A FOURIER SERIES METHOD FOR LINEARIZED SOLUTION
OF A FLOW OVER A RAMP

A.A.A. Moustafa and M.B. Abd-el-Malek

Department of Engineering Mathematics and Physics,
Faculty of Engineering, Alexandria University, Alexandria, Egypt.

ABSTRACT

An approximate method is developed for the analytical solution of singular integral equations related
to the problem of steady free-surface flow of an ideal fluid obstructed by a ramp in the bottom.
Schawrtz-Christoffel transformation is used to map the region of flow,in the complex potential-plane,
onto the upper half-plane. The Hilbert transformation as well as the Fourier series method are used
as a basis for the approximate solution of the problem for small inclination angle of the ramp.
Evaluation of the free-surface shape for different ramp heights and different Froude numbers, for
the case of supercritical flow, are plotted. A comparison with the solution of other authors shows good

agreement.

1. INTRODUCTION

Problem of steady free-surface of a running two-
dimensional, irrotational, inviscid and incompressible
flow over irregular bottom has received considerable
attention throughout the history of fluid mechanics,
due to its wide application in the fields of coastal
engineering as waves approaching the seashore or
propagation of bores in rivers and hydraulics.

Early work in this area, characterized by the use of
a linearized free-surface condition, is reviewed in
[10] by Wehausen and Laitone in 1960. More
recently in 1981, Forbes[7] investigated the flow
over a submerged semi-elliptical body, by allowing
the velocity potential and stream function to be
independent variables and the solution is obtained
by a boundary integral technique. In 1981, Abd-el-
Malek [1] considered the nonlinear problem of a
flow over a ramp by applying the Hilbert
transformation. In 1982, Forbes and Schwartz [8]
considered the case of a flow over a semi-circular
bump.

Fourier double integral formula has been applied
extensively to find the linearized solution of a flow
over a crump weir by Boutros, et al [5] in 1986, a
flow over a ramp by Abd-el-Malek and Masoud (2]
in 1988 and a flow over a trapezoidal obstacle by
Faltas, et al [6] in 1989.
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Approximate solutions of gravity flow from a
uniform channel over various topographies for large
Froude number has been applied successfully by
Abd-el-Malek and Hanna [3] in 1989 for the case of
a ramp, Abd-el-Malek, et al [4] in 1991 for the case
of a crump weir.

In this paper, the Hilbert method as well as the
Fourier series procedure are used as a basis for the
approximate solution of a two-dimensional problem.
First, as customary,the physical and complex
potential-planes are mapped onto an auxiliary upper
half-plane. The nonlinear integral equations are
found giving the solution of a mixed boundary-value
problem. Lastly the Fourier series procedure is
applied, based upon small inclination angle of the
ramp, to find an approximate shape for the free
surface of the flow.

2. FORMULATION OF THE PROBLEM

An inviscid, incompressible fluid flows over a
bottom which consists of a horizontal plane AB,
inclined plane BC with an inclination angle o and
length L, and a horizontal plane CD, where the
bottom extends from - oo (point A) to o (point D),
as shown in Fig.1.
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Figure 1. Physical plane of a flow over a ramp
of length L and inclination angle a.

The flow is considered to be two-dimensional,
steady, irrotational, and subject to the action of
gravitational force. Far upstream the fluid is of depth
h; and has a uniform horizontal velocity U;. Far
downstream the fluid is of depth h, and has a
uniform horizontal velocity U,.

For convenience, we choose point B to be the
origin in the z-plane, the x-axis from left to right and
the y-axis upwards.

The complex potential

W) = ¢(xy) + iy(xy),

is an analytic function of z, (z=x+iy), within the flow
region, with complex conjugate velocity

dW(z)
dz

= uxy) - ivixy) = qe”i0,  (@21)

where (u,v) are the components of the velocity of
-the fluid, q is the speed of the fluid, and 6 is the
angle of inclination of the velocity with the
honzontal.

Let the dimensionless variables z’, q’, and W’ be

1=2 ,4=9, W=V (2
o hy Uj 1
where Y1 = Uy hy.

In dimensionless form, the Bernoulli condition on
the free-surface is

¢ 2 g1y =1, 2.3)
FZ

where F is the Froude number defined by

D 190

U
Rehe ¥ 2.4)

fehy

Denote the dimensionless ramp height by &, where

Lsina _y gha, @.5)

€= hi

In dimensionless form, (2.1) becomes

L e (2.6)
dz
Let
@ = In¢ =Ing- i6, @)

where w is called the logarithmic hodograph variable.
Then, from (2.6) and (2.7) we get

7 = Ic"" dw. (2.8)

Using the Schwartz-Christoffel transformation, we
map the flow region in the W’-plane onto the upper
half of the auxiliary t-plane, so that the following
points correspond (see Figures 2 and 3):

B W =0,t=0,
DD, W +o,t=1, } (2.9)
AAy, W-> -0,t~>+ 0.

