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1. INTRODUCTION

Many types of structures are subjected to transient
dynamic forces that are quite short in duration and
can be characterized as pulses or shocks. Typical
‘examples of such loading involve impact related
accidents with these structures such as vehicle
impact, tornado-tossed objects impacts, aircraft
collision, and blast loading. The forces generated in
such structures are often very powerful and can
result in many undesirable effects such as cracking,
or, local crushing of the structure.

The development of the nuclear reactor has led to
a growing concern over possible safety hazards
related to nuclear structures, prompting research in
the area of nuclear power plants subjected to aircraft
collisions (1 to 3). More recently, impacts by large
projectiles such as passenger vehicles (4 to 7) have
been studied. In this area, the dynamic response of
“asteel Barrier panel struck by a wind-tossed vehicle
(6) is examined. As an extension of this research, a
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similar impact was simulated with a reinforced
concrete structure similar to that used in wall and
roof design of reactor auxiliary buildings. The
dynamic response was investigated by using the
modal and direct integration procedures (7).
Concern, also, exists over the potential danger
associated with the problem of blast explosions (8 to
10). Information bout the developments in this field
is made available mostly through publications of the
Army Crops of Engineers, Department of Defense,
U.S. Air Force. Much of the work is done by the
Massachusetts Institute  of Technology, the

" University of Illinois and other leading institutions

and engineering firms. It should be pointed that
structures cannot be protected from a direct hit by a
bomb, but it can, however, be designed to resist the
blast pressures when it is located at some distance
from the point of explosion. ‘

In this research, structural response to impact load,
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such as, vehicle impacts and blast load impacts of
shear buildings having different heights are
investigated. Two methods of analysis are used in
which damping is accounted for in a rigorous way.
The first method, is the complex eigenvalue
approach, which is a mathematically accurate time-
domain solution, (11 to 15). The second approach is
the complex response analysis, where the solution
can be conducted in the frequency domain using the
very efficient fast Fourier transform, (16 to 18) .
Examples as well as comparisons between the two
approaches are given.

2. IMPACT LOADS

Vehicle lmpact load Fxgure (1-a) shows the force-

time relation-ship associated with the actual impact.

of a structure with standard-size 4000-Ib (1800-kg)
. .passenger vehicle, at 130 mph (210 km/hr) speed.
. According to (7), the worst impact condition was
. .assumed with the vehicle velocity vector normial to
the impacted structure. The total load duration is
120 milli-seconds, with a maximum value of ‘150 psi
(1000 kpa), and a contact area of 36x72 in

~ (0.9x1.82m).
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Figure 1-a. Vehiclé impact load.

Blast Impact Load: In general, a blast explosion is the
" result of a very rapid release of large amounts of
energy due to chemical reactions that involve a
rearrangement among the atoms. Figure (1-b) shows
an averaged loading due to a blast wave with 20 kpa
peak over-pressure and 200 milli-seconds duration
(10). The load begins with an infinite steep rise from
~ ambient pressure to the peak reflected over pressure.
It drops within 11.7 milli-seconds to stagnation
pressure and then decreases to ambient again within
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Figure 1-b. Averaged blast loading.
3. BUILDINGS ANALYZED

The structures analyzed (Figure 2) are shear
buildings resting on shallow or deep foundation.

The pulse load described in Figure (1) applied to
the structure on flexible foundation, yields the
displacements. These are given by the relative
displacements, u,, and the base displacements uy, ¥
for which the equilibrium conditions can be written
as

[m] {i}+[c]{u} + [k] {u(®} = {p(®} (1)

in which {u} = <u; up uz ... upz uy ¥, ST
and matrices [m], [c] and [k] for the sml structure
interaction system are:

[ [m] {m} {mh}
1 N ° N
[m] A1 {m} mb +Zl: mi zl: mihi
N N
{mh}" 3 mh, I, +Emihi2J
1 1
[c] {0} {0}

[C]= {O}T cun. cnY

{0)" Cyu Cyw

k] {0} {0}
Kl = (017 K, kg
{0}" 'kwu "kww
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Figure 2. Model of building-foundation system.

