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ABSTRACT

This paper presents a numerical study using the Finite Element Method for the analysis of reinforced
concrete slabs with openings and subjected to distributed loads. The slab edges may be simply supported
or have any boundary conditions, while the hole edges were considered free. The main parameters
influencing the behavior of concrete in reinforced concrete members were taken into account in the
analysis; such as concrete nonlinearity in compression and cracking in tension. The results reveal that
the presence of openings caused a reduction in both the cracking load and the ultimate capacity of the
slabs. The value of this reduction depended on the location of openings.

INTRODUCTION

Reinforced concrete slabs with openings may occur

in practice such as location of ducts in residential
buildings and hotels, and holes for lighting and
ventilation in roofs of industrial buildings and water
. lanks.

Plate bending theory is not applicable for such cases
where steep moment gradients may occur or where
drastic variation in the cross section takes place.
Numerical methods such as the Finite Element Method

' provide reasonable solutions for these cases if the shear
' deformations are considered in the analysis.

. Korshay et al [1] analyzed rectangular elastic plates
with centric rectangular holes using Finite Difference
and the Successive Over Relaxation (SOR) method.
Both the plate and the hole had different boundary
conditions. Yield Line analysis was used [2, 3] to
derive equations and charts for the ultimate strength of
the two way reinforced concrete slabs with central
openings.

FINITE ELEMENT ANALYSIS

A nonlinear FE analysis was used in the present
study. The element used is a specialization of the
hexahedral solid element developed by Ahmad et al [4]
and is applied for the analysis of both thick and thin
plates [S]. The element consists of eight nodes (corners
and mid-sides) with three degrees of freedom at each
node; a vertical translation w, a rotation about x-axis
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6y, and a rotation about y-axis 6. In the derivation of
the element stiffness matrix, the constraint of straight
normals was introduced , as assumed in the classical
plate bending theory [6], but deformed edges need not
remain normal. Therefore, the transverse shear effects
were included. The advantage with this element is that
the plate can experience bending and transverse shear
deformations.
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Figure 1. Layered plate element.

The element was divided across its thickness into a
number of layers (Figure (1)) with the steel
reinforcement smeared into a concrete layer. Perfect
bond was assumed between the layers and between
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concrete and steel. Five values of non-zero stresses
(04, Oy Txys Tyzs 7,,) and st‘rains (G €& Tryr Yy
Yzx) Were considered. The strain energy corresponding
to stresses perpendicular to the middle surface was
ignored (i.e. o, = 0). One mesh 2 x 2 x 2 of gaussian
integration points was used to derive the stiffness
matrix of the layered element. Incremental/iterative
procedure was chosen for the analysis using the Initial
Stress formulations.

MATERIAL PROPERTIES
1. Steel Reinforcement

The reinforcing steel is assumed to be elastic-plastic
with stiffness only in the bar direction. The stress-
strain relationship for the steel is shown in Figure (2).
The contribution of steel to the constitutive matrix of
the concrete layer containing the steel can be expressed
as:

[ p,E, O 00 0]
p,E, 000
D,1 = 000 o)
00
| symm. 0 |
where
E, = Young’s modulus for the steel bars
PxsPy = the reinforcement percentage in a layer;

i.e. the area of the steel per unit length in
each direction divided by the layer thickness.
The slabs studied in the present work were
isotopically reinforced, i.e. p, = Py -

The steel stresses are given as:

o =E_ e )

When yielding of steel occurs, E in Eq. 2 is replaced
by Ej; the plastic modulus of steel.

2. Concrete in Compression

The concrete in compression is treated as an isotropic
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linearly elastic-plastic strain-hardening material.
model used in the analysis is a simplification of
rate-independent elastic-plastic theory of Chen
Chen [7]. The initial discontinuous (yield) surface
failure (crushing) surface are expressed in terms of
first stress invariant I; and the second invarian {
deviatoric stress J,. ‘

Es

-

—

Figure 2. Idealized stress-strain relationship for stet
bars.

Initially, concrete is assumed as an isotropic line
elastic material and its stress-strain relationship i
given by:

{Ac} = [ D, ] {ae} 8
where
1 v, 0
1 0 0
l -
2"‘ 0 0
D1=—= 4
1-%g 1-v, 8
212
1=y,
] i 2+12
E. = Young’s modulus for concrete,
v. = Poisson’s ratio for concrete

c
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The factor 1.2 appears in the last two rows of Eq. 4
because transverse stresses vary parabolically through
the thickness and the shear load is found from the
mean stress but the strain energy is found from the
mean squared stress.

