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INTRODUCTION

The behavior of steel structures is dominated by the
iehavior of the compression members in these
sctures. These compression members suffer from
oss of stability and buckle at a certain load level. The
tuckling load of a compression member may lead to
leal or global buckling and failure of the whole
fructure.

In a real structure the end conditions of a member
fat is primarily under axial compression is far from
eing ideally fixed or pinned. For the sake of
wnvenience in design, the limit load of such
wmpression members is generally expressed in terms
of the limit load of a pin-ended column with length
wuals "/”. The length of the imaginary pin-ended
wlumn is related to the actual column length "L” by
afactor K" where I=KL. This factor is denoted as
e effective length factor.

The selection of an appropriate value for K is an
mportant prerequisite of column design. This factor is
based upon the flexural restraint at each end of the
whmn as well as the degree of in-plane sway
nstraint. For a column with well defined supporting
wnditions, it is easy to find a theoretical value of the
Kfactor. Figure (1) shows the theoretical values for
wlimns with different supporting conditions.

The critical buckling load of a column having an
dffective length KL is
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The design specifications for columns include alignment charts for calculating effective buckling length
factors "K”. For braced columns these factors range between 0.5 for rigidly ended column and 1.0 for
pin ended column. The value of the K-factor depends on the values of the rotational end restraint at the
column ends. Exact theoretical expressions for elastically connected columns are developed. The value
of the exact K-factor can be obtained using the developed expressions. Aided design curves are also
produced. The values of the K-factors obtained from the present study are compared with those obtained
from the alignment chart. Conclusions and recommendations toward a better evaluation of the K-factors
and the column buckling loads, using the developed design curves, are included.
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Figure 1. Theoretical effective length factors for
columns with defined end conditions.
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where P is the Euler buckling load of a pin-ended
column having length L,

and
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where g is a non-dimensional axial force parameter that
relates the axial critical load P, to the Euler buckling
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In order to evaluate the buckling load of a column in
rigidly jointed frames, braced or unbraced, an
approach called the G-factor method [1,2,3,4] is used.
This approach is based on two separate characteristic
equations for braced and unbraced frames. These
equations are derived for frame subassemblages with
preassigned buckling mode assuming that all the
columns in a story buckle simultaneously. These
equations are in terms of stability functions of the
column and of the stiffness distribution factors G; and
G, corresponding to ends 1 and 2 of the column;
respectively.

The flexural restraints at the ends 1 and 2 of a
column depend on the rotational stiffnesses of all
members rigidly connected to these ends. These
members include any columns above and/or below and
any beams. If the rigidly connected beams have zero or
small axial force, which is a common case in most of
regular rectangular frames, they restraint the column
against buckling. The stiffnesses of these beams are
classed as positive and generate positive G-factors.

If the other columns, above and below, have
significant axial forces they will disturb the column
being investigated, hence their stiffnesses are classed as
negative and they generate negative G-factors [2]. The
G-factors are defined by:

_ Ic Ib
G =Y ‘z;)’z(z;) 3)

where i = 1 and 2 for ends 1 and 2 of the column;

respectively, I, L, are the moment of Inertia, and the

actual length of the column, and I, L, are the moment
of inertia and length of all members rigidly connected
to the column ends 1 and 2 and lying in the plane in
which buckling of the column is being considered.

The Egyptian Code of Practice for Steel Structures
and Bridges (ECPSSB), [5] has adopted the chart
shown in Figure (2) to determine the K-factors. In
connection with the use of this chart the ECPSSB has
adopted the following recommendations:

(i) For column base connected to a footing or
foundation by a frictionless hinge G is
theoretically infinite, but should be taken as 10
in design practice.

(i)  If column based is rigidly attached to properly
designed footing G approaches a theoretical
value of zero but should be practically taken as
1.0.
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(ili) The inertia of girder members connect
column should be modified according #
supporting condition of their far ends.
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Figure 2. Alignment chart for effective leng
factors of braced columns.

frames, the columns have been considered as pinngls
rigid jointed to other members or to the foundations,
practice most of steel column are elastically conngct
to the other members or to the base. Figure (3) shoy
sketches for some typical types of columnb
connections.

In this research the effects of joint rotational stiffn
on the value of column buckling load are consider
An effective buckling length factor that takes the eff
of column end joints properties is studied. The presa
study is limited to the case of braced column (5w
prevented). The other cases of unbraced (swy
permitted) columns and sway elastically restraig
columns are under investigation.
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factors, k and critical load parameters, q=Pcp/PE>

The following sections deal with different cases of
fational end restraint. A theoretical expression for
ich case is derived.

