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ABSTRACT

The moments equations for continuous beams of nonsymmetrical sections are developed and put in their general forms.
Some approximations are made on the general forms to put them in the form of three-moments equations. Numerical

examples are given.
NOTATIONS

AB,C }

A B', CJ constants

I, I, Principal moments of Inertia of the cross-
section.(about axes "1" and "2" respectively).

L, L, Spans of continuous beams.

MM, Bending moments about axes "1" and "2" of
the section respectively.

M, M, Bending moments about axes "x" and "y" of

the section respect.

M Bending moments.

rr Elastic reactions.

T Transformation matrix.

¢ slope of the principal axis "1" with the

horizontal.

b, ¢, Angles.

axes X,y The horizontal and vertical axes of the cross-
section.

axes 1,2 The principal axes of the cross-section.

1- INTRODUCTION

The moments equations (three, four or five, Ref [4]) for
analysis of continuous beams are common and powerful
methods. The equations are easy and attractive in
application for beams of symmetric cross-section and
which obey the rules of simple theory of bending.
Recently, attention was made, Ref [3], for using a form of
the above equations in the analysis of continuous beams
of nonsymmetrical sections. The conditions of
compatibility, see Ref [3], are satisfied for the projections
of the elastic line in the vertical and horizontal planes.
Two equations at each support are obtained, see Ref [3],
which can be written, for the case of vertical loading, as:
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M,L A, + Myol‘o B, + 2M,; (L, A, +L; A))
+ 2M,; (L, B, +L, By)
+ MpLAj+ ML By =-6(ryg Agtrp Ay (D)
and,
My Lo By + My Ly C, + 2 My (L, By +L; By)
+ 2My; (L, Co +L,Cp)
+ MoLBy+ MpLiCy=-6(ryoBo +110By)  (2)

in which

A = (cos’ g)/1; + (sin’ ¢) /1L, (3.)
B = (cos gsin ¢) (1/1, - 1 /1) (3b)
C = (sin® g)/1; + (cos’p)/1, (3.)
and,
M, and M, arc moments about x-and y-axis of the cross-

section respectively, r is the elastic reaction, ¢ is the slop
of principal axis "1" with the horizontal, the suscripts 0,1,2,
refer to points 0,1,2, respectively and the subscripts 01 and
12 refer to span 01 and 12 respectively, see. Figure (1)."

Equations (1) and (2) should be applied at each support
to satisfy the conditions of compatibility in the vertical and
horizontal plane respectively, under vertical loadings.
Similar equations are given for horizontal loadings, see
Ref. [3].
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Equations (1) and (2) above can be simpilified if the
compatibility conditions, at supports, are satisfied in the
principal planes themselves, as explained in the next
articles

2- GENERAL FORMS OF MOMENTS EQUATIONS

Consider a continuous beam, as shown in Figure (1),
with nonsymmetrical section varies from span to span. It
is expedient, in this case, to relate the compatibility
equations to the principal planes of one of the cross-
section, which will be called, hereafter, a reference plane.
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Figure 1. Continuous beam.
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Figure 2. Positive ¢ & .

Figure (2) shows the principal axes 10 and 20 of the
cross-section of span "0", axes 11 and 21 of the cross-
section of span "1", and ¢, and ¢, are slopes of 10 and 11
with x-axis respectively. Considering 10 and 20 as the axes
of plane of reference, and defining, see also Refs [1], [2],

in which 6,; and 0,; are the elastic rotations at point "1’
of span "0" about axes "1" and "2" respectively. 6,; and 0,
are same for span "1" and 1, I, and Iy, I, are the
principal moments of inertia of section "o" and "I'
respectively. 6 is positive when it acts clockwise, Refs,

(1],[2].
For vertical loadings, Egs. 4 become:

010= (1008 B)/110b20 =-(rpsingy) /1y  (5.3)
b1, =(ry cos 1)/111,85 =(rysin 8))/1,;  (5b)

in which r , r,; are the elastic reactions about x-axis (i.c.
vertical reactions) at point "1" of span "0" and 1"
respectively.

and for horizontal loadings:

bho = (ry sin @)/Lyg , by = ~(r, cos $,)/146.)
b1y = - (ry sin @)/1), , 05y = (1 cos $,)/1,; (6b)

in which r_ and r ; are the elastic reactions about y-axis

(i.e. horizontal reaction) of span "0" and "1" respectively.
Projecting 6,, and 6,, into plane "0, plane of reference
in this derivation, then, for vertical loading