The yield surface is the limiting surface for the elastic
concrete behavior. In the present study, this surface is
given by [8] :

0.1775 I, + J0.0315 2 + 4.065 J, - o5 = 0 (5)

where o, = effective (equivalent) stress and is taken
as 0.3 f, for the initial yield surface,

f. = concrete compressive strength
Beyond the elastic limit (Eq. 5), the normality
condition (associated plastic flow) is assumed to govern
the post-yielded stress-strain relations of concrete, i.e.

(Act = [D,] (ae} 6)

where Dep = elastic-plastic material matrix

% {8_} {ﬁ}’p
< ao,.,. 8o.y. ¢ )

do,| 7T da,
H + | — Do
do; ¢ |daij
. = stress tensor

1
{500/6%-} = a vector normal to the current loading
surface which is expressed as:

[D,] =D, -

05 =0.1775 1, +,/0.03551,2 +4.065 J, , 0.3 f,< 9, £8)
H = hardening parameter

The value of H may be obtained from the
extrapolation of results from uniaxial relationship

between stresses and plastic strain €,- According to
Reference 8,

H=E, [‘/60/26’,—1] 9)
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where €, = total strain at peak stress f_ in uniaxial test
=2f /1ES

eP2—2 2eoe’3”+2eoe’—o°2/E‘2=0 (10)

which is solved by iteration procedure for ¢ .

The yield surface, in stress space, extends isotopically
as plastic strains occur up to a limiting value, which
defines failure. In the present work, the failure surface
is expressed by Eq. 5 with g, = f_. Figure (3) shows
both the yield surface and the failure surface on biaxial
principal stress axes. Softening of concrete in
compression after reaching the failure surface is
neglected in the present analysis.

_q3 fe 02

yield
surface i Q3 fc

failure surface

Figure 3. Concrete modeling in compression

a. stress versus total strain

b. yield and failure surfaces on biaxial principal
stress plane.

3. CONCRETE IN TENSION

Concrete in tension is modelled as a linear elastic
material without strain softening or tension stiffening
effects. Smeared cracking approach was adopted in the
present work. A crack is assumed to occur when the
maximum principal stress exceeds the tensile strength
of concrete. The crack will form in a plane orthogonal
to the maximum principal stress. A maximum of two
sets of cracks are allowed to form at each gaussian
point. Orthogonal fixed crack model is adopted in this
study, i.e. the direction of the first set of cracks is
fixed during the entire computional process and the
maximum stress in the plane parallel to the existing
crack is calculated and if this stress exceeds the tensile
strength of concrete then a new set of cracks is formed
perpendicular to it. If n,s and t are axes of orthotropy,
where n refers to the direction normal to the crack,
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crack is calculated and if this stress exceeds the tensile
strength of concrete then a new set of cracks is formed
perpendicular to it. If n,s and t are axes of orthotropy,
where n refers to the direction normal to the crack,
then the orthotopic constitutive matrix for the cracked
concrete in the crack plane is expressed as:

{Ac}* = [D,] {Ael

i.e.
Ao, 0 0 0 Ae,
Ao, =| 0 04G 0O Ay, (12)
Ao, 0 0 04G]||Ay,

where G is the shear modulus of concrete. The shear
retention factor for cracked concrete was taken as 0.4.
The incremental stress-strain relations in the global
coordinate system is given by:

{Ac} = NT[D_] N (A& (13)

where [N] is a 3 x 5§ transformation matrix reflecting
the orientation of the crack and is given by:
l 2 2

1 m, Iym, mn, nl,

[N1=|2LL, 2mm, Limy+Lym, myny+mon, m,h+ngl(14)

201, 2mym, Lm +lm,; msn +mn, nyl +nl,

where 1, m; and n; form a vector which dictates the
direction of the local n-axis expressed in the global
direction.

The effect of tensile strains normal to the crack on
the compressive strength of concrete in a direction
parallel to crack is neglected.

A computer nonlinear finite element program is
developed to implement the above material parameters
and it was run on VAX 3500 computer at Faculty of
Engineering, Alexandria University.

NUMERICAL EXAMPLES

To investigate the validity of the present analysis, the
following problems were solved:
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Figure 4. Dimensions, reinforcement and properties

slabs.

a- Square plate with holes, elastic analysis

Three cases of hole positions, as shown in Figure (4
were studied and the results are given in Table 1. F¢
all the three cases, the total area of the holes was k¢j
constant and it was about 0.11 the total area of th
plate. Table 1 indicates that the highest values (
deflection and moments were obtained for case
where four holes were moved diagonally towards th
corners, followed by case C ,where two holes wer
moved in one direction. For all the three cases, bot
deflection and moments were higher than those for th
solid plate without holes. The maximum deflection fc
cases B and C occurred at the plate center while th
maximum moments for the three cases occurred at th
hole corners. Figure (5) shows the distribution of th
bending moment at different sections for all the case
As shown in the figure, severe disturbances ¢
moments occurred at the hole edges and th
disturbance extended for a large distance away fror
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the holes. Also, small values of negative bending
moments occurred around the hole boundaries.

