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ABSTRACT

Accelerating the convergence of iterative methods by means of linear methods of extrapolation ise
considered. New linear methods are proposed. The use of such methods is shown to improve the rate
of convergence of an algorithm that solves nonlinear system of Equations.

1. INTRODUCTION

Iterative methods are widely used to find the
solution of systems of linear and nonlinear equations.
Optimization techniques to find the extremum of
functions of several variables are also iterative in
nature. The iterative process usually generates a
sequence of vectors that under certain conditions
will hopefully converge to the solution of the
problem. The purpose of this paper is to study some
techniques to accelerate the convergence of such
methods. More precisely, we consider some
extrapolation methods which are obtained with
linear interpolation of the sequence of vectors
obtained in the iterative process. In Section 2, we
study a general iterative process and obtain the
equation for constructing the extrapolation scheme.
Most of the iterative methods are linear in nature;
however, if the method is nonlinear, we show that
near the solution vector, the process can be
linearized. In Section 3, linear methods of
extrapolation are considered. Section 4 deals with
linear projection methods of extrapolation obtained
by projecting the operator defining the iterative
process onto a subspace of the complete space. In
Section 5, we apply linear method of extrapolation
to accelerate the convergence of an algorithm that
solves a system of nonlinear equations. Finally, in
Section 6, we show the advantages of implementing
the acceleration scheme. This is illustrated through
some numerical examples.
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2. GENERAL FORM FOR EXTRAPOLATION

Let {x, };., be the sequence of vectors, x, € R" |
k =1, 2, .., generated by an iterative process.

Define the error vectors y, = x, -x°, where x" is

the limit point of the sequence. Then, in the general
case, the iterative process takes the form.

Yia = FOp) (1)

where F(y,) is the operator defining the iterative
process. We assume that, near the limit point of the

problem, the operator F(y) can be expanded in a
power series of operators; linear L, quadratic Q,

etc...; then
Vi = LU + CUp) + .. )
For linear approximation, we may write y,,, as
Yiea = Ly, &)
If we define the difference vectors as

Op =X X4y = Vi~ Yioy (4)
then

Skop= Yhop~Yipar= Loy = L5, ()
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Then, at the (k + pq) iteration, we can write, using

(4)

x,upqsxk+8,“l+...+8k¢?q (6)

and, using (5), we get

thsxk+[I+LP+Lb+...+Lp(q-l»][8b]+...+8hp]
q-1
. & ELP' Spaatv8,,] (M
=1

where I is the identity matrix.
Let g — oo in (7), we obtain the vector

2elime, = NSy 4o+ 8,1 ®)
q».

1=1

Recall here that a linear approximation was used,
then we say that x° is an approximation to the
solution x, (the limit point of the sequence {x, }, ik
In other words, if x; is given, then a linear
approximation to the solution is given by equation

(8). Moreover, the series ELP ! is the expansion of
i=0

the matrix [ i = L? ]! in powers of L ?; we may

write

=x, s [I-LP)(8, 4.+ 8,1 (9
Substituting for & ,; from equation (4), we obtain
x'-xk+[I-L’]'1[xhp-xk] (10)

This equation is the basis for constructing linear
extrapolation methods. Corresponding to different
ways of approximating L? or [ I - L? ], we obtain
different extrapolation methods. In the following
sections, we give some of these choices.

D 230

3. METHODS FOR LINEAR EXTRAPOLATION

Let L be a diagonal matrix G, then equation (10)
takes the form

x‘=xk+[1—G’]'1[x,“P-xk] (11)
and the component wise of the vector x* is

*

X = gy (-8 xpy-Xe] (1D
To eliminate gf [ we have at iteration (k + p + 1)
“ -1
X = X+ (-8 Kepa =k, ] - (13)
From equations (12) and (13), we obtain

PO Xkap+1,/%k,j = Xk ap jZka1,j
J

Xkaps1,j = Fhap,j~ Xhs1,j* Xk j
¢ R (14)

In the general case, at iteration (k + p + m), we
have

=1
X = Xyt (-8 Rhspamj~*rmjl (19

and from equations (12) and (15) we get

e xlup-om,jxk,j =X +pjxk+m,j
J

Xispam,j~ Xkap,j = Xhamj*t k)

S W T (16)

This relation defines the linear A%~ method of
extrapolation; it can be transformed to the following
form

=1

. X i~ Xkapj

X[ =x, i+ [l - __1";‘1"_'!___‘_’;"] [Xkopi~Xks] 17
Xieamj~ %k

If we compare relations (17) and (10), we see that

the method defined by relation (16) is obtained from

(10) by letting the matrix L be of the form
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TespemiFrepi ;s
———— o} ® ]
Xy amj~ Xt (18)

(LY

0 , i#f

If we let p = m = 1, the linear extrapolation
method defined by (16) reduces to Aitken's familiar
three-point 5°~method of extrapolation,

2
X (X .
3;- k2, ( k#l.]) (19)

T = A T

and the matrix L is given by

xkozcllj ~Xp +1j

yi=j
s Bt 20
L Xy~ %aj (20)
0 , i#j
Forp=m = 2, we get
X oo~ Fraa Ve
X;. * o +2j (21)

Xpoaj~ 22 j* X

This method is of great interest when solving
nonlinear equations. Oscillations may arise during
the iteration process. Certain components of the
vector X, changes sign at adjacent steps in the
process. In this case, it is obvious that relation (21)
best suits this particular case.