OLUMNS WITH EQUAL ROTATIONAL END
ESTRAINTS AT BOTH ENDS

The column shown in Figure (4) has equal rotational
prings at its ends. The stiffness of the spring at any
i equal to the stiffness of joint in addition to the
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Figure 4. Column with equally rotational end restraints: (a) Deformed column, (b) Effective length
vs. ratio of rotational end restraint.

stiffnesses of all members connected to that end.
From practical point of view, the column critical load
is the minimum load that makes the equilibrium of the
deformed column neutral. This critical load is
corresponding to the first mode of failure. For the
deformed column shown in Figure (4-a), the moment
M acting on a section at distance x from end 1 due to
the applied load is

M=Py-m @
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where m is the restraining moment at column ends.
The curvature-moment relationship is

2
d_% --M ®)
dx EI
Substituting from Eqn. (4) into Eqn. (5), gives
d2y 2 m
—t = e 7
= TRy Q)
where
2 _}l 8
K = 5 ®
Solution of Eqn. (7) leads to
g m
y =As1nux+Bcosux+.E )]
and
dy _ ;
T = Apcosux — Bpusinux (10)

The constants A and B are determined from the
boundary conditions as follows:

at x =0 y =0 hence B=-%. (11)
from symmetry:

_L dy m wL
=_ L =0henceA=- —tan =~ 12
2 dx nee P 2 (12)

atx

arx=0 3 —ghence6=- Mhran L (13
dx p 2

The restraining moment m is related to the slip
rotation 6 by

m = RO (14)

where R represents the rotational restraining coefficient
or the stiffness of the joint at the ends of the column.

The joint stiffness R can be expressed in terms of
column flexural stiffness such as:

_, EI
R E—L— (15)

Substituting from Eqns. (14) and (15) into’
leads to:

pLl | pL _
tan =2 + 22 =0
7 T E

Eqn. (16) represents the equilibrium equati
column shown in Figure (4-a). For any giver
¢, this equation can by solved numer
graphically to find the value of "uL" that saf
equation. Figure (4-b) shows the relation bety
effective bucking length factor K, P /Ppi
values of joint stiffness parameter "¢". FromEg
and (8) it can be concluded that:

pL=myq

COLUMN ROTATIONALLY RESTRAINED
ONE END AND PINNED AT THE OTHERE

Figure (5-a) shows a column elastically conng
end 1 and hinged at end "2". Considering the
in its deformed position, under the applied loal§
moment M acting on a section at distance x fron
1 is:

M=P e}

= -my + X
Yy 1 T

substituting M from Eqn. (18) into Eqn. (5) weha

d*y

2, Mg
dx2+uy i~z

Solution of Eqn. (19) is given as:
y = Asinpux + Bcospux + ﬂ(l—f.)
K P I

and

m
% =Apcospux - Businpx - Tl(-Ll-) (
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¢ constants A, B and the slip rotation 8, at end 1
be obtained from the boundary conditions as
WS:

m

a x =0 y=0henceB=—_Fl (22)

at x =L y=0 henceA—__ml (23)
J Ptan ulL

fand £ by m,, R;, 6y, and £, into Eqn. (24) and
anging gives:

& (L)

tan plL - —— ____
(p,L)2+El

=0 (25)
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¢ 5. Colum hinged at one end rotationally restrained at the other end: (a) Deformed column, (b) Effective
length factors, k and critical load parameters, q=P.p/PE, V8. ratio of rotational end restraint.

Eqn. (25) represents the equilibrium equation of the
column shown in Figure (5-a). Solution of this
equation can be obtained numerically or graphically.
Figure (5-b) shows the solution of this equation for
different values of £, .

COLUMN WITH UNEQUAL ROTATIONAL
RESTRAINTS AT ITS ENDS

In this general case the ends of the column shown
in Figure (6) have two different end rotational
restraints with stiffnesses R; and R, at ends 1 and 2
respectively. The moment M at distance x from end 1
is:

M =Py -m +8x (26)

Where P, m;, and S are shown in Figure (6). The
value of the shearing force S is:
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Substitute the value of M from Eqn. (26) into Eqn.
(5), gives:

The solution of Eqn. (28) leads to:

. my b
y=Asinux+B cosux+_P.(l -=)

_ny x
7 T(Z)(29)

Applying the following boundary conditions at the
ends of the column

dy _

a x=0 y=0 and ==
dx

9,

y=0 and % -,

dx

and noting thatm,; = §, %81 and m, = EZETIOz,

Eqn. (29) leads to:
(WPL? + E)(WPL? + Ey)sin pL
- WL[2E,&, + WL?(§, + §))|sinpLoos L
+W2L2E By cos? uL-E, Ey(uL-sinpL = 0 (30)

Eqn. (30) expresses the condition for neural
equilibrium of the elastically restrained column shown
in Figure (6).