The matrices [c] and [k] list all the stiffness and
damping constants of the structure, [m] is the
diagonal mass matrix of the structure, and {0} is the

N
null vector. Also in Equation 1, I, x, E L+1,
bt ‘

The load vector {p(t)} contains the pulse load
impacting the i-th floor of the analyzed building.

4. SOLUTION OF IMPACT PROBLEMS USING
THE COMPLEX EIGENVALUE APPROACH

The solution of equations (1) is facilitated by
transforming them into 2n reduced differential
. equations of the first order (15)
!

Az+Bz=F(t) (2)
in which
\ A=[O m]B=[—m 0] (3-2)
m ¢ 0 k
and
(3-b)
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The vector z comprises the vector of velocitiesy
and the vector of displacements u and hence its
order 1s 2n. |

For the solution of the response to pulse loading,
free vibration has to be analyzed first.

For free vibration F(t) = 0 and a particular solution
to equation (2) can be written as:

z(t) = exp (\t) Z 4

in which N is a complex eigenvalue to be
determined and Z is a complex -eigenvector
independent of time. Denoting the identity matrix
I and substituting equation (4) into equation (2), the
eigenvalue problem is obtained in the following
form:

(AATB-N)Z=0 - (5)

The solution of equation (5) by means of suitable
subroutine  yields 2n eigenvalues A; and
corresponding eigenvectors Zj for j=1,2,..., 2n. (The
solution and a suitable subroutine are described in
more detail in Ref. 11). The eigenvalues come out
in complex conjugate pairs with corresponding pairs
of complex conjugate modes. All eigenvectors can be
assembled in a square modal matrix Z, having the
individual eigenvectors as columns. The eigenvectors
are orthogonal with the following orthogonality
conditions for damped modes:

(6-a)
(6-b)

ZT AZ = A,
ZT BZ - - B,

. and B, are diagonal matrices; the

in which ;

elements Bj=)\j Aj. T

The response to a given pulse can be obtained
from equation (2) by means. of the complex
eigenvectors. Using the linear transformation:

z(t) = Z q(v) (@)
in which the components of the vector q(t), q (t) =q;
are function of time with j=1,2,..,.2n, equation (2)

becomes:

AZ § + BZq = F(t) 8)
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* Premultiplying by ZT and applying the orthogonality
conditions, equation (8) reduces to:

Aj4- Bjq= Z" F() ©)

Since both A. and B. are diagonal matrices, equations
(9) decouple into independent differential equations
of the first order:

c‘lj-}.j q;= fj(t)/A]- fo= 1.2, 20 (10)
in which the functions of time fj(t) are:
f(t) = ZT F(9 (11)

The - complete so]utlon to equation (10) 1is
established as a sum of the homogenecous solution,

given by the initial condition q (0), and a particular
integral of the nonhomogeneous equation. Thus, the
complete solution for g; is:

q,(t)-q ©) exp O\+ L f exp[\(t-1)]

fj('r) dT (12)

The first term of equation 12 defines the response

due to initial conditions which are assumed to be
zero; the second part of equation 12 describes the
response during the application of the pulse (t<t).
The response for the time exceeding the duration of
the pulse (t> tp) is given by

q’.(t) = qj(tp) exp | )‘j (t-tp] (13)

The integral in equation 12 has to be evaluated for
a specific time history P(t) and hence f(t) given by
equation 11. The length of the load vector {F(t)} is
equal to 2n, where n = number of degrees of
freedom of the multi-storey shear building.

Consequently, if the impact load is applied at the
i-th floor, the load vector of equation 3-b takes the
form:

{F(t)}T-{OO ..0,00 p® 0...0}

L....: n ..
Lo, n+l e, ]
Lot M e 5 A e W s

Then the second term of equation 12 becomes
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~where

4O = o @ )T+ i
. &

fot
I = f exp [)‘j (-] p () dr (15)
o 4 ,

The type of pulses shown in Figure (1) represent
simple combinations of linear pulses whose integral
I can be evaluated analytically as shown in Table
(1). Consequently, the generalized coordinates qj(t)
determining the motion for t < t can be obtained.

For more complicated pulses, a numerical
integration of the integral I can: provide the solution.