——— Solid slab
e Cose A
—-— Case®
s

ﬁ'!E 1T

el J L"f - '““-—____4_:;}2:—:‘/”*?

~——— T Sec. 1.1

—_—

Sec. 3.3
Figure 5. Distribution of bending moments at different
sections.

Table 1. Results of the elastic analysis.

Cause Maximum Maximum
Studied Deflection! Moment?
analysis | exact |analysis| exact

solid plate [ 0.00407 [ 0.00406° [ 0.044 | 0.0423°

case A [0.00416] —— | 0.056 e

case B [0.00456( -—— | 0.063 e

case C [0.00440| —-— | 0.058 .
) w = coeft. *p D

(2) moment = coeff. * p L
(3) Reference 6

b- Simply supported slab under uniform load;
nonlinear analysis

Figure (6-a) shows the dimensions and reinforcement
of a slab supported on all four edges which was
studied experimentally by Taylor et al [9]. The center
point deflection is plotted against the total load applied
to the slab in Figure (6-b) together with the results
obtained from the Finite Element analysis.

As shown in Figure (6), the FE analysis predicted well
the slab behavior but the predicted ultimate load was
less than that obtained experimentally. It should be
noted that excessive deflections were recorded
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experimentally without slab failure and the additional
strength may be due to the effects of the membrane a
action.

n‘(l“o o)

" T,r -
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~— —
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Canter deflection, in

Figure 6. Total load-center deflection relationship for
taylor et al slab [9].

c- Simply supported RC slab with different hole
positions under uniform load

Four reinforced concrete slabs were analyzed up to

failure; a solid slab and three slabs with openings at
different positions (slabs A, B and C). Details of slab
dimensions, reinforcement and materials strength are
given in Figure (4). The main results of the analyses
are given in Table (2). The table indicates that the
presence of openings in slabs greatly affected both the
cracking load and the ultimate capacity. Analysis of
slab with holes placed diagonally (slab B) produced
43% reduction in the cracking load compared to that
for solid slab while for the slab with holes placed
eccentric along one direction (slab C) a 32% reduction
in the ultimate capacity was obtained. However, only
17% reduction in the ultimate capacity was obtained
for the slab with centric hole (slab A).
Figure (7) displays the load-deflection relationship for
all the slabs. All slabs showed the same initial stiffness
up to the cracking load when a remarkable reduction
in stiffness occurred for the slabs with openings and
this reduction continued up to failure.
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Table 2.
slab [cracking load; |load at initial concrete |ultimate load; |maximum steel maximum P/ oDy (P
N/mm? ield, N/mm? py. N/mm? |stress at p,, N/mm? | deflection mm |solid slab)|solid slab)
pCl” y u j

solid 0.0065 0.0088 0.0144 230.0 59.4 1.00 1.00
A 0.0047 0.0072 0.0120 234.6 423 0.72 0.83
B 0.0037 0.0064 0.0104 207.7 30.8 0.57 0.72
C 0.0048 0.0070 0.0098 2278 27.4 0.74 0.68

* Yield line analysis for solid slab gives p, = 0.0118 N/mm?,
for slab A (references 2 and 3) p, = 0.0105 N/mm?.

Case (A)
“ 2
R, 200047 N|mm® , B, =0Q0120 N/mm®
*r ﬂJAl“l L fbad L 4 s a d dd L LLL LhLLLLLL
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Figure 8. Cracking patterns on the bottom surface of
slab A a. at p = 0.0048 N/mm? = 40 % of p,
b. at p = 0.0096 N/mm? = 80 % of p,.