COMPUTATION OF K-FACTORS

Eqns. (16), (25) and (30) are the equilibrium
equations for the elastically restrained columns shown
in Figures (4-a), (5-a) and (6); respectively. The
procedure for computing the effective buckling length
factors and the corresponding critical buckling load for
a column with given values of E, I, L and rotational
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end stiffnesses R; and R, may be summi
follows:

1- Calcul I
culate &= ey M 2@

2- Choose value of ¢ = P,/P for the colum
3- Calculate the left hand side of Eqns. (16),
(30) as appropriate. :

4- If the value of the left-hand side is positive
a large value of g, if it is negative choose s
value of ¢ and go to step 3.

5- repeat steps 3 and 4 till obtaining the corrgd
of g that satisfies the equilibrium equation
certain tolerance of ¢ (say 1%).

6- From the correct value of g, the effective by

length factor K = /1/q and the corresy
critical buckling load can be obtained.

A computer program has been coded impler
the above procedure, to calculate the critical bu
loads and the effective buckling length factors,

Figure 6. Deformed column with uneq
rotational restraints at its ends.



FATHELBAB, EL-KATT and KANDIL: Effective Buckling Length Factors For Elaxtica]ly Connected Columns

JESIGN CURVES

| Analternative way to the above mentioned numerical
iermination of K and gq is by using the design curves
siown in Figures (4-b), (5-b) and (7). These curves are
pnerated by substituting in the neutral equilibrium
iution (Eqn. 30) the value of ¢ and computing the
uresponding values of £; & £, that satisfy these
dations. To obtain the value of ¢ or K from these
fuphs for a column with given values of ¢; and &,,
il off £; and £, along the horizontal and vertical
es of Figure (7). Locate the corresponding point on

Alexandria Engineering Journal, Vol. 33, No. 1, January 1994

100 T T
AN )\ { i
™~ 1 i 1
N i 1}
N \\ \\
\ \ N\,
\\ \ \ M{?p
A
\\r\ \ ) W \ “?‘)0
N \| [, ~J9
Ly ]
- \ N N ? 1]
10—/ X e . ) M
- N 3 .
-~ N N D S
N - 'IZ\ Nz L[S I
g - X 4+
uJ R AN \2 4T 1
~ . N1 O > L7
o I R NN \:\‘J N T \\
. N o NP N e Y
g \\ <C} \/. o \\ }\\"L‘*j
o N -3,
1 \\'_\ N A P \ 6"" \
P i A N Y
— R \L". AY \\ -+
- ~ N A% ‘%r A N
# A "‘;u AN \ N N
- l_\ ,\.& \‘ ‘5’3« \‘ \
\\'j‘,‘ \ \ \
24 \
LU
¢ \*\
\ | \
0.1
0.1 1 10 100

:; » R;/("EL“'I:)

i figure 7. Aided design curves (efective length factor, & and critical load parameters, q=p,,,/pg, vs. ratio of
rotational end restraint).

the graph. The curve that can be interpolated using the
two neighboring curves and runs through this point is
the one representing the right values of ¢ and K. It is
worth noting that the values of K or ¢ at the points of
intersection of the design curves of Figure (7) with the
diagonal line of symmetry are the same values given in
Figure (4-b) for equally rotationally restrained
columns. Also, it can be noted that the points of
intersections of these curves with the vertical or
horizontal axes give almost the same value of K or ¢
given in Figure (5-b) for a column pinned at one end
and rotationally restrained at the other end. This

c7 -
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ensures that the graph of Figure (7) is general in
predicting the critical buckling load of a column with
different degrees of end restraints.

COMMENTS ON THE ALIGNMENT CHART USED
BY THE EGYPTIAN CODE OF PRACTICE

The values of £, & &, used in the design aid curves
shown in Figure (7) are related to G; & G, used in the
alignment chart of Figure (2) that has been adopted by
the Egyptian Code of Practice for Steel Structures and
Bridge (ECPSSB) of 1989 as follow:

1 1
— & = ___ 31
G, é2 G, Gn

$1 =
The results obtained from the design curves presented
in Figure (7) are different from those obtained from the
charts in Figure (2). For example if §,=§, = 10 (i.e.,
G; = G, = 0.1) Figure (7) gives K=0.595 and
g=2.825; however Figure (2) gives K=0.55 and
¢=3.305. This means that the charts adopted by the
ECPSSB give unsafe critical load. In this case the
values of K predicted by the ECPSSB is less than that
given in this study by 8.2%. Also, the value of ¢
predicted by the ECPSSB is higher than that given in
this study by 15%. This observation has been noticed
for all values of §; & &, but with variable ratios of the
difference between the results of the ECPSSB and the
present approach.

CONCLUSION
Exact expressions for the neutral equilibrium of

rotationally restrained columns with variable end
conditions have been derived. The minimum value that
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satisfies these equations gives the exact |
buckling load of the column. A procedure to obt
solution of the neutral equilibrium equations
computer program is presented. Aided design|
using the derived equations are produced. These
can be used easily for accurate column design
critical buckling loads for columns compare
those adopted by the Egyptian Code of Prai
Steel Structures and Bridges are obtained.
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