0, fcos&, 'Sina’l rxl cosd, / Iu] 79
e i . 2
0,y |sind, cosd, | % sindy/ L

or,

6, =Tr, (7.b)

in which T is the transformation matrix, Ref. [3], 61 is the
projection of ¢, into plane 0", and

¢1 e ¢o ‘¢1 (7.9

Noting that
cosg, = cos(pg - ¢1) =CCS¢0 O(S¢‘ *Mosm¢1 (8.)

br0 = - T10/lhg b9 = - 139 /g (4.2) sing, = sin(gy- @, ) = singgcos§, - cosd,sin¢, (8h)
Oy = + 0/l Oy = 1y /1y (4b)  Then,
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8, = rq (A’ cos ¢y + B’ sin g)/1;, (9.a)

and,

621 =1y (C'y sin gy + B % cos ¢g)/15; (9.b)
1

in which, the constants:

A’} = cos’ ¢ + (sin° ¢) Iy; /I;  (10.a)
ol Ly
B | = (sin ¢; cos ¢;) (1-—) (10.b)
L,
C') = cos’ ¢, + (sin® @) (I/1;;)  (10.c)
It should be noted that for plane "0", the plane of

reference, 6,, and 0, are given by Egs. (5a,6a).
Due to the Connecting moments at supports, the elastic
reactions at support "1" of span 12 are:

= My Ly /3l + MLy /6y, (11a)
T = My Ly /3l + My Ly /6l (1Lb)
in which
Ly 21 are the elastic reactions about axes "1" and "2"
for section "1" respectively.
M;;, Mj, are the bending moments about axis "1" of
section "1" at supports 1 and 2 respectively.
and
M,, My, are the bending moments about axis "2" of

section "1" at supports 1 and 2 respectively.

Projecting the above reaction, Eq.11, into plane of
reference gives:

[;u] B cos$| 12)
;21 sm&]

LT

'Sin$1 [’u]
cosé,

But,
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M, = }:i”cosaﬁb-{nsina‘ (13.a)

M, =- M,,sin¢, +M,, cos¢, (13.b)
in which, M, ,andM,, are the bending monents acting at
section "1" but about directions parallel to the principal
axes of reference plane, plane "0" in this case. Similar
equations can be given for M,, and M,, at point 2.
Substituting Egs. (13) into Egs. (12) gives:

i(ll I"l ~ ﬁnl‘\ ﬁ2l]"l 221'1 (14.8)

- :A. B.
f = A 31, | E ) By (=1 — S G
and,
L)\ (N, ML, My L,
‘21 -C (M‘II 22 B‘ ll 21 ) (14b)

1
3L, | 3 6l

For Continuity at support 1, under vertical loadings,
then,

elo”w‘éu *?;1 (16.2)
and
8,0 + g0 = 0,5, + gy (16.b)
Expanding Eqi (16.a), noting that
T
010 = - =X cosd, (5a)
10
and,
M,L ML
oLl 10 03 ) a7
61, g
Then
| Exa i MmL Mul'
cosd, -(——— + ———) =1, (A cos¢, +B;smo,)/I,,
IIO 3110 3110 (18)
ML MLl My Ly ML,
+A (——— 3 +——) +B/(——+——)
Ill 611] 3Ill 61“
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Rearranging Eq. 18, gives.

Mg Lo/Iy + 2Myy [Lo/Iye + (L/LpA; ]
*21:{21(3‘11-1/111)* ML A" /I + Myl By /1

=-6[r,,cOsdy /110 + T (A" cOSP, + B, sing)/yq] (19.a)

Equation (19.a) is applicable only when section "0" is the
plane of reference, otherwise Eq. (19.a) becomes:

Mo Ly A'o/lig + Mg Ly By /lig + 2My5(L, Ag/li
+ LAY /L) + 2 My, (L, B/l + LyBy /1)
+ My, L A" /Ty + My, L B /1
=-6[r,, (A", cos ¢, + B, sin ¢,)/1;
+1,, (A, cosp,+B, sing) /1] (19.b)
in which,
¢, is the slope of plane of reference.
Similarly, Eq. (16.b) can be expanded to give,
My, L/l +2 My (L, i 3 ke B )
+2My Ly By Iy + Mgl B gk
¥ ﬁzz L,C, /Iy =- 6lrgsing,/lyg

