 'qj f ilj + E 'di giIj ] + XIl2 [E'di f iIj -

Eqj giI}J+( I\1,N- HiI,N) Rn (an) + (Hi1,i1+1 - HiI,i1+l)RI4(a14) +( HiI,iI+2 - HiI,iI+2)

RI5 (O'IS)}

hIS (X) = -( l/ Mil+ 1 ){L -Yil+U [A il+U fiJ+ J) (O'il+ U ) +AiI+ U giJ+ 1j (O'il+ l,j )

+ (XI9 +E 'CliI+1)(EQj (1+1) + EDj giI+ U] + (XIl3+ E 'diI+1) [Euj (1+ IFEQj
'" '"

gil+U J+XI9 rE'qjfil+U +E'di gil+UJ +XIl3 rE'di fil+U -E'qj gil+U]] +

(Hi1+1 N -HiI+1 N) Rn (0'12) + (Hi1+1 iI +HiI+l iI) Rl4 (0'14) + (Hi1+1 i1+2-" " ,
H iI+ l,iI+2) RI6 (0'16) }

hI6 (X) = - (l! Mi1+2) {L Yi1+2) [AiI+2) fiJ+2j (O'iI+2) )+ Ai1+2) giJ+2j (O'iI+2)) +

(Xno + E 'Qil+2 ) [EQj i; il+2j + EDj giI+2)] + (Xn4 + E 'dil+2) (EDj f i1+2) - EQj giI+2)] +

xuo rE 'qj f i1+2,j +?? 'cu gil+2) J+ xI14 [E'di f iI+2) - E 'qj ??iI+2)]] + (HiI+2,N - HiI+2,N) Rn

(0'13) + (Hil+2,iI + HiI+2,iI) Rl5 (O'IS) + (HiI+2,iI+1 + HiI+2,il+ 1) R16 (O'I6)}
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hI7(X)=- (1/ MNHL YNj [ANj f Nj (aNj ) - ANj gNj (aNj) + (Xn1 +E 'qN )[EQj f Nj + EDj

gNj] + (Xn5 +E 'dN) fEnj fNj - EQj gNj] + XIll (E'qj fNj +E'dj gNj] + Xn5 [E'dj f Nj

- E 'qj gNj JJ + (HiI,N + HiI,N)Rn (crn) + ( HiI+I,N + HiI+I,N) RI2 (crI2)+ (HiI+2,N +HiI+2,N)

Rn (aB)}

hl8 (X)= KiI {L Y iIJ [E'ill f iI) (criIj ) - E 'qj gill (criIj)- EQj gil/ Euj f il} + ( SiI,N+ S il,N)
A A

Rn (an) + (S il,il+1+ SiI,iI+I) Rl4 (aI4)+ (S il,iI+2 + SiI,iI+2) RI5 (aIS)}

hr9(X)=KiI+l{L-YiI+Ij[E'di fiJ+1,j(aiI+Ij)-E'qj giJ+l,J(aiI+1j)- EQj gil+Ij+EDj

f iI+ Ij] + (SiI+I,N+ S iI+ I,N ) RI2 (aI2)+ (S iI+ l,il + S iI+ l,iI ) Rl4 (aI4) + (S iI+ l,iI+2 +
SiI+l iI+2) RI6(aI6)},

hno(X)=KiI+2{L YiI+2j[E'di fif+2j(aiI+2j)-E'qj giJ+2j(aiI+2j)-EQj giI+2j+

EDj f iI+2j] +( SiI+2,N +S il+2,N) Rn (aB)+ (S il+2,il + S iI+2,iI) RI5 (aIS) +

(S iI+2 iI+1 + SiI+2 iI+1)RI6 (aI6)}, ,

hllr (X) == KN {L YNj [ E'dj f Nj (aNj) -E 'qj gNj (aNj) - EQj gNj + EDj f Njl +
A A A

( SN il +S Nil) Rn (an) + ( S N iI+1+ SN iI+1)Rn (aI2)+ (S N iI+2+ SN iI+2) Rn (an)}" " "

hl12 (X) = - LiI {L YiIj [E 'qj f ifj (ailj ) + E'di giIj (aiIj) + EQj f ilj + EDj giIj]+

(SiI,N - SiI,N)Rn (crn) +( SiI,iI+I - S il,iI+l)R14 (crl4)+ (SiI,il+T SiI,iI+2) RI5(crI5)}

hl13 (X) == - LiI+ 1 {L YiI+Ij [E 'qj f if+]j ( aiI+ Ij ) +E 'di giI+]j (aiI+ Ij )+ EQj f iI+ Ij +

EDj gil+Ij] + (SiI+l,N -SiI+l,N) Rn (aI2)+ (SiI+l,iI - SiI+l,iI)Rl4(aI4) +- -
( S iI+1 iI+2 - S iI+1 iI+2) RI6 (aI6)}, ,

hI14(X)==-LiI+2{L YiI+2j[E'qj fiJ+2j (aiI+2j)+E,'di gif+2j(ail+2j)+EQj fiI+2j+

EDj giI+2j] + (SiI+2,N - S iI+2,N) RJ3(aB) + (SiI+2,iI - SiI+2,iI) RI5 (aIS) +- -
(SiI+2,iI+l - SiI+2,iI+l)RI6 (aI6)}

h11S(X) = - ~ {L YNj [ E 'qj f Nj (aNj ) + E,'di gNj (aNj) + EQj f Nj - EDj

gNjl + ( S N,iI - S N,iI) Rn (an) + ( S N,iI+ 1 - S N,il+ 1)Rn (aI2) + ( S N,iI+2

- S N,il+2) Rn (aB)} (23)
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In Equation 23 ,I is defined as,

1: and the nonlinear functions f k .
j~K J

and g k' , kEJIN, are given by Equation,J

6. Also in Equation 23, the following six
nonlinearities are defined,

Rn ( CYn) = cos( CYiIN + 8°iIN) .- cos( 8°iIN)',' ,
Rn (CYI2)= cos (CYiI+1N + 8°iI+l N), ,

