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ABSTRACT

It is already established that the Standard Deviation values(SD) OF angles and lengths in Trayerse'
nets can be obtained by different methods, among them are mean values and the distribution of
misclosure. In this paper a contribution is made by introducing another technique, where polygon
or link Traverse can be drawn on one line. The standard deviation in this method reflects the effect

of all sources of errors that may arise during measurement. Moreover the initial error will be taken
into consideration in addition to its applicability by using personal computers or desk calculators.
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I. INTRODUCTION

Traversing is one of the most indispensable forms
of survey control, specially in town and detail
topographicalsurveying. It is aimed in this paper to
performan accurate geometrical analysis of the error
ofrnisclosure leading to unbiased estimate of both
angleand distance measuring accuracy. In this way,
aninsight for a homogeneous accuracy of these two
~ndsof measurements would be attained.

A detailed explanation for this method is
presented.The derivation of the standard deviation
forall different measurements (angles, directions,
distances) depending on longitudinal and
perpendicular displacement are given for different
cases.At the end, numerical examples are selected
tocheck over the precision and accuracy of the
suggestedmethod.

Z. METHODOLOGY

According to the classical definition of longitudinal
andperpendicular displacement [Lazaref, 1988], the
relationbetween them and the components of the
closingerror will be described.
Longitudinal displacement (fl): is the value of the

displacement of the last point from its first position
inthe direction of the traverse line. It results from
errorsin distance measurements.

Perpendicular displacement (fu): it is the value of
thedisplacement of the same points in the direction
perpendicular to the direction of the traverse line. It
resultsfrom errors in the angular measurements.

These displacement may be obtained by either
graphical or analytical methods. This paper
discusses how to get the longitudinal and the
perpendicular displacements analytically. This goal

is achieved by using the components (fx) and (fy) of
the total closing error value (fs) in the direction of
basic axes.

In Figure (l),point 1 represents the first point of
the traverse and point N is the last one which will
take the position N' (the traverse circumference is
represented by line I-N). The closing error (fs)' the

components of the closing errors (fX) and (fx)' andthe components of displacements ~fl) and (f) are
shown in the same figure.

The relationship between the components of the

closing error (fy) and (fx) and the displacements (f)and (f1) may obtained with reference to Figure (2).
From the geometry of the figure, the following
relations are directly obtained:

f1:: NA + AB:: fysinB + fx cosB (1.a)
f ::AD - CD = f cos e - f sinB (1.b)u y x

where,

sin e= [a Y] and cos a:: [a Xl
[S] [S]

[ax], [~Y] and [8] are the sums of the component of
the traverse's length and total length respectively.
Substituting sin e and cos e into Eqs. (1.a) and (1.b)
we get:
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Figure 1.

Figure 2.

= f.y[a Y] +fx[·aX]f1 -------
[S]

(2-a)

where

fy[aX] -fx[a Y]
[a Y]2 + [a X]2

(3-b)

The displacements per unit length (10 and Uo for
longitudinal and perpendicular) can be given as
follows:

(4-a)

(4-b)

Referring to Figure (3), the components of closing

error fx and fy can be derived from the components
of their displacement as follows:-

(3-a)

(2-b)f = fy[aX] -fx[a Y]
11 [S]

1 =..i =fy[a Y] +fx[a X]
o [S] [a Y]2 + [a X]2
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Figure 3.

3.ACCURACY OF CALCULATIONS
FOR ANGLES

The accuracy of calculation of angles can be
expressed by many methods that relate there
parameters. As combining angles and its mean,
anglesand the closing error of the traverse, and
angles and the longitudinal and perpendicular
displacements of the traverse. The suggested
methodof accuracy estimation is explained in the
nextsections.

where v's are the residuals, n is the number of

repeated measurements (number of observation).
In order to improve accuracy, the number of

measurements has to be increased. Therefore Eq. (5)

reveal the accuracy and for getting more preciseness
a large number of points in net are chosen
[Myhkailofyh, 1984]. From the following relation the
standard deviation could be estimated as:-

3.1 The standard deviation of angle

It is well known that, in case of calculating an
angleseveral times, we can easily estimate the mean.
Alsowe can judge the accuracy of the angles by
calculating the standard deviation (0'). The well
knownstandard deviation in this case is given as,
[Hazay, 1970; Ewing and Mitchell, 1970 and
Mikhail,1976]:

where s is the number of stations (points).
Substituting Eq. (6) into Eq (5) one can get the
standard deviation for only one observation as
follows:

(7)

(6)

s(n -1)
0=

(5)
0- fM~H
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And, the standard deviation for the mean of n
observations is given by,

and N number of angles.
In closing traverse the following formula

obtained,

It will be convenient to judge directly the direction
measurements and estimate their accuracy from the
following equation:-

~ ([~(X2]j_~[~(Xt)

(0 -l)(r -1)
(14

(ll

N

ftJ = (N ± 2) 180°_ L Bj (t.i-l

and in case of equal weights for angles, Eq. (13)\\~
be written as:

Disregarding the errors in direction A-I and N-B'

Eq. (11) the standard deviation of angles fortIx

closed or link traverse can be estimated from

following relation,

(9)

(8)
ns(n -1)

(](]=- =
D .;n

where:

The weight of the closing error in the route canIx

obtained from the following relation accordingly,

ad The standard deviation for direction
measurements

r number of directions
n number of observations, and

~a the residual for directions

3.2 The standard deviation from closing error

p = (I5

The standard deviation of angle calculated from
the angular closing error of the net or the route can
obtained consequently from the following
formulation: In the traverse (closing net) or in the
link traverse the standard deviation (a) is:

where k is a constant of proportionality and heret

is equal to cJ2 {3 which is defined as the variance ofan
observation of unit weight.