For t > t the coordinates q;(t) are given by

equation 13.
With q; (t) established respectively from equations
14 and 12, the vector {z(t)} follows from equation ]
and the vector of true dlsplacemenc {u} follows from
equation 3.b. The details of the procedure are
presented in the following subchapters.

4.1 Case of vehicle impact

(1) For0 < t<1t, t=t

Assuming the initially at rest condition the first
part of equation 12 vanishes, and the generalized
coordinates q{t) are determined from the second part
as follows (Figure (1-a, 3-a))

H P, [, 10_e"| (164
qj() [A)] ()‘ t)[t ] 4

(ii) Fort; <t < 5 1 = t-4

In this step, the solution is a sum of the
homogeneous solition (first part of equation 13) and
the particular solution (second part of equation 13)
as follows:

L el Po [Z] 1
K == AR x' .
q;(0 = g;(t) exp (\j) + t,- tl) [A,] l
1.0 e:l’t

—1)(t2 t; )+-t-+—--——x— (16.b)

J J
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Table 1. Function I for main types of pulses.

TYPE OF PULSF Yy

CONVOLUTION BY DIRECT IN'EGIA"M

(1)

P(t) =n

,‘{ :.-r‘)"_’._:.';!..}

P(t) =hs ;'7

Ajt
- 1.
= AR

» Py =ni5zt

'Aio

-~ Po At X
= u'.”’{Oplc--lo)t'f—k‘ ‘T}

S e e

P(y) =h+try - ...,,‘__0;

re Al 0 9", - n
{AT“ ‘.)#(!fﬂ-:-', ¢ F]

P =P+ g- rp iP5t = {—;—1—“"2 1004 ““""’*’;'n_," ""X"l"%li."}
i Gii) Fort > t,t =1-1
re LES The generalized coordinates are given by thé first
| time part of equation 13 describing the response for time
exceeding the duration of the pulse (state of free
vibration with initial conditions)
I q;(®) = q;(tp) exp (A1) (16.0)
R 4.2. Case of blast load
' Figure 3-a. Analyzed vehicle load.
| @ Foro0<t<ity t=t
LU}
) The initially "at rest” condition is assumed; and the
Bl O\, generalized coordinates are obtained from the second
Bl Iy vime part of equation 13 as follows (Figure 3-b):
s 2]
W . TP . (PP
qj(t)=_[_Z]___ Ssbeahbiopy +£_P_°_1_°7)_
N LY P [Aj] Aj ‘(A_,ti)
‘t[\ 1me
"_~.'L‘" R ' 1] " h. of 1‘;
"Figure 3-b. Analyzed blast load. [t +1— 'T] (58}
| e e i A
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G)Forty <t <t t=t-t

In this step of . the analysis, the generalized
coordinates are the sum of both parts of equation 13
giving

- =y, 2" Pa 1
q; (1) = q; (t)exp (N )+ [A’](tz T)A
1 el’;

(tz-t1)(el’;‘l) "’?"’T"T (17-b)

-
t=t-t,

For time exceeding the duration of the pulse, the
coordinates q,(t) are described by the first term in
equation 13 (i.e. state of free vibration with initial
conditions) as follows

@) Fort > t

q;(t) = q;(tp) exp (\; t) (17-)

With q; (1) established respectively from equations
16 or -17, the vector {z(t)} containing the true
displacements {u} follows from equations 7 and 3b.
The i-th displacements component u; of the vector
{u} is equal to the (n+i)- the element of the vector

{z(v)}, ie.
u,(t) = z n+i (¢) (18)

5. SOLUTION OF IMPACT PROBLEMS USING
THE COMPLEX RESPONSE ANALYSIS
(FOURIER METHOD)

The equations of motion of the soil-structure
interaction system, equation‘ 1, can be solved in the
frequency domain using Fourier transform method
(complex response method). For this purpose, each
input force P(t) is assumed to be given for an even
number, N, of equidistant points in the time domain
as
Py ='P(k. Av),

k = 0,1,2,..., N-1 (19-a)

and is expanded into a continuous function by the

trigonometric interpolation formula

N-1 ‘ ok :
Pg (9= Pexp(i ’;S) k=0,1,..,0N-1) (194
8=0

P, are complex amplitudes in the frequency domain
called Fourier transforms of Py (t) and are defined a

N-1 .
P,=2 Y Pexp(T2EE)

=0,1,...,N-1) (20
Ni=%

nks

¢ -2 ; :
the power i may be written as iwgt whee

wg are the frequencies

2ns ~
@~ N AT Aw.s (21
where A® and Aw (N-1) are the lowest and
highest frequencies to be considered in the analysis.
These amplitudes, P can be computed from the P,
values by the very efficient Fast Fourier transform
method (17).