The mapping function is

Wo=-Lind-v , 0Osag(l-9<7x.
™
(2.10)

¢f
A. *':1' I D-
[B <€ D ¥

Figure 2.Normalized complex potential (or W’-)
plane . '

A Y-0
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Figure 3. The auxiliary upper half (or t-) plane.

From Abd-el-Malek [1], using the transformation
t= cosec? (;) after dropping the primes, we have

the following system of equations:
(i) Along the free surface (0 <s< )

S

%) =1 - A([ sinb@ g, @
sin r
6(s) = sinsT]nq(r)-lnq(s) dr+.2..gtan_1 sins
T J COST—-COss T 1 +COSS
(2.12)
s .
yo) =1+ 2 [ 5000 4, (213
w ) sinr q(r)

S
x(s) = -2 In(cosS) + L j cosb(0) 4, (2.14)
T Z m ) sinr q(r)

(ii) Along the boundary of the ramp

2/T=t; Ing®® 20, o [kyT=t
Ing, (t) = it :
BO==0 -{z-t(l-cos:)d” oy ( t-k )
O<t<t, (2.15)
Le
1 1
=2 [—1 4 2.16
T {[ G-aan T w8
where
A= 62,k=1—1/1-:0,;;:_12{_-1(2.17)
x F

3. SOLUTION OF THE PROBLEM

For small inclination angle «, the change in 6(s)
will be very small, then we can approximate sinf(s)
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by 6(s) and cosf(s) by one.
Now express 6(s) in Fourier sine series
[+ -]
6(s) = E Cpp, sin ms, (3.1
m=1
then

sin s sins

- m - m |
sin 6(s) _ S B, sinms _ Y bp, cosnid.2)
) m=

where
C; = 0.5 (2by - by)

} (3.3)
Cm - 0-5 (bm-l - bl'l'H-l) , M= 2,3,4,...

Upon employing the expression (3.2) into the
equation (2.11), we get

0
b
03 =1 -Abps - A ¥ - sinms(34)
m=1 ™

from the condition at far downstream, where s = T,
q = q, and from which it follows that

3
1 -
b = — 3.5

For q, very close to one and A < 1, we can
approximate (3.4) by

.. b
Inq(s) = -%_ bys + Y rnm sin ms | (3.6)
m=1

Now, upon substituting (3.1) and (3.6) in (2.12),
taking into consideration:

(_1)m+l

()aan~ (208 __ sin ms,

Wk + coss

[=-]
= n
m=1

m ™
ed 4 -
(i)ars=0: y 2 =0,
m
m=1
carrying out the integrations, equating the

corresponding coefficients of sin(ms) ; m = 1,2,3,..,
and using Tolstov [9],we get
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4Ab, - where \ and p are defined in (2.17), and by is given
e _.;  mel3s,. . in@3.5).
c, - am mnp G.7) - i
2¢ i m=246,.. Knowing that, from (3.3), 37 Cp = bg + _Z_,wc
mn p™ m=1
get
Hence we have by = Z(LZ - 1)bg - 4o (1 + l) 39
S (Zn~ 1)2 ® paTe? Hence we have ‘
(3.8) —
3 3
42 1 4¢:
28,124 Lo ; m=2,4,..
Bnnz.; @n-12) = § (2n- l)u"‘ -+
o (3.10)
m-1
)
- 2¢a 2 : m=35,..
T -1

Therefore, from (2.13), (2.14), (3.6) and (3.8), the shape of the free surface can be found from, (0 <s < 7):

n+1
1) sin nr

S [+~] (=]
n(s) = % {[ 1 4 X bg sinn - Nr 2« E

sin 1 ¥ n=1"(@n - 1)2 vasl. wpt
(3.11)

Arbg A e sinnr
X |1+ —*3 2=: by ]n dr
2 s 1 1 J\be A sin nr
= = i B |- uaies =2 bn dr 3.12
9 T i 2) ! w(l sinr 3 g ( )
where
n(s) = y(s) -1 , (3.13)

and b, , n = 0,1,2,... are given by (3.10).
4 NUMERICAL RESULTS AND DISCUSSION

Upon substituting (3.10) in (3.11), (3.12) and (3.13), for n = 4, and then carrying out the involved
integrations,we get the following expressions for n(s) and x(s):

n(s) = (ZxX L, s Ll s+ L, 2 + L'3 sin(s) + L4 cos(s) + Lg s sin(s) + L sin(2s) + L, cos(2s) + Lg s sin(2s)
+ Lg sin(3s) + L;( cos(3s) + L;; s sin(3s) + L, cos(4s) + .....) 4.1)
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where '
Lo = L4 - (Ly + Lyp + Lyp),
Ll = A + Cg
Abg