Substituting the value of 0\ from Eq. (14) in EqB

(15) the following simple equationjs extracted:

(10)

where:
wbere k - a/

1p- -
N

(16)

ftJ the angular closing error obtained from the net
p the weight of the angular closing error, and
R number of traverse or routes.

From Figure (4) one can get the previous values as
in the following derivation,

N

ftJ - (aNB ± N x 180°) - (aAI +L Bj) (11)
jzl

where
N

L {3j - {3I + {32 + ... + {3N
j-l

3.3. The standard deviation of angle from till

perpendicular displacement

Standard deviation can also be calculated from the

perpendicular displacement of the traverse (polygon
or link). This linear perpendicular displacement
comes from the errors in the observed angles in the

traverse. The standard deviation of the angle could
be expressed as a function of perpendicular
displacement from the following relation:-
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. (17)

where:

fu the perpendicular displacement
Pi the weight of lengths in the net, and
R the number of routes in the traverse.

Theweight of the lengths could be known from the
followingrelation (Lazaref, 1980):

will be discussed in the following .

4.1. Calculation of the standard deviation of a
distance

If distances are measured under the same condition

and equal weights, accuracy of measurements could
be calculated as in the case of angle measurements.
But, if the condition and the weight of the
measurements are changed, the standard deviation
will be calculated from the following subsection.

c.
p.• _I

1 2
Lj

(18)
4.2. Calculation of the standard deviation of a

measured distance from the difference between
two measured values

L is the length of the route, and
C is a value based on the number of point in the

route (Nj).

Myhkailofyh (1984).· calculates the standard
deviation for two measurements of a distance for a

certain weight and is given as follows:

Combining Eqs. (17) and (18), the standard
deviationcould be expressed· as follows:-

12p2C =-­i N. +31
(19)

(20)

(21)

where:
d the difference between two measurements for

a distance, dj - S'j - s"j
Pj the weight of difference dj
n the number of the measured sides, and

[ ] summations such as [pdZ] - P1dlZ + Pz dl +
. d Z... + Po 0

Section 5 below includes a numerical example to
explainthis technique.

If the measured distances contain accidental errors,

the following relation from Myhkailofyh (1984) could
be used:

when there are regular errors in the measurements
the standard deviation could be modified as follows:

°Ss
= o~ (22)

and
Pi

K1
(23)

= =
02 SiSi4.ACCURACYESTIMATION OF LENGTHS

It is not easy to calculate the standard deviation of
the measured length in traverse, that is because
there is no mathematical condition in traverses

depending only on the sides. Besides, length
measurements are functions of the. type of the used
instruments. }~ .is possible to calculate the standard
deviation of. the measured distance by different
method, such as; through calculating the difference
between the measurements and the mean (residual),
fromthe difference between two measurements, and
fromdisplacements. The aforementioned methods

~ LA2L
0= ~

2(n-l)
(24)
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As dj' is the difference between two consecutive
. distances which has no regular error.

It is obvious from the previous presentation that
there is deficiency in equations (22) through (25).
This is because they do not contain all the possible
errors. Table (2) in Section 5 shows the way of
calculating the standard error, by measuring traverse
lengths twice.

and A is the factor of the regular errors. Fraction~
linear misclosure for a traverse may be also estimated
from:

(29)

O· JTeJ

f'u - f.i-A Li ' A - [fd / [L]

where

where L is the total length of the traverse (actu~
route). By taking into consideration the regular
errors, the following equation may be used ro

calculate the SD:(25)

(26)A - [d] / [s]

where

4.3. Calculation of the standard deviation for a
measured distancefrom linear displacements in
traverses

(30)

where Ls is the average length of the traverse net

In traverses the linear displacements are resulted
from the errors in measuring lengths and initial
errors in observations. By neglecting the initial errors
in the observation, the linear displacements are
considered as real errors and can be used to evaluate

accuracy of the measured lengths (Myhkailofyh,
1984). The standard deviation for the weighted
measurements may be calculated from the following
formula

o • ~ [P:']
(27)

The standard deviation is always relatively large
because there is an error in the coordinate of the

first point of the traverse, which has an effect on it
Table (3) in the following section shows the steps of
calculations.

5. VERIFICATION OF THE SUGGESTED

TECHNIQUE

As the weight is expressed by Eq. (23) (the
reciprocal of the length), then Eq. (27) could be
written as:

where:

f. the linear displacement in the traverse
p the weight
R the number of route in the traverse.

o=~
(28)

To check over the precision and accuracy of the
suggested method of measurement and evaluation
technique, a numerical example is chosen for
judgement. Measures are prescribed in Table (1) as
linear perpendicular displacements for a link
traverse, Figure (4). Solution steps are indicated in
detailed calculations as application of Equations (19)
and (20).