- cos (8°iI+l N),
Rn ( CYB)= cos( CYiI+2N + 8°iI+2N), ,

- cos ( 8°iI+2N ),
R14(CYI4)= cos (CYiliI+l+ 8°iIiI+l), ,

- cos ( 8°il,iI+1)

RI5 ( CY15)= cos ( CYil,iI+2+ 8°iI,iI+2)

- cos ( 8°iI,iI+2)
RI6(CYI6) =cos(CYil+liI+2+ 8°il+lil+2), ,

- cos (8°iI+l iI+2) (24),

where HI ,is an 15th-order symmetric

positive definite matrix , the functions fIm

are given by Equation 14, and YIm are
arbitrary positive numbers, and they are
chosen in the form ( see Notation),

I ~
YJ I = 2 h 44 ( H iI,N+ HiI,N)/ M iI

I ~ .
Y12=2 h 55 ( Hil+ 1,N+HiI+I,N) / MiI+1

I ~
Y13= 2 h 66 (HiI+2 N +HiI+2N) / Mil+2, ,I ...
Y14= 2 h 44 ( H iI,iI+1+H iI,iI+1)/ M iII ~
YJ5 = 2h 44(HiI iI+2+HiIiI+2)/ MiI ', ,I ...
116 =2h 55 (HiI+1,iI+2 +HiI+ 1,iI+2 ) / MiI+l (28)

where hI44' hISS and hI66 are arbitrary

(positive) diagonal elements of the matrix HI.

It is to be noted that, the left-hand side
of Equation 25 can be written in the form

POWER SYSTEM AGGREGA nON

An aggregation matrix, A = [aIJ], is
constructed, whose elements (real numbers)
obey the inequality [24]

V I (X1)=V I (XI)f+[ grad VIeX I ) ]T hI ( X ),
I=I,2,3.....,S (29)

s
V I (Xl) ~ L an DI (XI) DJ (XJ)

j=l
, 1= 1,2, ,S (25)

where VI and VJ are comparison functions,
and they are chosen in the form [13]

Uk(Xk) =,11 Xkll (XTk Xk)l/2
for k ,= 1,2, , S (26)

where ??I( XI )f is the total time derivative

of VI ( XI ) along the motion of the Ith free
subsystem of Equation 11.

Stability Criterion
According to theorem 1 of Reference 24,

stability of the aggregation matrix, A=[ Uik],
or, equivalently, if it is satisfied the Hicks
conditions

In Equation 25, VI (XI) is a Lyapunov
function for the Ith free subsystem, and it is
selected, in this work, in the form [6,12, 13,
16-18,20] ,

k =1,2, ,S (30)
implies asymptotic stability of the system
equilibrium.

>0

.................. aIk

................ a2k

a kl a k2 akk

(-1 )k

(27)

(n
J f Im (CYJm) dCYJm

o
, I = 1,2, .... ,S
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Aggregation Matrix
To determine an aggregation matrix for

the considered power system, the two terms
in the right-hand side of Equation 29 , are
computed .Then they are completely
majorize using the followingmajorizations," '"

IR1k(cr Ik) I ~ ~ Ik I crIk I , ~ Ik = I BR1k (aIk) loo Ik IaIk =0 ,
k=1,2, ..... ,6

I [.. (a .. ) I ~ ~ .. (I x. I + IX. I)S .. = I sin (8 ..- 5° .. ) I
IJ' lJ IJ 1 J' lJ IJ IJ

'"

Igij(CYij)I ~ ~ij(IXjl+ IXjl) ,"
~ij == I COS (eij - 80 ij) I i :,to j , iE JIN ' jE JK

asin(e-8)+bcos(e-8) ~ ~(a2+b2) (31)

where the constants a and b can have
positive,negative or even zero values.
Finally,the system aggregation matrix A=
[aIk] of order (N-I)/3 is obtained, and its
elements are defined, referring to Equation
25, as

NUMERICALEXAMPLE
In this example, the approach developed

is applied to the IO-machine, II-bus
system shown in Figure 1, (the lines
admittances are given in p.u.). For an
application of the approach to practical
stability studies of the considered system, it
is assumed that a 3-phase short circuit
fault is occurred near bus 7, at 11 % length
of the tie-line between buses 7 and 11.The
fault is cleared by opening the circuit
breaker C.BI, located at bus 7. The system
stability computations are carried out as
follows:
1. Using the Newton-Raphson method,

buses voltages and their angles are
obtained for the post-fault ( the fault
is cleared) system. Inserting the reac­
tances X'd and X q of the gene­
rators at the respective system buses ,
it is computed for each generator the
internal angle 8, the voltages E'q and
E'd .The results are given in Table 1.

In Equation 32, ')..* is the minimal
(positive) eigenvalue of the 18th-order
symmetric matrix R , whose elements are
given by Equation (A-I) , and ZIKis defined
by Equation (A-2) (see Appendix).

It is of importance to note that, the
stability of the matrix A, can be easily
satisfied when largest values are obtained
for J.* and/or when values of ZIKare the

smallest. However,values of ZIk can be
appreciably decreased by decomposing a
power system such that strong
interconnections among machines be
included in the subsystems instead of
exposing them as interconnections among
subsystems.

'lib'f Ia Post- au t eqUlnum state resu ts.

Bus No.

5° (deg)E'q
E'dEfd

1

13.131.05157- 0.014961.05484

2

10.671.14624- 0.009461.15341

3

7.64113267- 0.00554113669

4

4.281.06455- 0.009871.06710

5

2.341.07645- 0.003501.07926

6

5.221.08650·0.014411.09363

7

13.371.07131- 0.011131.07418

8

7.021.06913- 0.006491.07313

9

8.401.05273- 0.008211.05744

10

0.18110040- 0.003041103161: hie 1

2. The system loads are represented by
equivalent shunt admittances, which
are computed using the pre-fault
(normal operation) condition.
Inserting the reactance X'd of each
generator, the post-fault system
admittance matrix is constructed ,
and it is reduced to the 10th-order
(symmetric) admittance matrix Y ,
whose elements are given in Table 2.

