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ABSTRACT

In this work the complex variable method of Muschelishvili for solving the biharmonic equation is applied
to problems of bending of isotropic thin plates by concentrated edge couples. The results of the method
as applied to plate problems by previous authors are presented first. These are then applied to the ellipse
by using the conformal mapping to circular plate subjected, respectively, to two bending couples, and to
two twisting couples, both applied to the ends of a diameter. Numerical results are presented in the form
of graphs. There are two cases (i) Elliptic plate under conformal mapping to circular plate, (ii) Cirular

disk plate (special case from (i))
INTRODUCTION

Lurie [1] applied Muschelishvili’s method [2] for
solving the biharmonic equation to several problems of
bending of circular plates. It was mentioned in the
same reference that the author has used the method in
similar studies earlier in 1928. Lechnitsky [3] further
extended the complex variable method to the study of
bending of anisotropic plates. An English exposition of
Lechntzky’s results is given in Sokolnikoff [4].The
method of Muschelishvili and Lechnitsky’s results is
given in Sokolnkiff[4].Using the method of
Muschelishvili and Lechnitsky, Morkovin [5] further
discussed in detail the bending of an anisotropic
clamped elliptic plate. By means of the same method,
Friedmann [6] solved several problems related to a
large isotropic plate with a circular hole as well as a
circular ring plate. Methods using complex variables
have been applied to plate problems also by Stevenson
[7] and Seth [8].

In this research the complex variable method of
Muschelishvili is further applied to study the bending
of isotropic homogeneous thin plates, the boundaries of
which are subjected to concentrated couples. Plate
problems concerning concentrated edge couples have
not received much attention. One such problem was
discussed by Lechnitsky [3] in which a semi-infinite
anisotropic plate is bent by concentrated couples at its
edge.

The present method reduces in a simple manner the
problems of concentrated edge couples and forces to
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limiting cases of the first boundary-value problem of
the plate theory in which the moment and shear
resultant are prescribed along the plate boundary. From
the derivation to be presented in this paper it appears
that the present theory may as well be applied to more
real and practical cases in which couples and forces
actually are distributed over small but finite parts of
the plate boundary instead of being concentrated at
points on the boundary. The method also illustrates the
similarity between the plate problems to be
considered and their analogous ones in two-dimensional
elasticity in which concentrated forces in the plane of
a slice are applied at the boundary.

Small deflections will be assumed in the following
discussion of bending of thin isotropic plates. We shall
consider a free plate with concentrated external couples
or forces acting at a finite number of points along its
boundary. For convenience, concentrated couples and
concentrated forces will be discussed separately. It may
be seen that this does not restrict us from loading the
plate with both couples and forces at the same time.
The middle plane of the plate will be assumed to
occupy a region bounded externally by a single closed
curve and, in particular,by an ellipse (using conformal
mapping this is transtormed to a circle).In [9], the
solved problem was on a circle and it will be shown
that our general case is reduced easily to the special
case of a circle.
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PRELIMINARY RESULTS

When the middle plane of an isotropic homogeneous
thin plate free from lateral load is assumed to be in the
complex plane of z = x + iy as shown in Figure
(1), the differential equation for its deflection w in a
direction perpendicular to the plane has the form:

6‘w+26“w +8‘w=0
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Figure 1. Plate with middle plane is s-plane.

According to Muschelishvi, the solution of this
biharmonic equation may be represented in terms of
two analytic functions ¢(z). and V,(z) of the complex
variable z.

w = 2Re [ z¢,(2) + x,(2)]

1
L@ = [¥,@) R

We use bars to denote conjugate complex quantities.
The bending moments per unit length M,, My,
twisting moment per unit length H,, and the shearing
forces per unit length Q,, Q, may conveniently be
represented in terms of ¢,(z) and y¥,(z) as follows

M, +M, = -8D(1+v)Re[$,(2)]
M, - M, + 2iH, = 4D(1-V)[Z9}(2) + ¥,(] (@)

Q -iQ = -8D¢,@
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in which D = 2Eh%3(1-4?) is the usual flexural
rigidity of plate,E, » and h are Young’s modulus,
Poisson’s ratio and half-thickness of the plate
respectively. It is to be noted that H,, has a sign
opposite to that of M, as used by Timoshneko [10].
As shown in Figure (1), the moment and shear
resultant per unit length along the boundary C of the
plate will be given as functions of the arc length s
along C

oH
M, =m(s),Q, + as“ =P(s) onC, @)

where p denotes the exterior normal to C. The
boundary condition may be shown to have the final
form

n¢,(2) +2,@ + ¥,(@) =f,+if, n ©) (&)

in which 1 = —(? =

)

and

S S
1

f; +it2=m L [m(s) +i LP(s)ds](dxﬂdy) ®)

The plate problem in which the boundary moment and
the shear resultant are prescribed now becomes one of
determining the two functions ¢(£) and (&) which
satisfy the boundary conditions, equation (4). Once
these functions are determined, the deflection, moments
and shearing forces at any point in the plate can be
computed using equations (1) and (2).