Table (2) and Figure (4) give an example for
deriving the standard deviation by measuring twice
every line of the traverse. The steps of calculating
the standard deviation from the linear displacements
in different routes for link traverse, are shown in
Table (3).
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Table 1. Results of the Numerical Example.

•••

I
,

No.of No. offuLf f Cf
Point

measurementsmtsmts~ 10-4
(~)21O-s C (-!)210-sL
L L

1

5+0.0598340.71 0.51.50.80

2
5+0.0987591.29 1.71.52.60

3

4+0.2546743.77 14.21.724.10
4

3+0.1106191.78 3.22.06.40
..

5

3-0.0956921.37 1.92.03.80

6
4-0.0385040.75 0.61.71.00

7
5+0.0818250.98 1.01.51.50

8
5+0.0108360.12 0.01.50.00

9

5+0.2107302.88 8.31.512.40
10

4-0.1316721.95 3.81.76.50
11

3+0.1956203.15 9.92.019.80
12

3+0.1496922.15 4.62.09.20
13

4-0.0025040.04 0.01.70.00

14

5+0.0188260.22 0.01.50.00

15

5-0.0703012.33 5.41.58.10

E - 96.2

c - ~ and n is the number of sides in each route
n+3

~f2

c~

aB ;:; ~ - 52.2H

R is the number of routes.

Alexandria Engineering Journal, Vol. 33, No. 4, October 1994 C 207



ELGHAZOULY: Geometrical Analysis of Traverse Misclosure

Table 2. Solved example for a link traverse

Horizontal
Difference- }..S.d'· -d· -}..S.d,.2 x10-4

d,2
I I I II

Side distanced· - S'·-S"· _I x10-8I I I siS'·
S"·I
I

1-2

124.36124.32+0.04- 0.02+ 0.024.0322.0
2-3

218.42218.37+ 0.05- 0.03+ 0.024.0183.0
3-4

87.1887.21-0.03- 0.01- 0.0416.01839.0
4-5

164.20164.14+0.06- 0.03+ 0.039.0548.0
5-6

215.46251.38+0.08- 0.04+ 0.0416.0636.0
6-7

69.0069.02-0.02- 0.01- 0.039.01304.0
7-8

130.49130.47+0.02- 0.020.000.00.00
8-9

172.00172.01-0.01- 0.03- 0.0416.0930.0

[ ]

1217.111216.92+ 0.19-0.0190.0074.105762.0

C1 =

A - [d]/[S]-+1.56x10-4

~ = 5762.0xlO-8 = 2.0
2 (n-1) 14

mm

Table 3. The Use of Linear Displacement in Calculating SO.

No. of flL-ALf'l - frALf,2 x10-2
.!. f',2x10-4

I
point

mtsmts L
1

-0.426834+0.236-0.1903.610.43
2

-0.252759+0.215-0.0370.140.02
3

+0.039674+0.191+0.2305.290.78
4

-0.115619+0.175+0.0600.360.06
5

+0.199692+0.196+0.39515.602.25
6

-0.200504+0.143-0.0570.320.06
7

-0.434825+0.234-0.2004.000.48
8

-0.376836+0.237-0.1391.930.23
9

-0.492730+0.207-0.2858.121.11
10

-0.094672+0.190+0.0960.920.14
11

-0.087620+0.176+0.0890.790.13
12

+0.152694+0.197+0.34912.181.80
13

-0.228504+0.143-0.0850.720.14
14

-0.489826+0.234-0.2556.500.79
15

-0.056301+0.085+0.0290.08..
0.03

[ ]

-2.85910090+2.859..-0.001 -8.45

A = [fllIL = -2.859/10090 - - 2.833 x 10-4

8.45x10-" _ 0.0078 m _ 7.8 mm
14
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6. CONCLUSION

In this paper, the accuracy of measurements are
checkedusing different ways. Equations are derived
whichare useful to judge the accuracy of angular
andlinear measurements in the traverse. Equations
(8), (9), (l0) and (20) can be used to evaluate the
accuracyof measurements in traverse even if they
~vedifferent results. It is worth mentioning that the
standarddeviation (SO) obtained from Eqs. (8) and
(9) is less than the one calculated from Eq. (20).
Thisis because Eq. (20) reflects the effect of all
sourcesof errors during angle measurements. The
initialerror is also taken into consideration. Eq. (l0)
~vesan average value among the alternative values
Eq. (20). Eq. (21), (24), (28) and (29) are used to
evaluatethe values of the distance measurements in
traverse.

Sometimes, the suggested relation reveals unequal
results, that is because they do not consider all
circumstances and errors of the measurements. The

standarddeviations obtained from Eqs. (21) and (24)
~ve values less than those obtained from Eqs.(28)
and(29) for the same measurements.

In conclusion, the longitudinal and perpendicular
displacements technique in traverses are highly
recommended due to its simplicity, applicability, and
accuracy.
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