(32)

,K=I

,Kt: I K, 1=1,2,....., S=(N -1)/3alk={-A'tr2ZIk
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Table.2. Reduced admittance matrix for post-fault system (Moduli in (p.u.) and Arguments in (deg.)).-- ------------------------------------------
1 1.42766L-83.15 0.34177L91.84 0.29362L92.83 0.00032L92.90

0.00029 L 93.88 0.00033 L 91.85 0.00313 L 94.73 0,00020 L 93.00
0,00213 L 94.78 0.64168L 90.86

2 1.31336L-84.67 0.29392 L 92.86 0,00127 L 94.76 0.00124 L 98.13
0.00031 L 93.00 0,00018L 94.31 0.00018L 93.82 0.00016 L 95.10
0.59343 L 91.88

3 1.18560L-83.88 0.00125 L 97.88 0,00025 L 95.08 0.00126 L 98,22
0.00311 L 97.67 0.00017 L 94.14 0,00211L 97.66 0.54486 L 91.88

4 1.03273L-83.20 0.24347 L 91.83 0,19499 L 92.77 0.00307 L 99.57
0.00017 L 94.56 0.00013 L 95,09
0.49336 L 91.85

5 0,98215 L-85.21 0.24342 L 91.81 0,00015 L 95.91 0.00210 L 98.57
0.00011 L95,93 0.44520 L 92.87

6 1.05429L-81.74 0.00308 L 98.52 0,00310 L 94.72 0,00014 L 94.18
0.51276 L 90,83

7 0.63962 L-79.86 0.14798 L 92.85 0.14805L 92.83 0,27774 L 91.88
8 0.64671 L-80.03 0,09888 L 93.83 0.29725L 91.87
9 0.60439 L-77.11 0.24804 L 92.86

10 '±.i.2§.0.l ~....:7..2..!2.0 _

3. Referringto the system reduced matrix Y, computed in step 2, and selecting machine 10
as the reference machine, the system is decomposed into three "four-machine"
interconnected subsystems. Then, the following parameters are selected,

).i= to, i= ,2,3, ,9, "-10 = 25; T'dOi = 3.0 , T'qOi = 1.0 , i= 1,2,3 , , 10
k k k

h l-l= h 25 = h 36 = 1.0 , k = 1 , 2 , 3

hl44= h155 = h166 = 0.74, hl77 = 6.0, hI88 = hI99 = hI 10,10 = 500, hIll,ll= 50.0

h 12,12= 11113,13 = h\4,I4 = 100 ,h\5,I5 = 12.5 ; Ell= 0.92 ,812= 0.94, E13= 0.95
222 2 22 2 2

h44=h 55=h 66=0.68, h 77=5.0,h 88=h 99 =h 10,10=300, h IUI =50.0
2 2 2 2

h 12.12= h 13,13 = h 14,14 = 50.0, h 15,15 = 11.5 ; E2l = 0.93, 822 = E23 = 0.94
333 3 33 3 3

h -l4-= h 55 = h 66 = 0.70, h 77 = 6.0, h 88 = h 99 = h 10,10 = 500 , h ll,ll = 35.0

h312.12=h313,13=h314,I4= 130 , h3I5,I5= 11.5 ;831 = 0.84,E32 = E33 = 0.89,

Finally,using expression (32), we compute
theaggregation matrix

which satisfies conditions (30), and hence it
is a stable matrix. This implies asymptotic
stabilityof the system equilibrium.

Now, to determine a stability domain
estimate for the whole system , the matrix ,

[AT B + BT A], with the matrix B is in the
form , B = diag [2.0 , 1.55 0.8], is

U1.31656

0.684626
0.755088

0.632208
- 1.048120

0.645856 0.39873U

0.398555
- 1.099290

computed and found to be negative definite.
Then, according to theorem 4 of Reference ,
we conclude that

911 ={ X: (2.0VI (XI)+ 1.55V2(X2)

+ 0.80 V3 (X3)):;; n} (33)

~ ~ ~
where, 'Y1=min (2.0V 1, 1.55V 2 0.80V 3 ),,
is an estimate of the system asymptotic
stability domain. Using the following
equation (see Appendix of Reference 17) ,
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A

VI= nun
6

nlin {( JS ill? HI xt I
k==l

m m- m+
m=] ,2,3, .. ,6 XI E {XI , XI }

A A A

we compute VI == 0.5240 , V2 == 0.9980 and V3 == 1.5772 , and hence we determine Y1==

1.0480 . In terms of the original physical variables of the system (see Equation 5) the estimate
911 is written as

4. To determine the critical time for clearing
the faulted line, the system equations
(see Equation 5) are solved using the
step- by -step method, and the obtained
results are used for computing the three
subsystems Lyapunov functions of
Equation 27. It is found, referring to
Equation 34 , that the critical clearing
time t cc for the fault equals 0.031 sec.

It is clear, referring to Figures 2a,b ,e
and d, that the system will regain its prefault
(steady-state) condition if the fault is cleared
before, or when, tc = 0.031 sec.

Jo.o

·D.O

·30.0

·.•~.o

2.0

thee)
0.0

"0

Figure 2-a Variations of the states Xl, X2 and X3 of
the third subsystem after clearing the fault.

It is of importance to note that, using
the standard step- by-step integration
method, the system equations need to be
solved several times to determine the
critical clearing time. Hence, the developed
stability (direct) approach is faster and can
save stability computing time. However, the
standard step-by-step method is known as
an off-linemethod.

Figures 2a, b, c and d , show
variations (note that the time is computed
just after discormecting the faulted line) of
the third subsystem (contains machines 7,
8, 9 and 10) states. It is of importance to
note that the states X7, XII and X15 of the
third subsystem, in addition to the whole
states of the first and second subsystems
has negligible variations during the fault
duration time.
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Pu.I&;4

9.0

-

.____xll
Xl4

~---

. 1~.C2.

1.0
XI)

2.0

0.0

1(••• )
'-

noli •••

:00

"

·tU

·10.0
-1.0

figure 2·b Variation of the states X4, X5 and X6 of
the third subsystem after clearing the
fault.

Figure 2-d Variation of the states X 12, X 13 and X 14 of
the third subsystem after clearing the fault.