The foregoing results are due to Lechnitsky and may
be found in references [3], [4] and [6]

CONDORMAL MAPPING

Let the functior

z = w(¢)

map the boundary C of the given region occupied by
the middle plane of the plate in the z-plane into the unit
circle vy in the &-plane[11]. Curvilinear coordinates (p,
0) are thus be introduced into the z-plane which are the
maps of thoe polar co-ordinates in the £-plane given by
tE=peél
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Introducing the mapping function w(¢) into equation
(1),where w(§) is a rational function, we now have the
deflection of the plate given by

w = 2Re[@(E)P(E) + x(E)] ©)

where

(%) =, [0 (@)]=¢,(2) , x(8) = f Y(@)o(Z)dE
and

y(@E) = ‘I’l[w(E)] = ll’]_(z)

The moments and shearing forces at any point in the
plate referred to the new coordinates (p,§) may be
shown to be related to those referred to the (x,y)
coordinates as follows

M, + My = M, + M,

My + M, +2iH,, = ¢¥'* (M, - M, +2iH,)

Q, - iQy = ¢*Q, -iQ,)

in which « is the angle between the x and p-directions
at the point. As was shown by Muschelishvili [2]

eia = G’(E)E e2i¢ -
| @@) |p ~

therefore, equation (2) lead to:

M, + My = D (1+v)Re[$(8)]

2
My~ M, +2H 4 =4D(1-V)—C __[GEOWE) + AOWE]

8D prw’(®) &
Q -iQ = -——¢%)
’ ’ plw’(ﬁ)l/ /
in which PE) = e , O = $'(%)
@(®) w/(8)

The boundary equation (4) is now transformed into:

n¢(c) + 240)

¢'(0) + ¥(o)=f, +if, (on ¥) (8)
w'(o)
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in which f; + if, has also been transformed and is
i
now a function of ¢ =(¢), namely the value of { on

the boundary <y of the unit circle.

For a region bounded externally by a single closed
curve and mapped onto the unit circle in the £-plane,
each of the two analytic functions ¢(£¢) and y(¢) can
always be represented by a power series consisting
only of positive powers of ¢. Furthermore, because of
the indeterminacy of functions, we may write.

o) =ak +a,E%+a, 8> +
&)

P(E)=a,+a,§ +a,E%+...

where a, a, ... a’y, ... are real unknown

constants.

’a()’a’l’

Solution of the integro-differential equation

The boundary condition (8) may be reduced to an
integro-differential equation for the determination of
¢(¢) and Y(¢) . If we multiply both sides of (8) and its

conjugate by% doE
io-

integrate over y, we get by Harnack’s theorem [4].

where | £ < 1 and

©'(0) ¢(0)

) 2m A OICE N

f, +if,
e { —pde (10)
Once a solution of (10) satisfying the condition
¥(0) = 0 is obtained,function y(§) may be calculated
by Cauchy’s integral formula from (8). The value of
V(&) is determined by forming the conjugate of (8).
Since w(§) is a rational function :

W(E) =y, E +7, 82+ B+ 4y B ¥,#0,y,#0 (11

GEE f( )do > K (12)

m=1
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1'f2 Q(E) -z
'II(E)———— ( ———¢@)+ ), K_ &,
f (o- E) (%) mzl
(13)
and note that 90 449
Gl E)
where
Kn =3 Cn
K.i=3a,C +2aC, (14)
K; =a5C |+ 2a,Co+......... +n a,Cn
and the constants C;, C,,.......... ,C, depend on the
coefficients of w(¢) and
(14, 1 (f+if, ] 1[
a5~ (-—[1—2do) Ek,,,z'“ (15)
_ndE 21:1 o-§ o d§ig £-0
1 42 1 fy+ify ] [ ]
a=| = da) Y 319
2n dgz 21:1 o-§ - 2n| 482 -
=1d3lf1fz 1w
% 6'nd£3 21t1fo - Ed )H) E[Egg;kmﬁ ]H! ()

General formulas given in this section enable us to
evaluate ¢(¢) and y(£). The bending moment and
shearing force may be evaluated from equation (7). It
is easy to obtain the results of] 9 ] if w(§) = RE¢.