. i
Ly 6 1
Ly = '%{bIA + b_zz.B + EC + (% - 2bg) D],
L6=C,

L= -%[Sb:A+8(3b, +b) B -3(4b,-2b, -b)C+4b,D],

A
Lg = =b C9
8 3 0
Lo = %D' (4.2)
L10=—T%§[4b3A +3(2bp +bg)B +4(3by +b3)C

- (8by - 6by - 3bg)D]

where
4\b 4\b

A=_—-20 _2,B,B=_9% Cc=_"20_2p
3T i 277

I _E.z_ @.3)
2p

Also,

x(s) = 12'_ In(cos ._) + E —— sin ns, 4.4)

nOn

where

= _(3b1 + b3) + 5H4,
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H, = -—%(‘31:0 - 2b, - by),
22 Z\b3 A
= _H sH = - -b ’
B A R (g
Abg 4
Hy = (2 + 2 4.5
b 3 i 1r) )

where bg,by,b,,...
respectively.

are given by (3.5), (3.9) and (3.10)

It is clear from (2.17) that since 0 < ¢, < 1, then
0 < k <1 and consequently u = 1. For the
validity of the approximation, A < 1, which
corresponds to F# > 1.9 . Consequently the main
effective constants in (4.3) are A and C, while the
rest decrease most rapidly with the increase of y,
which corresponds to the decrease of ramp length.
Also the constants A and C decrease monotonically
with the increase of the Froude number FZ .

Therefore in the expression of n(s) in (4.1), the
main effective coefficients are LO,LI,LZ , and in the
expression of x(s) in (4 4), the variation in H with
the change of « and F? is very small and thcrefore
the main contribution in x(s) is due to the first term.

Table (1) shows the values of the coefficients L
and H ; n = 1,2,3,...for the case of a = #/6 and F’a
20.

Results showing the frec-surfacc elevation over a
range of Froude number F2, 2 to 20 for fixed ¢ =
0.018 and over a range of ramp height ¢, 0.018 to
0.03 for fixed F2 = 10 are given in Figs. 4 and 5.

) el 2.].
005 - .//' —_—— ©

Figure 4. Effect of the Froude number on the
free-surface profile for e=0.018.
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Table 1. Values of L, and H for & = 7/6 and F2 =20

Figure 5. Effect of the ramp height ¢ on the free
“surface profile for F? = 10.0 .

These results demonstrate the monotonic rise in
free-surface elevation with increase of the ramp
height and the Froude number.

Forbes and Schwartz [8] considering the case of
supercritical flows over a semi-circular obstruction
with an otherwise flat bottom,concluded that the
limiting form of the free-surface profile would have
a sharp 120° - corner at its peak. A similar conclusion
could be made with regard to the flow over a ramp.
Behaviour of curves, in Fig.5, for different ¢, support
this conclusion.

Fig.6 shows that the maximum height reached by
the free surface increases as the Froude number
decreases while in Fig.7, the maximum height of the
free-surface elevation increases with the increase of
the ramp height.
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n L,n Hn
0 - 1.68253 x 103 1.92351
1 4.02088 x 1072 3.95502 x 1072
2 5.78082 x 10 1.87315 . “
3 3.89708 x 10°° 1.30971 x 1072
4 2.04915 x 1073 5.20797 x 10’
5 3.52396 x 107 I
6 4.06684 x 1073 .
7 - 5.24070 x 104 R I
8 1.16938 x 107 S
9 4.08518 x 1078 T
10 3.18052 x 107 -
11 AR5 3 1Y . )i A
12 - 1.66065 x 107 T
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Figure 6. Normalized maximum free-surface height

against the Froude number F? for ¢ = 0.018 .
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Figure 7. Normalized maximum free-surface height
against the ramp height ¢ for F% = 2.0 .
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For the two cases of subcritical (F% < 1 ) and
critical ( F? = 1) flows, the solution is not valid due
to the nature of the approximation used.

The results obtained by Abd-el-Malek and Masoud
[2] using Fourier’s double -integral theorem show a
reasonable qualitative agreement in the form of the
free-surface predicted above the ramp, as shown in
Fig.8, with a difference of order 107 .

A
L)
0=
- = ._.-—"-.
S
L presenl method
005 .« method of ref-[2])
. 1 1 L L 1 ] o X
1 2 3 a 5 6 ™

Figure 8. Comparison of current results with those
of Abd-el-Malek and Masoud [2] for supercritical
flow over a ramp obstruction, for & = 0.02 and F? =
2.0.

5. CONCLUSIONS

The steady free-surface of a fluid over a ramp with
gravity acting as the restoring force has been studied
using the Schwartz - Christoffel transformation,
Hilbert transformation and the Fourier series
method. A linearized solution for such flows is
developed for the case of the supercritical flow.
Some computed examples of such flows are shown
for a variety of bottom heights and Froude number.
The obtained solution provides a reasonably accurate
indication of the type of free surface formed.
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