Variation of the states XB, X9 and X 10 of
the third substem after clearing the fault

CONCLUSIONS
It is developed, in the present work, a

new Lyapunov stability approach applied to
an N-machine power system. The approach
developed is applied, in a numerical
example, to a IO-machine, II-bus power
system. It is determined an estimate for the
system asymptotic stability domain. Then a
3-phase short circuit fault is assumed near
one of the system buses, and the approach
is used to determine directly the critical
time for clearing the fault. The following
salient conclusions are drawn:

1. The approach developed is suitable for
application to real power systems. Note that
the transfer conductances Gij ,are taken
into consideration in the present approach.
This essentially means that resistances of
the system lines are considered. In addition,
system loads may be represented by shunt
admittances, and hence the system network
can be greatly simplified by eliminating the
system nodes (except the generators
internal nodes).

2. The present approach is more suitable for
application to real power systems than that
developed so far. It is to be noted that non­
uniform, instead of uniform, mechanical

1.0 t(~c)
1.0

.j

·~o

Igure 2-c
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,
T dOi direct-axis transient open-circuit time

constant of ith generator,
T qOi quadrature-axis transient open-circuit

time constant of ith generator

Di , Mi mechanical damping and inertia

coefficient of ith machine, respectively

Ai =::(DjlMi) mechanical damping coefficient

J1N = {iI, iI+1, iI+2 , N} set introduced to
denote the Ith subsystem four machines
JI c JIN =::{ iI , i1+1 , i1+2 }

o ij =:: 0i - OJ =::0 iN - 0 jN

O'U =::oij - oOU=:: O'iN - 0' jN

O'kN =:: 0IcN - oOkN ,k ~ N, k =::i , j

AkN =::A Nk=::E 'tlk E 'qN+ E'dk E'dN ;
,.. A........,...._..,....

AkN =- AkN =E'qNE'dk-E'qkE'dN ,k E Jr

Aij = E 'qj E 'qj+ E 'd;E 'di ; A J = - A jj = E 'qj E'di ­

E 'diE 'qj, i ~ j, i, j E Jl

Ki = ( Xdi - X'di ) / T'dOi,

Li = ( Xqj - X'qi) / T'qOi

ri = [1.0 - ( Xdi - X'di ) Bii] / T'dOi

ll-i= [ 1.0 - (Xqi - X'qi ) BiiJ / T'qOi ' i E JIN
A A

Hik = Aik Bik Hik = Aik Gik ;
_ A _

Hik=AikBik Hik=AikGik

Sik = E 'tlk Bik §ik = E'dk Gik;

Sik = E'tlk Gik; Sik= E'dk Bik

i ~ k, i E JI ' k = i1+I , il+2 , N

Z2, Z3 two functions, defined as follows:

Z2 ( 0:., <I>) = min { J2 max ( I 0:.I , I <I>I )

;(10:.1+1<1>1) }

Z3( o:.,<I>,ll-)= min {2 max (10:.1,1<1>1,Ill- \)

; (I 0:.1+1<1>1+1ll-\); Z2[Z2 (0:., <1»,ll-] ;

; Z2 [Z2( <I>, ll-) , 0:.] ;Z 2

[Z2( ll-,o:.) ,<I>]}

between internal nodes of ith and

jth generators
eU =::eji phase angle of transferad mittance YU

Gij =::YU coseu transfer conductance

BU =::YU sin eu transfer susceptance

E'qi and E'di, respectively

rotor speed with respect to the synchronous

speed
modulus of transfer admittance

(j)"1

Efdi,E'qi'

E'di

YU =:: Xii

reactance

E'di , E'qi d-axis, q-axis components ofthe voltage E'i

Eq armature emf corresponding to the field
current

post-fault (final) values of the voltages Efdi

NOMENCLATURE
mechanical power delivered to ith machine

electrical power delivered by ith machine

rotor angle, or position of the rotor q-axis
from the reference

Xdi ,Xqi direct-axis,quadrature-axis synchronous
reactances

X'di , X'qi d-axis, q-axis transient reactances

Efd exciter voltage referred to the armature
circuit

voltage behind d-axis transient

Pmi

Pei
o·1

E'·1

damping is considered in the developed
approach.

3. In the present approach the "four-machine"
decomposition is used, and the obtained
system aggregation matrix is of the order
(N-l)j3, instead of (N-l) for the pair-wise
decomposition. This m.eans that the stability
conditions (given by Equation 30) can be
satisfied more easier for the present
aggregation matrix. Further, increasing
number of the subsystem machines, from
only two to four, we can decompose the
system such that strong interconnections
among machines be included in the
subsystems instead of exposing them as
interconnections among those subsystems.
This, however, leads to a great decrement in
values of the aggregation matrix off-diagonal
elements (see Equation 32). Accordingly, the
present approach can reduce the
conservativeness of the decomposition­
aggregation method.

4. The present approach is simple and it can
be easily used for practical and on-line
stability studies of multi-machine power
systems (number of machines may be more
than 10).
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APPENDIX

Definition of the elements of the matrix Ri
Elements ofthe 18th-order symmetric matrix R, (see Equation 32) are given as,

rIll = (2 h\4! M il ){( Hi!, N + Hi!, N) cn -IHi!, N - Hi!, N 1~11-m iI, il+l ~14-
"-

- m iI, il+2 ~ 15 - ~ max (U iI, j ; U iI, j)}

1\2 ,= (2 hI2iM il+ 1) {( HiI+ 1,N+HiI+ 1,N) cl2 -IHil+ 1,N - Hil+ 1,N I~12 - miI+ 1, il
"- "-

~14- mil+l,iI+2 ~16-~ max(U il+1,j ; UiI+1,j)}

1\3 = (2 hI3iM iI+2){( HiI+2, N+Hil+2, N) cB -IHiI+2, N - HiI+2, NI ~I3 - m iI+2, il
"- "-