We shall study a special case by using the following
conformal mapping to transform the elliptic plate into
a unit circle :

= w(§) = v, £+73¢> (y,,73 are real numbers) (18)
with v, = 1.0826b, 3 = 0.095%

Substituting equation (18) into equations (12, 13,14,
15, 16 and 17) we obtain:

11 fy +if, _ 3, 1
U {o—do ®,E+KH)| (19

-€
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-1

(3] § &

w(z)-—[(‘ g

Since the coefficients of w ( &) are real numbers, then
K; = K , K3 = K3 and the even coefficients equal
zero because w ( £) contains odd coefficients only.

APPLICATIONS

i. Plate concentrated  edge

couples

subjected  to

In the absence of shearing forces Q,, equation (5)
may be written in the form:

f, +if, =

Z—D(l—-— f[M +iH, J(dx + idy) 1)

In Figure (2), a part of the boundary of the plate
between points A and B is shown , of which ds is an
element. All the moment vectors are shown in their
positive directions as determined by the right-hand
screw rule. The moments M,(») and Hy(v) represent
the x and y-components of the resultant moment per
unit length on ds, whose exterior normal is in the »-
direction. The relations between M,, H ,and M,(v),
M, (v) may be readily established from the figure as

M, cos (v,y) + H, cos (v, x) = - M, (¥)

M, cos (v,x) - H g cos (v, y) = My (»)
Multiplying the first equation by ds and the second by
ids, adding and remembering that cos (»,y) ds = - dx,
cos (v,x) ds = dy
we obtain:

Substituting this into the integral in equation (21) and
applying the resultant to the finite length of arc

between A and B , we write
22)

in which indicates the increase in the value of f; + if;
as the boundary is described from A to B.
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)

Figure 2. Couples at boundary of plate.

Consider now the case of concentrated couple M*
(the star indicating that its dimension is not that of
moment per unit length but simply that of moment)
acting at a point P on the boundary and having
components M, and My*. We enclose P with a small
but finite circular are A-C-B as shown in Figure (3).
Applying equation (22) and letting A and B approach
P, we get

I SR VAT, ¥ 4 RO . S
If, *ifyl, 2D(1 - v )[M‘ +iM,] 2D(1 -v)

Observing the physical significance of the integral in
equation (22), we see that the limiting procedure
adopted is justified. We conclude, therefore, that on
crossing the point P along the boundary in the positive
direction, the function t; + if, gains a value equal to
the concentrated couples at P divided by 2D (1 - v).
With the value of f; + if, assumed to be zero at an
arbitrary starting point on a closed boundary, its value
at any other point will be equal to the sum of the
concentrated couples acting between these points
divided by 2D(1-»). It should be noted, however, that
in going from the first point to the second the positive
direction of s is to be followed.

As an example we consider the problem of a plate
under conformal mapping as being a circular plate
subjected to an arbitrary number,r say of concentrated
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couples M,*, M,*, ... M", on its boundary at the
points where ¢, = ¢!, o, = €l°2,..., on the unit
circle 0 < o £ o < < a < 2m),
respectively. A similar problem in the two-dimensional
elasticity was discussed by Muschelishvili [2]. It is
evident that the couples must fulfill the equilibrium
r r
condition E M, = }:l M, + iMk‘y) =0
K=1 K=
According to this and the above conclusion we obtain
Table (I) for the values of the function f; + if;, on
various arcs around the circumference of the plate,
assuming its value to be zero on arc o, 0.