The evaluation of the sum in equation 19 will be
most efficient if the number of time increments N
is a power M of 2, that is

N = 2M (22)

Then, each of the terms of equation 19 is consxdered
as an input to equation 1, i.e.

[m] (i}, +[c] {ﬁ}s+fkj{ui.={p,}ei°" (23
Assuming the steady state solution
{ul, = (@) e’ @4
equation 23 reduces to
(Kl +io, [ - o2 [mD) {@),=p, )

Equation 25 constitutes a set of linear: equations
which can be solved for the complex displacement
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mplitcudes  {u},. Then, {u}, follows from equation
. The complete response in the time domain
llows by superposition, of the response

pmponents Uu,, i.e.,

N-1 N-1 .
ul= ¥ =Y (@}, (26)

8=0 8=0

us, the displacement {u} in the time domain can
e obtained by performing an inverse Fast Fourier

ansform on each of the terms of {u},.

®ln summary, the time history response can be
pomputed through the use of Fourier transforms by
(1) finding the direct transform of the excitation
orces, (2) multiplying it by the transfer function

H (o) = (Kl +io, [c]- o2 D! @)

and (3) obtaining the inverse transformation of the
product. ‘

' For impact problem, the time history of the load is
very short. Consequently, the most familiar error
resulting i1s from sampling and is known as the
aliasing error (overlapping error comes into place).
However, this error can be reduced significantly by
properly selecting the sampling rate, f, which means
properly selecting the time increment AT and the
number n of equidistant data points required to
describe the pulse (Figure 4). This can be performed
through the following steps:

1- Choose the time increments AT, and determine
the corresponding sampling frequency, f, from
the relation.

1

f = —

28-a
oF T (28-a)
2- The calculated f, should satisfy the following
~_condition in order to reduce aliasing error to a
. negligible degree.

R . Lot (28-b)

Alexandria Engineering Journal, Vol. 34, No. 1, January 1995
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ou{ 'u.v)]

L-

SETTLING TIME(Tp)

Figure 4.b. Unit impulse response function.
Where f,, is the largest frequency component of
the Fourier transform of the time function p(t). If
not, choose AT smaller, i.e., sample faster.
3 - Determine the required number n of
equidistant data points describing the pulse
from the relation

t. =n AT (28-c)

P

where = duration of the pulse load.

When using the discrete Fourer transform, it is
important to remember that it is based on the
assumption that the load p(t) is periodic. To
minimize errors in the analysis of non-periodic loads
such as impact loads, or pulses, the pulse load of
duration = n. AT is assumed to be periodic with a
period Tf’ = N. AT, where N is the total number of
equidistant samples describing one period of the
load. This is performed by adding (N-n) extra zeroes
to the sampled data representing the pulse load
(Figure (4-a)) as follows.

e
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C.A.Y. APPROACH
FOURIER APPASACH
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Figure 5. Damped response of a 5 storey shear
building due to vehicle impact Us, U;, U, storey
deformations of fifth, third, and first floor
respectively, (displ. inches, time in milliseconds,
Tp/T pt-().265) *1 in = 0.0254 m).
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Py=P 0<ks<n-l (294

Py=0 n<k<N-1 (29
Determination of the number of zeroes

As indicated by equation 25, the steady state
component of the response in the frequency domain
is given by

(@) ={[k] +iw,[c] - [m]} ' {P,} (302

or
(@), =H(){P,} (30-b
Equation 30.b represents a simple multiplication in
the frequency domain which is equivalent to a
convolutation in the time domain (16) i.e.