~I5 - m il+2, il+1 ~16- ~ max (U iI+2,j; UiI+2,j)}

.1_ 1'11) T_ 1'11)1 44 -- 2 ( h 14- A.iI h 44 155 - 2 ( h 25- A.iI+1h 55

rl66 = 2 (hI36-AiJ+2 h166) , fIn = 2 AN hIn , ~88 = 2 riI hI88 , fI99 = 2riI+1 hI99

rl10 10=2riI+2 hl10 10 - ~11 11= 2 r N h\l 11 ~12 12 = 2 J.liI hI12 12, ,', , , ,
1 I T I I I113,13 = 2 J.liI+1h 13,13, 114,14 = 2J.l iI+2 h 14,14, f 15,15 = 2 J.lN h 15,15

r\2 := - [max [CE 'qil h\4 miI,iI+ 1 ) ; (E 'qil+ 1 hI25 mil+ 1, i! / MiI+ 1) ] +

I~' I I A I ~, I I A ] £+ max [( E dil h 14m il il+ /MiI) ; ( E diI+1 h 25 miI+ 1 il / Mi!+ 1) s14, ,
~ 13= - [max [(E 'qil hI14 mil, iI+2! M iI) ; (E 'qiI+2 hI36 miI+2, il ! MiI+2 )] +

+ ~ax [(lE 'dil1hI14 roil iI+2! M il ); (lE 'dil+21hI36 roil+2 il / M iI+2) ] ~ 15, ,
rI14 = -(h\/M il){ IHil, N -Hil, NI~l1+m il, iI+l ~I4 + m iI, iI+2 ~15+~[ max (U ilj;

-0 '1 .) + U'I .]}1 , J 1 , J
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r\5:= - m iI+l, iI hIss ~14 / M iI+l r\6 = - m iI+2, iI h166 ~]/ M iI+2

T I All - I I117 :=- { Hil,N + H iI,N h 44 ~ 11 / \1 iI }- D iI,N h 17 - A iI h 14

rI18= - (hI14/ M il )[Y il N E IN + V iI il+IDil iI+ 1+ D iI iI+2 I + mil iI+ 1 + miI iI+2], . ~, , , ,
A A A

- KI [Y ilN (E'qN ~ll + I E'dNI ~ 11) + mil il+l ~14 + mil il+2 ~]5]-, "

- [( hI14/ M iI) + KI] ~ C iIj

I ~, I / ., ArI9=-[EiI Yil il+lh14 MiI ]-K1 miI+1 iI~14, ,
I _~' I / - ~ A[110--[EiIYil iI+2h14 MiI] - K1mil+2 il~]5" ,
f 1 1I = - [ E IiI Y iI N h\/ M iI] - K I C iI N" ,
rll 12 = - (h\4/ M iI )[Y iI N E 'N + V i[ il + IDiI iI+ 1 +DiI iI+21 + m il iI+l + miI iI+2]-, , , "' , , , ,

- L1 [Y il, N (E 'qN ~ I1+ I E 'dNI ~ II ) + m iI, iI+ 1 ~ 14 + m il, iI+2 ~]5 ] -

1 / -- [( h 14 M id + LI] ~ C iIj
1 _~, 1 /. A _ Ar 1 13 - - [ E iI Y iI iI+ 1h 14 M Il ] - LI m iI+ 1 iI ~ 14" ,

~, I / _ _ ArI1,14=-[EiI YiI iI+2h14 MiI] - LImiI+2 iI~]5, ,
I ~, I / - ~r 1 15 = - [E iI Y iI N h 14 M iI] - lIe il N, , ,
I _ { ~, I - . ~I - Ir 23 - - max [(E qiI+ 1 h 25 miI+ 1, iI+:~/M iI+ 1), (E qiI+2 miI+2, iI+ 1 h 36 / M iI+2 )] +

E' I ~ E' ~ I £+max [Cl J diI+Ilh 25 ffiiI+ I, iI+21M iI+1) ; C diI+2lffi iI+2 iI+1h 361M iI+2 )]}S16

'~24 = - hI44 III iI il+1 ~ 14 / M iI,
I _ I {I- - I A A A[25 -- - (h 55/ M iI+l) HiI+1 N -Hil--1 N ~12 + ffi il+l iI ~14 + ffi iI+l iI+2 ~16 +" , ,

+ ~ [max(UiI+l,j ; UiI+l,j)+UiI+l,j]}

[I26=-hI66 miI+2,iI+l ~]6/MiI+2

rT.27 = - { I HiI+l, N+ HiI+l, NI hI55 ~[2 / M iI+l } - D iI+l, N hIn - A iI+l hI25
[~, I ~ A

r 28 = - [E il+ 1 Y il, il+ 1 h 25 / M il+ 1] -- K1 ffi iI, iI+ 1 ~ 14

[ 1 { ~ I I I ~r 29 = - (h 25/M il+l) YiI+l, NE N+V i[+l, iI+l + DiI+l, iI + DiI+l, iI+2 + ffiiI+l,iI +

+ miI+1, il+2} -KdYiI+l, N (E'q-'J ~12 + I E'dNI ~ 12) + m iI+l, iI ~14 +

+ m iI+1, iI+2 ~]6} - [( hl25 /M iI+l) +KI] ~ C iI+l,j
I _ -I I - A A

[2,lo--[Eil+1 YiI+1,iI+2 h25/Mil+l] - K1ffiil+2,iI+l ~]6
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I _ ~'. . I . - -.
[2,11--[E1I+l YIl+l,N h251 M1I+l] - KI C lI+l,N

[1212 ==- [ E \1+1 YiI+1 iI hI25 1 M iI+l] - LI IDiI iI+l ~14, , ,

r12,13==- (h1251MiI+I ) {YiI+l,N E 'N +V iI+l,iI+l + IDiI+l,iI + DiI+l,iI+21+ ID iI+l,iI

+ ID iI+l, iI+2 }-L1{ Yil+1, N (E ''IN ~ 12 + I E 'dNI ~I2) + IDiI+l, il ~14 +

+ IDiI+1, il+2 ~16} - [( hl25 /M iI+l) + LI] ~ CiI+1,j "I _ ~, I - -
r 2 14 - - [E iI+ 1 YiI+ 1 iI+2 h 25 / M iI+ 1 ] - LI m iI+2 iI+ 1 ~ 16" ,
~215==-[E'iI+l YiI+IN hI2S/MiI+I1-LI CiI+IN, . , ,