Table I. Values of Function (f; + if;)

Arc 2D(1-»)(f; +ify)
0, 0y 0
01 02 Ml
0'2 G3 M + M2
Or1 0y
g, 0y M + M M
M + M2 M = 0

Figure 3. Concentrated couple at the boundary of the
plate.
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We have the following integrals

£ +if 2 A "3 +if
1 1t 1 1 tlp 1 *il
il do=—L [ (1 "2y

T i( o 211011 (G 5 j((a )

- [ o

;¥

°Lg vit §
+i 0 -
_l, J(l_z do=_L _I_[Ml*log 2

2mi o-§¢ 2xwi 2D(1-v) o, -¢

Or

Y 047 — o, —
+(Ml*+M2>')log( 03 _§)+...+(Ml*+ M2*+_,.+Mr"}10g 01 -
r

= m E Mg log(oy, - £)

1 fi-ify
2 i =5 DG ) Z Myclog@c-8)

where &Ik* = Mk:; - iMk;

Substituting these results into equations (19,20) we obtain :
o) [D—a” Y Mlogloy - - (kst’ +k s)} @)

- T 3C,(k; - Csk)é
_ 1 M. _ . 1\23 3%
VO = opa =) kzl 1080 = 9 n(l + 3C4£2)

24)

i r MkC1 Mk*C3 _ 3C1C3Mk*£
411'D(1 v)n k=1 Gk((fk f) ai(gk—g) (1+3C3£2)(0k'£)

where the values of K; ,K; are calculated from  magnitude M and acting at the ends of a diameter, as

equation (14) using equations (15,16, and 17) shown in Figure (4). Taking
It is easy to evaluate the deflection, the moment, and
the shearing forces under some conditions : (i)the plate M* = iM st 6, = 1and M, = - iM at o, = -1

is sujected to two bending couples and (ii)the plate is
sujected to two twisting couples.
i. Plate subjected to two Bending couples

In this problem the plate is subjected to two equal
and opposite concentrated bending couples each of

and substituting these into equations (23), and (24), we
obtain the following analytic functions
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.M 1=-§ 3,
o) = anD( - v)nIOg(1+ s Ex (k,E k%)
- FA 3C,A,F¢
WO - M jogdofy Pt | G4

4xD(1-») ~ 1+E p(1-£2) n(1+3C,¢2)

. 34t
n(l + 3G

M lo l-f = FAIE + 3L4£
4xD(1-») ~1+& p(1-¢2) n(1+3C352)’

where

X = j SEOWEE=Y X1 *+ V3X3
x1<e> = [#«(E)dé . x3(8) =3 js2¢(e)ds

FA L
x ®=E& og(i g) — 2 log(1-¢)+ élog(1+303£2>

_FE 0,078 FLay ey ag gl w2
x3(8) = —5-log s - ——log(1-¢) ~Lslog(1-3C5£%) + Lok

Using equations (28, 29) into equation (27) to obtain:

1+ F 1
x(é)———(v,f+v3s3> ggl g T+ 1)1 -Dlog(1 -£) + y3Ly8?

where

m-CHF = M
(n2 + nCl _ 3c32) 27l'D(1 - V)
(n + Cl - 3C3)F _ (n + Cl - 3C3)al
3(n? + nC, -3CJ) 3 -Cy)

al=

2 2
_ (1+C3) . 3C1C3 C ’Y3 C3=‘Yl °3'Y3
P7@+3Cy) 2 1+3¢, 'y,

2
Y1
Al
Kl =a1Cl +333C3 & K3 =31C3 and K2 =0
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L, - 3CsAF + Ay , C =2
Y1
_1,3FA; 3FA 345
L =305 n nG .
L, = 203’1(,421: + ‘cj)
2 2
34 ¥1 =3y
L4=1—__n_1_ , G=—2
Y1
and B(E) = G)(lf) [ ol Ij o = %(31(322 + Kl)] @31
o (&)= 2 F_ 3mF 306K -7iKy) (32)
@@ | n(1-£%  n(1-£)a) ni(g)
Sy E__FAUE) 3Ly (=318 @)
)= 2 — 22 -
1-¢) n(1-£&9) n(@(§))

From equation (7) we get:

My = M +D)Rel; + Re(, + 1Iy)]
T

M - %T(n +DRel | - Re(Iy + 13)] (34)

M
Hyg = =im(ly + 1)

-5
o (35)
A i [-‘39 ‘1>(£)]
P?50)
2 [ o
I, - Vo)
TS [ F ]

We calculate the deflections , moments, and shearing forces for the elliptic plate under conformal mapping into
a circular plate using equations (6,25,26,30,....,35). As a special case, the disk may be studied takingy; =0, the
results in [9] are recovered. Calculations are made for points along the radii 6 = 0 and § = /2 as well as along
the circumference p = 1 between the angles 6 = 0 and § = #n/2. Along the radius § = 0, we have £ = p.
Substituting the calculated values of the functions ¢ (¢) and x(¢) from (25, 26) into equation (6) we get:
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My,