Now, if we approximate the matrix L by aiJ, then
relation (10) will be

=(1-af) 5+ (1-(1-a}) Ny, (22
If p = 1, relation (22) becomes
x‘-(l-a,)"xmo(l-(l-a,)")x,, (23)

Moreover, in the special case, when a; = a, relation
(23) reduces to
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Fepr +(1-p)x, ,p=(1-a)" (24

The convergence of the method defined by (24)
was studied in [1] and [2].

4. METHODS FOR LINEAR PROJECTION
EXTRAPOLATION

We consider here the iterative process defined in
Hilbert space H. The linear operator defining the
process can be restored from the vectors obtained
during the process. The approximate form of the
linear operator can then be obtained using a limited
number of vectors.

Let the operator P . [] - L? ]! be approximated by p
in the subspace gy of the complete space H. LetQ

be the projector onto subspace 7. Then the operator p
approximating P has the form

P-QPQ-Q(0I0-0L701'0  (25)

2
Here we note that ¢ = . Then, the general form
for linear projection methods of extrapolation is

x'=x, + Q[QIQ-QLF 01 ' Qlx, ,-x,] (26)

Now, Let H be the finite dimensional vector space
R', and L the Hermitian operator, i.e., L is
represented by a symmetric matrix in R". Then, it is
convenient to choose the space formed by the first
m moments of the matrix L. The eigenvalues and
corresponding eigenvectors of QLY can be easily
found by standard techniques. Knowing the
eigenvalues 4; and the projectors # onto the

subspace, corresponding to 4; of QLQ> We can

obtain from (26) the final form of the linear
projection extrapolation as

11-2

xt=x, ¢ X%l @7
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5. APPLICATION TO THE SOLUTION OF
NONLINEAR SYSTEM OF EQUATIONS

Let x € R” and assume that f (x ) is a given real-
valued vector function. If f (x ) is differentiable at
a point x;, we denote its Jacobian by J (x; ). The
problem is to find x* such that f («* ) = 0. In [3], an
algorithm was proposed to find the solution of such
a problem. Numerical results showed that the
proposed algorithm is stable and superior in terms of
computation time than Broyden's method [4].

We introduce here together with this algorithm the
linear extrapolation method described in section 3.
The steps of the enhanced procedure are given
below.

Step 1 Given x,, H,, seti =0, compute fix,) and
Ax =-H f and x,=x +Ax,
Compute and store (AxoT Ax) and x.

Step 2 Seti — i + 1. Compute
[i=f(x)); vo;=-Hf;
Wei= (AXv,) /[ (AxgAx,)
If i = 1, GO TO Step 4.

Step3 Forj=1,2,..,3(-1)
7 "j-l,i’wj-l,iij
T T
Wy =(Ax;v,) /[ (AxuA%)

Step 4 Ax;=(v;_ ;)/(1-w;_ ;1))
Compute and store (Ax,-T Ax))

X, =%+ Ax;
Step § If JAx;1 <¢,, and If;] <¢,, STOP.

Step 6 If i > 4 then
Forj=1ton

2
2 X 3%~ (1))

is1j =
X - 21‘-_1 4+ X,

i<3, o il

D 2

xl'¢1 .21'01'
Step 7 GO TO Step 2.

Remarks

1- The first five steps state the algorithm
~ proposed in [3].

2- Step 6 of the procedure is the linear
extrapolation method described by equation
(21) and uses a four-point extrapolation.
Several other choices could have been made,
€.8., equation (16) with different values for p
and m.

3- The matrix H; is an approximation to the
inverse of the Jacobian matrix J; of fix;).

4- By introducing the acceleration scheme only
extra four vectors need to be stored; however
the results showed that the enhanced
convergence of the sequence to the solution of
the problem far outweigh this small
disadvantage.

6. NUMERICAL RESULTS

We present here the results of some computational
tests in which the Quasi~-Newton method described
in [3] is compared to the accelerated method
proposed in this paper. The test problems in [3] are
used to illustrate the effectiveness of the new
technique. The following table summarizes the
results of the computation.

Table 1. Results of the Computation.

TOTAL CPU TIME (sec)
Method Accelerated
in [3] Method
Example El [3] 0.75 0.64
Example E2 [3] 1.31 1.02
Example E3 [3] 1.08 0.91
Example E4 [3] 8.32 6.34
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7. CONCLUSION

The introduction of an accelerating scheme has
greatly improve the convergence in iterative
processes. A linear extrapolation technique was used
in conjunction with a Quasi-Newton method. Several
other choices for linear and linear projection
extrapolation were also given. Numerical results
proved that the new technique greatly enhances the
rate of convergence of iterative process. The new
scheme can also be used in function minimization
and nonlinear programming.
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