[12,16 ==-I[(hI 251MiI+ 1)-_(hI14/MiI )]Hil,il+ 1 -[( hI25/M il+ 1) + ( hI14 / M il) ]H il,iI+ 11

[134 ==- hl44 m iI iI+2 ~151 M iI ' ~35 ==- hl55 m iI+l iI+2 ~161 M iI+l, ,

[136=-(hI66 /MiI+2) {IHiI-t-2,N-HiI+2,N I ~I3+miI+2,iI~15+miI+2,iI+l ~16+

+ ~[max(UiI+2,j ; UiI+2,j)+UiI+2,j]}

1\7 ==- {i H iI+2,N + HiI+2,N I hl66 ~,r3 1 M iI+2 }- D iI+2,N hi77- A iI+2 hl36

I -, I A £[38 ==- [ E iI+2 YiI, iI+2 h 361 M iI+2] - KI m iI, iI+2 1.;,15

I -, I A A £[ 39 = -- [E iI+2 YiI+ 1, iI+2 h 36/ M iI+2 ] - K I miI+ 1, iI+2 I.;, 16

~3,1O ==- (hI36IMiI+2) {YiI+2,NE 'N + ViI+2,iI+2 + IDiI+2,iI + DiI+2,iI+d + miI+2,il +" "
+mil+2,iI+l} -K1{Yil+2,N(E'qN ~I3+iE'dNI ~I3) + miI+2,il~15+

+m iI+2 iI+ 1 ~ 16 } - [( hl36 1 M il+2) + KI] ~ C iI+2 j, ,
I -I I - -

[3.11 ==- [ E iI+2 YiI+2,N h 361 M iI+2] -K 1 C il+2,N

I _ ~, I - £[312--[EiI+2 YiI iI+2 h36/MiI+2]-LrmiI il+2 1.;,15~, ,
I _ ~, I A - £[3 13 - - [ E iI+2 YiI+1 iI+2 h 361 M iI+2] -L1 m iI+l iI+21.;,16" ,

r[3,14 ==-(hI361 M iI+2) {YiI+2,N E'N +ViI+2,iI+2+ ID iI+2,iI +D iI+2,iI+ll + IDiI+2,iI" "
+ IlliI+2 iI+l }-L1 {YiI+2 N (E'QN ~ I3 + IE'dNI ~13) + ID iI+2 iI~15" ,

+nl iI+2, iI+l ~16} - [( hI36/M iI+2) + L1] ~ CiI+2j
T -, I - A

13,15 ==-[E iI+2 YiI+2, N h 361 M iI+2] -LI CiI+2,N

[\17 ==-1[( h\61 M iI+2) - (hi 141 M iI)] HiI,iI+2 - [( h\6 / MiI+2 ) + (hI14 / MiI)]

Hil,iI+21
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r\ 18=-[( hI361M iI+2) - (hI251Mil+ 1)]H il+ 1 il+2 - [( hI36/ M iI+2) + (hI25 / M iI+ 1)], ,

HiI+ 1,il+21 rI47 = - hI14

r148= - dl {E IN Yil,N + Vil,iI+ I DiI,iI+ 1 + DiI,iI+2 I + m iI,iI+1+ m iI,iI+2 + L:c iIJ}

I~' T~' I~'[49=--dIEil YiIiI+l !41O=-dIEil YiIil+2 r411=-dIEiIYiIN. ,. , , , ,
rI4,12=-dI {E 'NYiI,N + V iI,iI + I Dil,iI+2 + DiI,iI+21 + m il,iI+l + m il,iI+2+ L: Cil) }

rI4t3=rI49,rI414=rI41O' rI415= rI411, rI57=-rI25 , rI58=-clIE'iI+l YiliI+l, " , , ,

[159 = -cl I {E 'N YiI+ 1,N + ViI+l,iI+ 1+ IDiI+l,il + Dil+ l,iI+21 + mil+l,iI+ miI+ l,iI+2

+ L: C iI+I)}

[15,10=-cl lE 'iI+ 1 YiI+ l,il+2, r\l1 = - cllE 'iI+1 YiI+ I,N rI5 12= rI58

r\13 =-cl I {E 'N YiI+ I,N + V iI+ l,iI+ 1+IDiI+ 1, iI + D iI+l,iI+21+ miI+ l,iI + miI+ l,iI+2

+ ~ C- 'I 1 ,} I - I I - I"-' 1 + J, r 5 14 - r 5 10 r 5 15- r 5 11',' "

~5,16= -I (d 1- dI) H il,iI+l - (d 1+ dl) HiI,iI+ll

[167=- hI36, rI68 = - dIE 'iI+2 YiI,iI+2, rI69 = - dIE 'iI+2 YiI+ l,iI+2

~6,10=- d I{E 'N YiI+2,N + ViI+2, iI+2+!DiI+2, iI+DiI+2, iI+11 + rniI+2, iI + rnil+2, iI+1

+ L: C iI+2j}

~6 11= -d I E'iI+2 YiI+2 N ~6 12= rI68 rI6 13= rI69, , , ,

~6,14=- d I { E 'N YiI+2,N + V iI+2,iI+2 +IDiI+2,iI + Dil+2,iI+ 11+ miI+2,iI+ mil+2,il+ 1

+ ~ CiI+2j } rI6,15= rI6,11

rI6,17 = -led I - dI) HiI,iI+2 - (d 1+ dI ) HiI,iI+21

[I6J8 = --led I - clI) H iI+l,iI+2 - (d I + clI) HiI+ l,il+21
1 -~, I - ~f I - ~,

[78= - dIE N Yil N, r 79 = - dIE N YiI+ 1N r 7 10= - dIE NYiI+2 N, " ,
1 - r;! ~, ~,

r 7,11= - dI {VN,N +E iI YiI,N + E iI+l YiI+l,N +E iI+2 Yi1+2,N + L: C N,j}
rl -11 rI -rI rI _T7,12- 78 7,13 - 79 7,14 - !7,1O