- 1_ —0)+Ca(1 =03 -
(W)():o—m[(g D{(1-p) C3(1 p”)}log(1 -p)

+(2 =D {(o+1)+C3(1+p*)}log(1 +9) +byp? +byp* +bo°]

— (36)
6=0
p=0
= M71 1 - + + 1 S & 5
g = 7D =y T D+ Collog2 + 52 + by <+ Bo)
=1
where _ ’
- 2K, 2G4L, 200(p) 1 3v;
b, = + Re(l;)p -0 = [ -
2 _%F F el @@©)* n(1-0%? n(l -p*)d(o)
by = TF_(K3 + K;C3) 37 3(711(3 - v3K)) &
2 - ]
bs = ~—=(K3C3) nFo’ (o)
1 -1 AP
Re(l3)g 0= &)(,D)[ " -—p2 ol -p2)2

(40)

+3'Y1L4('Y1 - 37392)
nF[&(0)]?

Substituting equations (38,39 and 40) into equation (34)
to evalute (M,,),(Mp) and H , the values of Qg and
Q, obtain from the third part of equation (7) and by
equation (33) we get:

; : -8Mp 1 3y3
Figure 4. Plate subjected to two blnding couples. (Q,,)o =0~ 5 75 <
x(1-9)@)* n(1-p?)? 0l-p))
The difference between the two values represents the 3(viKa - viK “1)
maximum deflection of the plate. Substituting ®(¢) , _, 30Ky~ 5By ]
$(¢) and ¥(¢) from equations (31,32,33) into equation nw(p)F
(35)

where w/(p) = (y; + 3y,p? we obtain: Hopdy o = Qp)y o =0

Similarly, along the radius § = 7/2, we have ¢ = ip,

__ | 11 2, and @’ (i0) = v, -3 73 0° = & (-ip)
Re(1))p o cb(p)[n(l = —(3K30 K,)}z.s) 1 3
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My,

) 22D =)

)T 26+ Do -Cyp™yan "l p
2

*(% - 1)(1 +C3)log(1 +p*) +byy p* ~byp* ~bee®]
2 =5 (— LG5 (42)

To obtain the values of (Mg)y=m/2 »(M,)p=n/2 and
(Hpo)0=1r/2 using equation (35) to calculate

1 1 1 2
Re(,) - (-3Kq0%+K)] (43
1-215 a(ip) n(1+p2) O0OF ? Dl @)
Re(L,) , - 2010 1 3y,
2 OGpP  n(1+pH? (1 +pHalip)
B 3(71K3 Y5K)
n o(ip)F] k)
Re(), » - [ 1, AU-p) 3Ly, +3v507Y,
"I o(-ip)(1+p) n(1+p)  nF(aGp))
(45)

and substituting their values taking into account that
Mplp= xr2 » Mp)g—rpp and (Hpp)g=x/» in equation

(34), as in [9], if y3= 0, and from the third part of

equation (7), and equation (33), we obtain:
___ 8Mp . 1 373
0=1 1 - D (o(io))2 22 20
7 w(1-»)@@ip))” n(l+p%)" n(l+p~)u(ip)

L Sk - 7Ky)
nF &(ip)

=0 ’ (Hpe)o =—ﬂ: =0
2

Q)

(46)

47

Finally, along the circumference p=1, we have {=¢

and | ' (0) |? = 'y:;' + 97§ + 6y,v3c0s20
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Wt =5 D(l P g ! Deos?d {1+c,(4cos2—-3)210goos2a
+(% 1sin® 6{1 + C,3 - sin )z}logsinzg
+(i + D2sind [1 + Cyldeos®® - D] (43)
+2(% - 1)1 + Cplog2 + b, + byycos26]
where
2(K,+C,K,) 2L,C,
by, = oF + F

Similarly, for p=1 we calculate (M)),—; , (M)~
and (H,p),~; from equation (35) to get:

1 [1 + 3C5(4cos°6 - 1)

