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ABSTRACT

A method is introduced to find the stiffness of a single pile with free length above the ground line, in
terms of the stiffness of a pile having the same properties and embedded in a similar soil. The head of
the second pile coincides with the ground line. The method is valid for non-linear as well as linear
analyses. It is also valid for the case of dynamic analysis assuming that the impedance function of the

pile, with its head at the ground level is given.

INTRODUCTION

Poulos [2,3] introduced a method to find the
borizontal displacement at the head of a free head pile
wbjected to a horizontal load acting at a distance e
tbove the ground line. Poulos method applies
fexibility approach. Hereafter a method is introduced
b find the stiffness of a partially embedded pile in
terms of the stiffness of a fully embedded pile with the
sme properties.

HORIZONTAL STIFFNESS

To find the stiffness of a single pile with length e

\bove the ground surface in terms of the stiffness of
(nother pile with the same properties and having the

sime soil conditions, we proceed as follows.

‘Assume the translation, rocking and coupling stiffness
Ky Kipr and K of the second pile to be known, for

e case in which the pile head coincides with the
ground line.
The force F and moment M needed to produce unit

\ranslation and unit rotation, respectively, at the head
\ifa free head pile, with its head at the ground line, are
elated to K, K, and K as follows.

If the head of a fixed head pile is forced to move in
tie horizontal direction by unity, with zero rotation,
tien the force and moment developed at the head are
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F =Ky M=K,

for the moment M to be zero, a moment M = -K,
must be applied to the head. This moment produces a
horizontal force equals to K, K, /K, and rotation
equals to K, /K . Then the force required to produce
unit translation in the pile head, with zero moment
associated with it, is given by

ok, - Kk

vy

)

This is associated with the following boundary
conditions

= @
K,

Working out the same way, we find that the moment
needed to produce a unit rotation in a free head pile is
given by

Ku Ko
Ko

M=K, - 3)
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with the boundary conditions

F=0,0=1,u=_—= )

Going back to our original problem, we find that in the

case of a pile with length e above the ground line, if

the head of the pile is displaced in the horizontal
direction by unity, with no rotation, then a force F and
a moment M developed ,in the pile, at the ground line,
figure (1).

Ground Line

Pile Head

_______ Pile initial position

= Plle final position

Figure 1. Pile force and continuity conditions.

This force F and the moment M are related to the
stiffness K., and K, of the pile by
K. =F

=uu

K,=-M + ¢eF)

®)

The translation 6; and rotation «; the upper part of the
pile, part I, at point A, are given in terms of the force
F, the moment M and the properties of the pile by

_ Me? . Fe?
! 2BI  3EI

©)
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. _ Me _ Fe?
' BI 2EI

The moment M and the force F are consie
positive in the directions shown in the figure.
The translation &, and rotation cry caused by the for
F and the moment M in the lower part of the pile, p
I, at point B, are given by , using equations (|
through (4).

5. - F_MK
> F MK,
__Fh M
> BK,2 M
From the continuity of the pile, we must have
6, +6, =1
a, +a, =0

Using (6) with (8) and (7) with (9), we get

F, MK | M FRe
F MK, 2B1  3EI
FXE M__ Me Fe
F K, M EI  2EI

Solving (11) and (12) together, we get F and M, usgp
them with (5), we can find K,,, and K.

ROCKING STIFFNESS

To find the rocking stiffness, K and the couplin
stiffness K, it is enough to replace the first terma
the right hand side of (11) by e, the free length of
pile above the ground line, and add one to the R.HS
of (12).

K. and K, are given by



KR=M+e.F
13
K_ = -F (13)

Ay A, F
= JA (14)
Ay Apl M
where,
3
T l,.z.
E 3EI
2
A, = = %o + =2
M K, 2EI
1 K, e?
Ay = F K *
K, 2EI
‘ 1 @
B e
! A M EI
and,
4; =1, 4, = 0,in case of calculating K, and K _,

| and

Ay =e¢, A, =1, in case of calculating K. and K ,

Solving (14), we get

F A, Au
=C A
M -A,, Ay 1s)
| where,
_ 1
Au A22 - sz A21
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VERTICAL STIFFNESS
The vertical stiffness K, is given by equating the sum
of the vertical deformation in the part of the pile over

the ground surface , and the settlement in the part of
the pile under the ground to unity. This leads to

K
T )

where A is the cross section area of the pile.