[17,15= - clI {V N,N + E \1 YiI,N + E \I+ 1 YiI+ I,N + E \I+2 YiI+2,N + L: CNj}

1_ ,2 A2 Ar 89- -ViI iI+l -v {K1 + K1 - 2 KI KI f3Ia},
I _ '{ 2 - 2 -r8,1O--YiI,iI+2 -v KI +KI -2 KIKlf3Ib}

J _ '{ 2 - 2 -) 8,11- - YiI,N -v KI + KJ - 2 KI KI f3Na }

11812= - I L I - K I I GiI iI, ,
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r\4,15 = -¥iI+2,N ~ {L/ + [/ - 2 LI [I ~Nc}
I - A I - ~

r 14,17= - LI m iI+2,il r 14,18 = - LI m iI+2,iI+1

I I A ):r1616 = 2 h 14( AiliI+l BiliI+1 + AiliI+1 GiliI+l)/ MiI Sl4, ""

I _ 1 A ):r 17,17- 2 h 14 ( A il,iI+2 B iI,il+2 + AiI,iI+2 G il,iI+2 ) / M il S 14

I _ I A ):r 18,18- 2 h 25 ( A il+l,il+2 B iI+1,iI+2 + Ail+l,iI+2 GiI+l,il+2 ) / M iI+1 S 16 (A-I)

whilethe other elements of this matrix are equal zero, In Equation 35, recall that l: is given as L , and it is
jfl'JIN

s
equivalent to L L Further, the following constants are defined,

K,>,IjeJK
..-,,-.,t -, ..-..., -, -,

lTIk,j=[E qk E qj Gr<j -E di Bkj I+E dk liE di Gk,j +E qj B kj I] ,k*j, k,j E Jr
-I -I -1-'

m k,( lE qj Bkj +E dj G kj I , ill k,j = lE dj Bkj - E qj G k.i I , k * j, k, j E JIN
.....•. ,.-.., "-,-,

Dij = (E qj Gij - E dj Bij) cos 8ij, Dij = (E qj B ij + E dj G ij ) cos 8 ij , i i:- j, i, j E JI
_, .....•, A __ _, '" _,

Cij = (lE dj I~ij+ E qj~ij) ¥ij Cij = (lE cti I~ij + E qj~ij) Y ij , i i:- j, i E JIN
_, _,'" A __ , _, A _

Uk, = E k Yk, lEd' I~ k' Uk ,= I E dk I Yk, E '~k' Uk ,= Ak, Yk, ~ k'J q J J J ',J J ClJ J' ,J J J J
- -r"" -I ,.. -, -,....... -

Ck,N = (E qk ~Nk +1 E dk 1 ~Nk) YkN ' Ck,N = (E qk ~Nk + 1E dk I ~Nk) Y kN D k,N =

(A kN ~N,j +1 AkN I ~ Nk ) Y kN / MN ' k E JI
_, A_,

V k,k = 2,0 E qk Gk,k Vk,k = 2,0 lE dk I ~,k ' k E JIN

ell =h144 / MiI , a I = hISS / MiI+ 1 ,cl 1= hl66 / MiI+2 , d 1= hIn / MN

K - K hi KA _. K hi K- - K hI K - K hiI - il 88, I - iI+1 99, 1- iI+2 10 10, I - N 11 11, ,
LI = Lil hI12 12 ' LI = LiI+1 hl13 13, LI = L iI+2 h11414, [I = LN hl15 15, , , ,

Definition of the elements ZIK :

The off-diagonal elements ZIK, of the aggregation matrix A, are defined as follows ( see Notation)

Z lK = Z 3 ( Z IKa: Z lKb ; Z IKc )
where,

A _

Z IKa = Z 3 (Z la: Z la ; Z Ia )
A _

ZIKb =Z3 (ZIb; ZIb ; ZIb)
A _.

Z IKc = Z 3 (Z le; Z Ic ; Z lc )
and where,

Z la = Z 2 [ Z 3 ( Z iI,iK ; Z iI+ 1 ,iK ; Z iI+2,iK) ; Z N,iK ]

2 iI,iK = 23 [eI {OiI,iK + max [d iI,iK; cliI,iK]} ; KI C iI,iK; LI CiI,iK]

ZiI+I,iK=Z3 reI {OiI+I,iK+max[diI+1,iK; clil+1,iK]}; K1CiI+l,iK; LICiI+l,iK]
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ZiI+2iK=Z3 [el{Oil+2iK+max[diI+2iK; diI+2iK]}; KICil+2iK; LIC iI+2iK], , " , ,
ZN,iK=2IP~I {ON,iK+ max[ dN,iK; dN,iK]}; KICN,iK; LICN,iK]

ZIa =Z2 [Z3(ZiI,iK+l ; ZiI+l,iK+l ; ZiI+2,iK+l) ;ZN,iK+l]

Z iI,iK+l = Z3 rei {OiI,iK+l + max [d iI,iK+l ; diI,iK+l]} ; KI C iI,iK+l ; LICiI,iK+l ]

Z iI+l,iK+l= Z3 [el {OiI+l,iK+l + max [d iI+l,iK+l; diI+l,iK+1]} ; KI C il+l,iK+l ;

LICiI+ 1,iK+1 ]

Z iI+2,iK+l = Z3 [er{ UiI+2,iK+l+ max [d iI+2,iK+1; diI+2,iK+ 1 ]} ; K le il+2,iK+1 ;

trCiI+2 iK+1 ],
Z N,iK+l= 23 [el{ ON,iK+l+ max [d N,iK+l ; dN,iK+l]}; KI CN,iK+l ; LIC N,iK+l]

Zla = Z 2 [Z 3 (Z il,iK+2 ; Zil+l,iK+2 ; Z iI+2,iK+2) ; ZN,iK+2 ]

Z iI,iK+2 = Z3 rei {UiI,iK+2 + max [d il,iK+2 ; diI,iK+2]} ; KI C il,iK+2; LICiI,iK+2]

ZiI+l,iK+2=Z3 reI {UiI+l,iK+2+max[dil+l,iK+2; diI+l,iK+2]}; KICiI+l,iK+2;

LI C iI+1,iK+2]

Z iI+2,iK+2 = Z3 [er{DiI+2,iK+2+ max [dil+2,iK+2 ; clil+2,iK+2]} ; KI C iI+2,iK+2 ;