[ae-P@dT < > @EH(w)*{P,@)} G
0 y

where h(t-7) is the unit impulse response function of
a system defined as the response of the system to an
impulse of unit magnitude applied at time t=7. The
unit impulse response function can be expressed in
terms of complex eigenvectors for a damped system
as follows

h(t-7)= -i—j exp [)\j (t-n)] dr (32)

To avoid convolution errors in performing the
multiplication in equation 30-b, the two convoluted
sequences must have the same length in the time
domain, i.e. the unit impulse response of the system,
h(t-7), and the pulse load, p(t) must have the same
length T, in the time domain (Figure 4). This
implies adding (N-n) extra zeroes to the load
sequence. The number of these added extra zeroes
can be obtained by determining the length of the
unit impulse response, h(t-7), in the time domain sc
that the amplitude of h(t-7), is reduced to 5% of its
initial value from equation (32). That is to say
zeroes are added to the pulse load sequence unti
the settling time Tp of the structure is reached.

Alexandria Engineering Journal, Vol. 34, No. 1, January 1995
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6. EXAMPLES

Five-ten-and fifteen storey shear buildings are
examined. Properties of the buildings are given in
Table (2).-Five-storey and ten-storey shear buildings,
are supported by shallow foundations, while fifteen-
storey shear building is supported by a deep pile
foundation.

The vehicle impact load is assumed to impact
horizontally, the first floor of the analysed building.
The blast impact load is assumed to impact the top
floor of the considered buildings in the horizontal
direction. For each case, the response at the top,
intermediate, and first floors are determined (Figures
5 to 10).

For the case of vehicle impact load applied at first
floor of the buildings, it can be seen from Figures (5
to 7) that the storey deformations are not in phase
together. This indicates that the load in this case
seems to excite modes higher than the first mode of
vibration (Figure 11). For the five and ten storey
buildings, the second mode of vibration seems to
control the response (one inflection point), while for
the fifteen storey building the third mode may be
controlling the response (two inflection points).

. 1 om,
lz'l
L ]

»/345'
‘t : , e w l
4_._]:30'__#

Table (2)
Building Properties (a fluors)
- #472.05 SLUGS = 65376.00 kg
Y 25155,28 SLUGS = 367740.00 kg
% 19201%0.40 SLUGS, 11* T 7607856,30 kgm®
k 17.36 x 16* ib/ft - 253.66 Nim
R _vablw 20730 = 32m
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Figure 6. Damped response of a 10 storey. shear
bux]dmg due to vehicle impact Uy, Us, Uqg» storey
deformations ‘of: first, fifth, and tenth floor
respectively, (displ. in inches, time in mllhseconds
t,/T;,=0.125), (1 in=0. 0254 m). SR
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Figure 7. Damped response of a 15 storey shear
building due to vehicle impact U, Ug, Uy, storey
deformations of first, eight, and fifteenth floor
respectively, (displ. in inches, time in milliseconds,
tp/I‘ pe=0.093), (1 in=0.0254 m).
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Figure 8. Damped response of a 5 storey shear
building due to vehicle impact Uy, Uy, Us, storey
deformations of first, third, and fifth floor
respectively, (displ. in ‘inches, time in milliseconds,

-tpfF pe=0-441), (1 in=0: 0254 m).
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Figure 9. Damped response of a 10 storey shear
building due to vehicle impact Uy, Us, Uy, storey
deformations of tenth, fifth, and first floor
respectively, ‘(displ. in inches, time in milliseconds,
ty/T,=0.209), (1 in=0.0254 m).
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Figure 11. Structural modes of vibration.

For the case of blast load applied at the top of the
buildings, the storey deformations are in phase
together, as can be seen from figures (8 to 10). One
can also notice that the time response curves in the

same figures contain one single frequency and a
period of vibration almost equal to the first period of

vibration of the structure (Table (3)). Hence, the
first mode of vibration controls the response in this
case. Consequently, the top floor has the highest
response value.