: % cos ¢0)/121]

11

+1,4(C, sing, + B, (20.a)

if "0" is a plane of reference, otherwise
MZO l"0 Co./IZO - MIO l"o Bo'/llo
+ 2My Mo Gy /ly + Ly C /Iy)

+ 2M (L, Bo. /o +14 Bl./lll) + M, L B‘l/lu
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+ My L, G/,
L,

=6 [ry (C, sing, + B, - cos )/
11

[ % cos ¢,)/Iy] (20.b)

11

T Ig (Cl. sin ¢, + B,

In similar way, the equations of compatibility, under
horizontal loadings, can be obtained. But it is worthy
noted that the changes will occur only on the right-hand
side of Eqs. 19&20, and they will be:

RHS. of Eq. (19-a) =- 6[-r,;(-B, cosg,+A, sin ¢)/Iy;
(21.a)

Tyo sin $o /110]

RHS. of Eq. (19b) =- 6[-1,(-B, cosg, + A, sing,)/Lg

-1,,(-B, cosg, +A, ‘sing ) /1] (2Lb)
R.HS. of Eq. (20.a) =- 6] Ty cosg /15
+ —r’—l(Cl'cos ¢, - B, b ¢ (2L
L, L, '
R.H.S. of Eq. (20b)=-6[r,,(C, cosg,-B,’ ;—‘9 sing, )/ly

10

t Ia (Cl‘ cos ¢, - Bl‘ —112—1
11

sin $,)/1]  (2L4)
Having obtained the values of b.{l and ﬁ.lat cach
support, their components M, and can be calculated
using the transpose of transformation matrix, T, of Eg
(7b) and ¢ _ie.

cosp, sind,
T @)

-sing  cosd,
3-THE THREE MOMENT EQUATION

The three moment equation for continuous beams of
nonsymmetrical sections can be obtained directly if the
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beams have a constant section for all spans. In this case,
if the conditions of compatibility are satisfied about the
principal axes, three-moment equations will result, which
can be written, for vertical loading, as:

Mo L, + 2My; (L +Ly) + M, L, =- 6r cos @3.a)
and,

My L, + 2My; (Ly+Ly) + My, Ly =- 6r sin @3.b)

Equation (23) and its similar equations for horizontal
loadings are exact for beams of constant sections. But, in
case of beams with section varies from span to span, egs.
19-21, some approximations should be made so that
equation of three-moment can be obtained. The

approximation made, in this work, is that, sin ;1—)- 0 and

cos ¢=1. Therefore, the constant of Egs. (10) have the
values of A" = C = 1, and B = 0, and hence the Three-
Moment equations for beams of nonsymmetrical varied
sections are:

For vertical loadings:

- L w L VL - L s
M, — «2M“(—3+[—')+Mu-l— =-6(=2 + 2l )cos, (24-a)
1

07
Ilo 10 11 IIo 11

and,

- L - L L - L1 r T
o (=2 +2) oMy == - 22, Xlysing, (24-b)
Moo B (o) M ey e

and, for horizontal loadings:

- o Loem -
M, o +2Mu(%»T‘)#Muﬂs-«——rﬁ-i)m.(ﬁ-a)

° Ilo 10 11 Ill llo Ill

e Lo o Lo Iny = L1 6 B 25-b
My, * Bl T e RS

Having obtained M,andM,at each support, their
component M,, M, are calculated using the transformation
matrix of eq. (22)
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4- NUMERICAL EXAMPLES

The first example

12t
t
t l 2n lallﬁml 143
i - . pw + 9
4 m 4 L 600 m |

a_.Dimensions gloading

‘ 0,60 m ‘
b.Cross section —

® = 23,372 D30

h=001972 m* —
4

0.00624 m 50

6799 mé
1992 mé T

J
14304 mé 'F&i*'

8 2 tjm ol

ncu>,:;-
"

C.B. moments & elaslic reactions
for simple beams

Figure 3. Continuous beam of constant section.

is a continuous beam of constant section given in Figure
(3-a). Under vertical loading, the properties and section
constants are given in Figure (3-b). An application of egs.
(1) & (2) results in the following equations:

1 05872 0.5 0.2936] [Mu -18
1 3.5832 0.5 1.7916| (M, -18
1 05872 3.5 2.055| M,
1 35832 35 12541] M

The solution of the above equations gives:
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M, = - 11625 tim, M, =- 1275 tim