Rey)p-1 = — |2 2n
w
—lF[K, +9C3 K, +3(Ky + 5K, )cos26]]
n
49)
R, o 2y, 1+Cyc0s20 3G,{3y3(4cos®-1)-v] +4v,v,)
P |o/(0) P -4nsin’® 20| (o) |2
, HCK, K{ri+4v,7,+313+(v 31300820},
oF |(&(0) [2
(50)
gy -2 (Cyo080 3C,H(y;+4Y,,+35(1 - 4sin’)]eosd
1" |o(o) P 20sin® 1F | o(o)f
1)
R Y. 1+3C,(4cos’0 -1) . A cos’0[1 +3C,(1 -4sin’0]
e | (o) |2 2 2nsin’0
3L4[(7r9v’)cos26 + 67|v,sm’0]
n| o) *F
(52)
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7 ~(1 + 3C,(1 - 4sin’0))cosd
| 6(0) I2 28inf

_ Acos1 +3C,(4cos® - 1)] 3L,sin20(y{ - 9v3-6v,v,)
2n5in6 nF | &(0)

Inas)p-l =

]

(53)
Using equations (49,...., 53) into equation (35) we
obtain the values of the moment, twisting moments
and shearing force at p =1 from the third part of
equation (7) and equation (33) , it is easy to get:

B0 = 8 My, - (1 +3C,cos2 6)
i [ o A - v) 4n sin® 0
2 2
_ 3G,{(6v,v; - YD + 9v3ldcos™® - 1))

64

2n o |2

_3(K, - CK D6y, v, + (1] + 9y3)c0s2 e}]
nF| o [?

8My,  3C,cos0 _ 3C,cos6[(v] +6v,7,) +9¥3(4cos’0 -3)]

|o(a)[* 2nsin® 2nsind | & 2

_ 3K, - CK,)(vi - 9y3sin2 o
n | o(o) |’F

(QO)p-l =

(55
When poisson’s ratio » =.3 the corresponding value of
n is - 4.714. Some more interesting values for

(w)0=0 s (W)0=% > (%)0=’_l: ’ (%)0=I ’ and (Q))0=I
2 2 2

have been computed numerically, the results are
plotted in Figures (5,6,7,8, and 9) which include the
results of the special case of Yuaw [9].

DW ' >-—a qammat = R ! i

s(=—=) - gammai = %50 | i
"V oeo JI S !
: v;ﬂ. ’

| BN

. e |

: 5 5 :

_l o :

! ,f’-’a ? l

| e ]

| o :

:)L ,\_.-I-"a‘/slsf i

9 2 3 5 3 [

14
Figure 5. Deflection versus radius (for the case of
bending couples).
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Figure 6. Deflection versus radius (for the case of
bending couples).

ii- Plate subjected to
couples

two twisting

This second problem can be worked out in same
manner as the first, we have:

M, =Mato,=1&M, = - Mat 0, = - 1
as shown in Figure (10) M being the magnitude of
each of the two twisting couples applied at the ends of

a diameter of the plate. Substituting into equations
(19,20) we get :

_ -iM 1 E 3, 56
(&)= anD{l - )n ) (K,E K& (56)
___iM 1 z iFA,§
v 4uD(1—v)lO(1+£) n(1-£2)
67
. 3L ¢

n(l + 3 C,&9)

3¢ pre——————— |
-0 jammal = R

I JRR N Jammat = OB2R b

e e o )

RS R SU

Y\(-“p}e,} J‘; S 2. S
i
i

Figure 7. Bending moment versus radius (for the
bending couples).
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Tt~ o

W 5 ! e--® gamma’ . =

Figure 8. Bending moment versus radius (for the
bending couples).

Along the radius §=0(w)§=0 =(M6=0)=(M,)
0=0= (Q)8=0=0. As before, from equation (35), we
get:

I (L),.0= —2p(.>(p)[ 1 B 3y,
Y (@) a(l-p? a(l-pHa(p)
(58)
+3(73K1 - v,K)
nFa(p)
1| -1 AU0+pH 3y Ly, -3v,p)
L(Leo= + # 39
oo o(p)|1-p* n(1-p?? n(&(p)*F 9
Yl.’-(()p)e-t PR,
4 - 1'3/ oo = a. ‘

‘.

i 5-—8 jamme’ = 32 } 1
: 3 - Jammei = (08230 2

]
-
s i
i :
L3

3
9

14
Figure 9. Shearing force versus radius (for the case

of bending couples).

Using (58) & (59) into the third part of equation (34)
to evalute (Hpo)ozo, we also obtain (Qg)g—¢ as:
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SMp 1 3y,

Qps0=~

[ =
n(1-y)n(o(p))* (1-pH* (1-pHoip)

+3(‘1,K, - ¥K))
nFo(p)

(60)

Figure 10. Plate subjected to two twisting couples.