- Table 3. Structural properties of Five Ten,
Fifteen, storey shear building (VS=600 ft/sec)
w; = Damped natural frequencies of mode j in
radians/second,
T= Natural period vibration of mode j in seconds,
D = Damping ratio AT mode j

FIVE STOREY TEN STOREY FIFTEEN SI‘ORE'
Moot | wj M Dj 'n] wi i O hf wi Y 8 s
[ .87 ° 45 38 $.57 e.93% 2.83 4.06 129 ®.685
t Sacdy 40.4% °.15 .8 26.90 e 33 4.28 .. 0.34 3.0 g
2 - $1.32 | e 556 44,62 0.4 6. 06 .12 LB $.19
™ .1‘6.3’ (X1 267 61.36 e 7.32 .HJD o.1% 808
s i 82 Q,l‘!t. 6.56 77.08 (X 1] 3.33 4328 012 "e 7

-9,.Also,.\Figures (5 to 10) show that the structural
.. response in both cases of loading decays with time.
. This decay is slower in the case of the blast load
-impacting the top floor of the buildings. This may
be due to the fact that the first mode of vibration
(excited by the blast load) has less damping than

that of higher modes (excited by the vehicle load),
as can be seen from Table (3).

Tables (4) and (5) contain a comparison between the
response values obtained by the complex eigenvalue
approach (C.E.V approach) and the Fouriet
approach. It can be noticed that the Fourier
approach  overestimates - the response. This
overestimation may be a result of the aliasing error
and from the convolution error explained earlier.

Table 4. Maximum displacement at top and First
floors of 5, 10 storey building for the case of
vehicle impact load.

MAX. DISPLACEMENT MAX. DISPLACEMENT
A¥ l"rlooﬁ IN INES AT YOP FLOOR IN INCS

MEIGHT
fNUMBER OF (OF BUILDING C.E.V. FOURIER c.E.¥V. FOURIER
STOREYS N Fu. APPROACH | APPROACH APPROACH | APPROACH

S STOREY 113 ®.223 0.24 e.355 (BT
10 SToREY | 127 o.22 0.23 0.30 0 305

t5 STOREY 127 0.2 0.24 ®.275 e.270

Also, Table (4) indicates that the response t0
vehicle impact load decreases with the increase in
the height of the building. On the other hand, the
building response due to the blast load increases
with the building height (Table 5).

Table S. Maximum displacement at top and first
floors of 5, 10, 15 storey building for the case of
Blast impact load. ~

MAX. DISPLACE“.‘ o MAR . DISPLACEMENT
st \
HEICHT AT T FLOOR 1M INCS AT TOP FLOOR 1M WNCS
NUMBER OF | OF BURDING C.E.V¥. FOURIER C.E.V. Founien
STOREY INFY APPROACH APPROACH APPROACH APPROACN
5 STOREY 62 ®.19 .20 9.66 ®.7¢4
103 TOREY 722 8.13 .16 ®.0 0.9
15 STOREY 182 ®.16 0.24 9.33 .38 ]
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1. CONCLUSIONS

Two approaches were presented that make it
possible to predict the damped response of a multi
storey building on a flexible foundation subjected to
impact loads, such as blast load or vehicle impact
load. These approaches aré both accurate and
incorporate  damping in a rigorous way. A few
examples are analyzed. This analysis suggests the
following conclusions:

- The "Complex eigenvalue" method is an efficient

“and accurate method for the analysis of multi-
storey buildings response to impact loads.

- The "Complex response analysis" (Fourier
method) tends to overestimate the response due
to impact loads. This overestimation results from
sampling (aliasing) error, and from convolution
error.

- If care is exercised in choosing the sampling rate,
f, and the length of the assumed periodic load,
T , the discrete Fourier transform can be
performed more accurately.

- The exact shape of the pulse load affects the
time history of the response.

- The vehicle impact load applied at the first floor
of the impacted buildings was observed to excite
modes higher than the first mode of vibration.

- The blast load applied at the top floor of the
impacted buildings excites the first mode of
vibration of the structure. Consequently, the
maximum response occurs at the top floor. The
response-time curves in this case contain one
single frequency (the first natural frequency of
vibration) and have a period of vibration almost
equal to the fundamental period of the structure.

- The response decays with time. The rate of
decay is faster when the load is impacting the
lowest floor of the building, than when it is
impacting the top floor.

- The increase of the height of the building, results
in augmentation of the structural response of the
impacted building when the load is applied at its
top. On the other hand, for the case of impact
load applied at the bottom floor of the building,
the higher is the building, the smaller is its peak
response.

- Both the complex eigenvalue approach and the
Fourier approach are very suitable methods for

the solution of collision problems in which large
damping due to soil-structure interaction 18
anticipated. -
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