(16)

METHOD VERIFICATION

Assuming the method introduced is correct, then it
must lead to the same results given by Poulos [2].
This, of course requires that the flexibility coefficients
used by Poulos , to be introduced in terms of the
stiffness coefficients used in this work and vice versa.
The relation among the flexibility coefficients and the
stiffness coefficients are given by

i 3
.I"_h ﬁ Ku“ 1
L L2
1
< P = 4 4 17-A
E . (17-A)
B Le k| o
L2 L* |
and
r I\lh Ium 1
T 1z |5 0
L J
P =9 ¢ (17-B
E, (17-B)
I Lw | g 1
L2 L3
where,
L the embedded pile length
E;, modulus of elasticity of the soil
I flexibility coefficient; a measure of the

displacement (rotation) of the pile’s head due to
unit force (moment) applied at the head
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Using (1) with (5), (13), and (14) we find that the
force applied at a distance e above the ground line and
required to produce unit displacement in a free head
pile is given by

(M, +¢F)F,
M, +eF,)

where F| and M result from solving (14) with A = {1
03T while F, and M, result from solving (14) with
A={e1}T

Figure (2) shows the force required to produce a unit
displacement in a free head pile with free length e, as
calculated using the present method and Poulos
method. Since the two methods are analytical then they
give exactly the same results as expected.

F, = F, (18)
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Force required to produce unit displacement (t)

Figure 2. Force_displacement relationship, free head
pile.

EXAMPLE

As an illustrative example, the following cases are
introduced. Table (1) shows the properties of four
different piles. Their stiffness computed at the ground
level is given, together with their modulus of rigidity.
For all the cases considered Poisson’s ratio is taken to
be 0.25. The effect of the free length on the stiffness
is introduced in the figures that follows.
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Table 1. Properties of piles.

Kuu (with free length) / Kuu (no free length)

0.2 4

0.0

08

Diameter(m) | Epije/Gyot | EI.m?) | Ky, (/m) | Ky @m) | Kyt
1.0 10000 68690 2310 5960 | 29330
0.5 10000 | 4290 1150 | 1490 | 3670
1.0 250 68690 | 36200 | 35200 | 71240
0.5 250 4290 18100 | 8800 | 8900
1.2

D Epile/Gsoil
10 S 1.0 10000
— 0.5 10000
S 1.0 250
........ 0.5 250

Poisson ratio = 0.25

-

.

Free length in meters

Figure 3. Variation of K, with the free length.

Kur (with free length) / Kur (no free length)

1.2

0.6 1

0.4

0.2 4

08 %

Poisson ratio = 0.25

0.0

Free length in meters

Figure 4. Variation of K, with the free length.
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Epile/Gsoil
10000

Krr (with free length) / Krr (no free length)

Poisson ratio = 0.25

0.0

T T v T T Y T

0 3 ] 9 12
Free length in meters

Figure 5. Variation of K_ with free length.
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— Kuu
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K (with free length) / K (no free length)
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Figure 6. Variation of stiffness coefficients with free

length.
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\ Ep/Gs = 10000

\ N, Poisson rotio = 0.25

0.0

Free length in meters

Figure 7. Variation of stiffness coefficients with free

length.

K (with free length) / K (no free length)

Ep/Cs = 250
Poisson ratio = 0.25

D= 1.0 m

-~
|y WP,

.

Free length in meters

Figure 8. Variation of stiftness coefficients with free

length.
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Figure 9. Variation of stiffness coefficients with free

length.
From Figures (3) through (9) it may be concluded that:

1. Increasing the ratio K;./EI (i,j = u,r), increases the
rate of reduction in tfle stiffness coefficients with
increasing the free length. This may be clear, since
reducing the flexural rigidity of the pile allows a
greater part of the deflection to take place in the
part of the pile above the ground level.

2. The variation in K with increasing the free length
is less sensitive than the variation in K, which is
greater than that of K ..

A better look at the analytical method introduced or a

detailed parametric study may be needed to have a
clear understanding of the relative importance of the

C78
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different quantities mentioned, in the ‘
on the wvariation of the stifii

introduced,
coefficients.
CONCLUSION

A method is introduced to calculate the stiffnessdl
pile with a free length, in terms of the stiffn
coefficients of the same pile, when being fi]
embedded in a soil with the same properties. T
method is independent of the properties of the soil
the pile. It is valid for both linear and noni
analysis. Also it is valid for dynamic analysis, sinl
is based on fulfilling the continuity conditions of|
pile.

The method eliminates the need of develo
sophisticated programs to calculate the reqi
stiffness coefficients, since there is a huge amoun
published data ,in the form of charts and tables, for
stiffness coefficients of fully embedded pile. Theym
be converted using the method introduced to obtaing
needed quantities.
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