Along the radius 6§ = #/2 :

Wy _x=M), =), =0
5 3 3

We obtain the same values when y; = 0 , using
equation (35) , we get:
C20%v,-vsPY),. 1

L), == P >
2 (@(ip)) n(L+p%* (61
3y, . 3(v,K, -v,Ky

: n(l + pHo(ip) nFa(ip)
A (1+p?
Imas)o_":" 1 [- 1 . n P°)
"2 (v,-3v;pH)  1+p? n(1+p?’
(62)

REANZSS +3v,p?)
nFo(ip)

Substituting equations (61)&(62) into equation (34) to
evaluate H y and Qg using the third part of equation
(7
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8Mp [ -1
x(1 -)(&(ip))* n(l +p*)?
(63)

3v3. _3(v3Ky-v(Ky)
n(1 +p?)(ip) nFa(io)

Qg),_x=-
00_5_

+

Along the circumference p = 1 between =0 and

0=u/2 we get:

My,
2rnD(1-v)

W)= [(1+ %)%cos(i[l +Cy(1 -4c0s%0)]

+l - in20 - + +l 1‘.— 64
7K CKsin’® - (1 +C(1 + ) -0) (64)

+(;1'- - 1)sin6[1 + C,(4c0s6 - 1)]log tang]

Substituting into equation (35), the values of ®(p),
®’(p) and ¥(p), we have:

vy cosf[1+3C;(1-4sin’6)

Re(Il) =1 = -
g | () |2 2nsinf

(65)
- %(K3 - K, )cos26]

) .1 (Cosd -3C,cos8[4y, v, - > +3y3(1 -4sin’6)]
*I |o/(o) | 2nsin® 2nsind | & [

_ 3CK, - KXy - 3y3) sin26

nF | &(o) |2
(66)
2 2 2
' 1+Cyc08°0 4y, v3+3vy3(4cos”6-1)
Im(I2)p=l = ) + 5
2nsin“6 2n | @]
6(K- 2 2.2y 2
_6(K3 - 3K))[4y 73 + (v] +373)c0s70]
nF | & |2
67)
1+3C;(1 - 4sin®)]cos 6
Rella)p-1 =1 2sinf
A cosf[1+3C;(4cos6 - 1)]
+
2nsin 6 ]
(68)
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" 1 + 3C5(4cos?6-1)

e e .

_ AjcosPO[1 + 3C5(1 - 4sin’6)]

(69)
2nsinZ6

3L4{7% - 97% - 6717300520}sin20]
+
nF| &) |?
Using equations (65,...... ,69) into equation (34) to
evaluate (M0), -, (My),-,and (Hpf),—,, by using the
values of (<I>’(p))p= , into the third part of equation (7)
we get|
-8 My,  3Cycosd
n(l - y) | @(o) |* 2n sind

Q),. =

3C,{y] +6v,v, +9v3(1 - 4sin’6)}cosd

(70)
2nsind |&(o) |
2 %
+3(C3K1 - K)Ov; - yf)sm26
uF | (o) |?
8My, 1 + 3C, cos 28
(Qo)ﬂ'l - \ 3 )
n(l - ¥y) |&(o) | 4n sin® 0
3C,{ 1 - 6y,v, - 9Y3(4 cos® 8 - 1)}
2n I @ (0) |2 (71)
3(C,K, - KUY} +6v,¥, +9v3(1 ~4sinB)lcos O
+

nF | o (o) [*

Numerical values of some of quantities in equation
(62) and (Hpo)p=1 s (1%)‘,=1 and (Qo)pzlhave been
computed for the case in which » = .3.They are
plotted in Figures (11,12,13 and 14). We also evaluate
the case of YI. Yuan (y3=0).
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Figure 11. Deflection versus angle (for the case of two
twisting couples).
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Figure 12. Twisting moment versus angle (for the case
of two couples).
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Figure 13. Bending moment versus angle (for the
twisting couples).
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Figure 14. Shearing force angle (for the case of
twisting couples).

CONCLUSION

Solving the integro-differential equation, by using a
rational, we obtain two analytic functions in the general
case. We stuied an ellptic plate as special case. It is
easy to apply our results for any shape transformed this
shape with conformal mapping to a unit cirle, which
subjected to concentrated edge couples. ALso the
appliation can be applied to the structure building and
mannfactory.
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