My, = My, = 0.

while the application of Egs. (23) gives:

3- moment at 1
0+2M;; 8 + M, x(8) = - 6 x48 x 0918 (a)
and,

0 + 2M,; (8) + M,, x (8) = -6x48 x 0397 (b)
3- moment at 2

M;; x (8)+2M,,(8+6)+0=-6 x (48+27)x 0.918 (c)
and,
M, x(8) +2M,(8+6)+0 =- 6 x (48+27) x 0397 (d)
Solution of Egs. a & ¢ gives:
M, = - 10672 tm, M;; = - 11.705 t.m
and,
Solution of Egs. b&d gives:
M,, = - 4615 tm,

Mzz = - 5.062 t.m

Then, using Eq. (22),

M, 10918 0397 0

10672] [-11.639
M| |-0.397 0918 -4.615 0
Myl | 0 0 0918 0397|-11.705 |-12.755
M,/ | 0 0 -0397 0918] -506 0

A second example

is the beam shown in Fig.3.a. with section shown in

€ 392

Figure (3-b) for span 1-2 and for span 2-3 another section
which is shown in Figure (4).

| 0,60my
+ \

¢ = 13,898 o ——
Iy= 00356 m* _f-’s
&4

r—
12=0,0056 m
A =354 mé P75 C
B =29288 m’

C =146.675 m” ‘f"" 5

Figure 4. Cross section of span 2-3.

Equations 1 and 2 give:

1 05872 05 02936 |Mu -18
1 35832 05 1.7916| [My; -18
1 05872 27814 1.8204| M| |-46.54%4
1 3.5832 3.1005 12.677 M,,| - 50.8568
From which:
M,; = - 11755 tm M,; = 00175 tm
M,, = - 12491 tm M, = - 0.035 tm

Applying Egs. (24) considering the relative Inertia, then

3- moment at 1

0+ zﬁ“*(%)s»ﬁu-(%)hs-i‘lﬁ +0918 (¢

and,

0+ Zﬁzlt(%)+ﬁut(%)=-6t-4T8 «0397 (f)
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3- moment at 2

48 27

“( 5. 2M,2(—»—) 0--6(—*—):0918 ()
and,
- 8 .= 8 6 48 27
2)+2My, (= + +0=-6(— +—="-)+0.397 (h
Mu (D) M"(l 042’ ¢ o2 " ®)
which give:
M;; =- 10.77 tm, M;, = - 11.508 t.m
M2] =- 4,618 [.m, M22 = - 5.055 t.m
and, Using eq. (22)
M, |
el (0918 0397 0 0 |[-1077 -11.72]
M,| [-0397 0918 0 0 | -4.618| |+0.036
:Mﬁ:" 0 0 0918 0.397|/-11.508| |-12.57
-0.397 0.918)| -5.055 | |-0.0718

Mys) e 9

Consider a continuous beam shown in Fig.5 Under the
horizontal loadings shown. Sections properties of the beam
are given in Fig.3.b and Fig.4. The solution given, using
equations of Ref. [3] is:

M,, =- 0017 tm, M, =- 3.87 tm

M,, =+ 0034 tm, M, = - 4261 tm

t
| e
+ —% X
| 400 | 400 | 300 [ 300 |
T T T ] 1

a.Plan of H® Loadings.

b.B.moments & elastic reactions

Figure 5. H* loading on the continuous beam of
Figure 3.
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Applying Egs. (25), gives:
3- moment at 1

0+ 2M,(3 )+Mu( )--6xl16-‘ 0397 ()

and,

0+ 2My (2 )*Mﬁ( )=-6x1T6c0918 0

3- moment at 2
M, (= )+2Mu(—+—) 0-—6(—*—)' -0397 (k)
and,

16
M"(— 042) i -eh

ﬁn(%) .%)-oms )
which give:
M,;, = 1553 tm,M,; =- 356 tm
M;;, =+ 1659 tm, My, = -3.89 Lm
and, Using Eq. (22), then

M - 3.885 t.m

+ 0.12 Lm, M,

x1

M, - 4235 tm

- 0.024 tm, M,
CONCLUSIONS

The Three Moment Equations, egs. (23), can be applied
directly for continuous beams of constant nonsymmetrical
sections. For beams of varied sections, a good approximate
solution can be obtained using the Three Moment
Equations, given in Egs. (24)& (25). The results are
acceptable.
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