10 2'0 kY &0 50 50
deflection , mm faxe (C)
’ R, 200048 N/mm' , R, 00098 N/mm’
Figure 7. Load-deflection relationship for slabs. g ——g B e cr
by 0 o 2lr A2 S0,
Figures (8), (9) and'(10) show the cracking patterns El _ j:ff ;: ’,::: 2
for the slabs with openings. At loads ranged from 36 % 8 5 5 8 :: ,’ A i :’ i !
to 49% of the ultimate capacity, cracks on the bottom §| T | 1 - il A A AR
surface started around the hole corners and then spread 8 / b ol 4
away with load increase and penetrated the slab 8l 1= 4 === 4
thickness to reach the mid-depth at loads ranged from SIE . =i
67% (slab A) to 86% (slab C) of the ultimate capacity. +HE-JRIR (B8 R

Cracks on the top surface of the slabs occurred in the (a) ' (b)

three cases and their number was remarkable inslabB,  Fjgure 9. Cracking patterns on the bottom surface of

as shown in Figure (10.c) A drop in stiffness was slab C a. at p = 0.0056 N/mm2 = 57 % of p
obtained for slab C after the cracks reached mid-depth b. at p = 0.0084 N/mm? = 86 % of Pu-“

of the slab in most elements.
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Figure 10. Cracking patterns for slab B

a. bottom surface at p = 0.0048 N/mm’ = 46 % of p,
b. bottom surface at p = 0.0088 N/mm? = 85 % of p,
¢. top surface at p,,.
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Figure 11. Load-increase in concrete and steel stresses
a. increase in concrete compressive stresses
b. increase in steel tensile stresses.

Figure (11) shows the change in concrete and steel
stresses with load increase. Initial yield of concrete in
compression, defined by Eq. 5, occurred first at the
elements located near corners of holes and also at the
slabs corner. The load level at which this yield
occurred was about 60 % of p, for slabs A and B and

70 % of p, for slab C. The occurrence of concrete
yield , at early stages of loading, at the slab corners
was due to high values of inplane shear stresses existed
at these corners. For example, the value of the inplane
shear strain at failure of slab A was about 0.0023 and
the inplane shear stress was 13 N/mm?. It should be
noted that the element used in the present work does
not include inplane degrees of freedom.

On the other hand, the maximum values of concrete
compressive strains recorded away from the slab
corners (and at mid-depth of top layer) was about
0.0016 (slabs A and B) and 0.001 (slab C). Figure (11-
a) indicates that the maximum concrete compressive
stresses at failure were equal to f, for slab C, about
1.10 f, for slabs A and B, and 1.23 f_ for the solid
slab.

As given in Table (2) and shown in Figure (11-b),
the steel reinforcement (near hole corners) was
approximately at its yield stress when failure of slabs
occurred. The percentage of reinforcement in the slabs
was 0.57 %. Figure (11-b) also indicates that a sudden
increase in steel stress occurred in slab C at about 70
% of p,,.

CONCLUSIONS

In this paper, a nonlinear finite element analysis was
developed to predict the behavior of reinforced
concrete slabs with openings and subjected to
uniformly distributed load. Conclusions derived from
this work include the following :

1- The presence of openings in slabs caused a
reduction in the ultimate capacity compared to
that of solid slabs without openings having the
same dimensions, materials and reinforcement.
This reduction depends on the opening size and
position. For the slabs studied in the present
work it ranged from 17% to 32%. The reduction
in the cracking loads was generally higher and
ranged 26% - 43%.

2- A concentration of stresses occurred at the hole
corners where cracks at the tension side of the
slabs initiated and maximum stresses in concrete
and steel were recorded.

3- Cracks at the top surface of the slabs occurred
around the hole boundaries.

4- Due to the type of the element used in the
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present work, high values of inplane shear
stresses were obtained at the slab corners.
However, there was no indication that these
stresses affected the overall behavior of the

slabs.

NOTATION

D flexural rigidity of the slab

(D] stress-strain matrix for cracked
concrete in the crack plane

[D,] elastic stress-strain matrix

[D,] elastic-plastic material matrix

[Dsf stress-strain matrix for reinforcement
smeared into concrete layer

E, Young’s modulus of concrete

E, Young’s modulus of steel

E, plastic modulus of concrete

t, concrete compressive strength

£ concrete tensile strength

f yield stress of steel

é shear modulus of concrete

H hardening parameter

h slab thickness

I first stress invariant

I, second invariant of deviatoric stress

L span of square slab

I,m and n direction cosines of principal
stress to x,y and z axes
respectively

[N] transformation matrix

p intensity of uniformly distributed load

Per cracking load

Py ultimate (failure) load

u,v displacements along x and y axis
respectively

w deflection of the slab

€ normal strain

€ total strain at peak stress f, in uniaxial
test

€ equivalent plastic strain

{PAe} incremental strain vector

0 shear strain

Ve Poisson’s ratio for concrete

Pxs Py reinforcement ratio in a layer in x
and y direction respectively

g normal stress

o stress tensor

j
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%

{ad}

7

effective (equivalent) stress
incremental stress vector
shear stress
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