LIe iI+2,iK+2J

Z N,iK+2= 23 [el{D N,iK+2+ max [d N,iK+2 ; clN,iK+2]}; K I CN,iK+2 ; LIC N,iK+2]

Z Ib = Z 2 [ Z 3 ( Z il iK ; Z iI+1 iK ; Z iI+2 iK) ; Z N iK ], , , ,
-t A

Z iI,iK Z 3 [el E il ; K I ~ il,iK ; L I ~ il,iK ] Y il,iK
"-

_ ,,_, A '"

ZiI+l,iK = Z 3 [ el E iI+l ; KI ~ iI+l,iK ; LI ~ iI+l,iKJ Y iI+l,iK
"-

ZiI+2,iK = Z 3 [ eI £'iI+2 ; K1 ~iI+2,iK ; 1,1 ~iI+2,iK] Y iI+2,iK

ZN,iK = Z 3 [eI £ IN ; K I ~ N,iK ; LI ~N,iK J Y N,iK

.lIb = Z 2 [Z 3 (ZiI,iK+l ; Z iI+l,iK+l ; Z iI+2,iK+l ) ; Z N,iK+l ]

Z il iK+ 1 = Z 3 [eI £ IiI ; K I ~ iI iK+ I ; L I ~ iI iK+ 1 ] Y iI iK+ 1, ",
"-

- A'-'" '" '"

ZiI+l,iK+l = Z 3 [ el E il+l ; KI ~ iI+l,iK+l ; L1 ~ il+l,iK+d Y il+l,iK+l
"-

Zil+2,iK+l= Z3[el £'iI+2 ;KI~iI+2,iK+l ; LI ~il+2,iK+l] Yil+2,iK+l

ZNiK-t-L= Z3 [el E'N; KI~NiK+l ; LI~NiK+l] YNiK+1, ",

ZIb = = Z 2 [z 3 (ZiI,iK+2 ; Z iI+l,iK+2 ; Z iI+2,iK+2) ; Z N,iK+2]
"-

Zil,iK+2=Z3 [eI£\I; KI~iI,iK+2; L1 ~iI,iK+2]YiI,iK+2
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ZiI+I,iK+2 = Z 3 [ eI E'iI+I ; KI ~ il+l,iK+2 ; LI ~ il+I,iK+2] Y iI+l,iK+2
A

Zil+2 iK+2 = Z 3 [el E 'iI+2 ; K1 ~iI+2 iK+2 ; [I ~ il+2 iK+2] Y iI+2 iK+2, ",
A

ZN iK+2 = Z 3 [e I E 'N ; K I ~ N iK+2 ; L I ~ N iK+2] Y N iK+2, ",

Z I = Z 2 [Z3 ( Z'I'K . Z'I I'K . Z'I 2'K)' ZN'K ]c 1 ,1 , 1 +,1 , 1 + ,1 ' ,1
A

ZiI,iK = Z 3 [ el E'il ; K I ~ iI,iK ; L 1~ il,iK] Y iI,iK
A

,.. A ..-..," "

Zil+1iK= Z 3 [e 1 E il+ 1 ; K1 ~ iI+1 iK ; LI ~ iI+1 iK] Y iI+1 iK, ",
'" __ -1 __ A •....

ZiI+2,iK= Z 3 [eI E il+2 ; KI ~il+2,iK ; LI ~ iI+2,iK] Y iI+2,iK

ZNiK= Z3[el E'N ; KI~NiK ; LI~NiK] YNiK, ",

ZIe = Z 2 [Z3 (Zil,iK+I; ZiI+l,iK+I; ZiI+2,iK+I); ZN,iK+I]
A~ ~,

Z iI,iK+1 = Z 3 [ el E il ; K1 ~ il,iK+ 1 ; L1 ~ iI,iK+ 1] Y iI,iK+ 1
'" ,, __ , A" '"

ZiI+I,iK+l=Z3 [eIEiI+l; KI~il+l,iK+l ;LI~iI+l,iK+l] Yil+1,iK+l
...••. - -, •.... " -
ZiI+2,iK+l = Z 3 [el E il+2; KI ~iI+2,iK+l ; LI ~ il+2,iK+d Y il+2,iK+l

ZNiK+l =Z3 [el f:'N ; KI~NiK+l ; LI~NiK+I] YNiK+1, ",

.lIe = Z 2 [Z3 ( Zil,iK+2; ZiI+l,iK+2 ; Zil+2,iK+2); ZN,iK+2]
A

A ~,

Zil,iK+2 = Z 3 [ el E il ; K1 ~il,iK+2 ; L1 ~ il,iK+2] Y il,iK+2
" '" - , ,...." '"

Zil+l,iK+2=Z3 [eIEil+l; KI~iI+I,iK+2 ;LI~iI+I,iK+2] YiI+I,iK+2
'" _ -, •.... " .....

Zil+2,iK+2 = Z 3 [eI E iI+2 ; K1 ~il+2,iK+2 ; LI ~ iI+2,iK+2] Y il+2,iK+2

ZN,iK+2 = Z 3 [el E IN ; K1 ~N,iK+2 ; LI ~ N,iK+2] Y N,iK+2 (A-2)

In Equation 36 , we define the following constants,

el= Z2( hII4; hI44)/ MjJ el=Z2(hI25;hI55)/ Mil+I

el == Z2 ( hI36 ; hI66 )/ Mil+2 el= hIn/ MN
..-.. r" ..... -" "-

d i,j = E qi I E dj I Y ij ~ ij , cl ij = lE di lEqj Y ij ~ ij

C i,j = ( lE 'dj I ~ ij +E 'qj ~ ij ) Y ijA

- I ~, I ~ 'C i,j = ( E dj S ij + E qj ~ ij ) Y ij , i;t j , i E JIN , j E JK

J3la= cos (2 e il,jl+ I) , J3Ib= cos (2 e iI,jI+2) , J3Ic= cos (2 e il+ 1,jI+2 )

PNa= cos (2 e il,N ) , PNb= cos (2 e iI+I,N) , PNc= cos (2 e iI+2,N )
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