THE USE OF NONLINEAR CONSTITUTIVE MODELS FOR
CONCRETE IN THE ANALYSIS OF AXISYMMETRIC
CONCRETE SHELLS

ABSTRACT

INTRODUCTION

Over recent years, several proposed constitutive models
for concrete in a multiaxial state of stress have appeared
in the literature. Reference 1 provides state of the art
report on these models which include nonlinear elastic,
elastoplastic, endochronic and hyperelastic models. The
tonlinear elastic models have strong empirical basis and
enable convenient expression of experimental results of
multiaxial tests on solid cylinders in terms of relation
between the isotropic invariants of total stresses to total
measured surface strains. For practical purposes (e.g.
malysis and design), the behaviour of concrete may be
wnsidered stress-path independent and nonlinearly
sotropic in short term monotonically increasing loading.
The purpose of this paper is to demonstrate the use of
three nonlinear elastic models; Kotsovos and Newman [2],
Cedolin et al [3] and Ottosen [4], in a finite element
swheme involving Initial Stress solutions. It should be
wted that these models have been tested separately
aainst experimental results (e.g. see Reference 5).

A concrete shell subjected to an increasing external radial
pressure combined with an axial load at its end is used to
wmpare the three models. Axisymmetry in FE methods
wn be handled as 2-dimensional problem, but stresses and
drains occur in three orthogonal directions.
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Three published nonlinear elastic constitutive models for concrete are compared in Initial Stress Finite Element
scheme. The models are used in the analysis of axisymmetric concrete shells subjected to combination of radial
pressure and axial load; i.e. multiaxial state of compressive stresses. The models used in the present study
represent a part of general concrete library (CONLIB) developed by the writer and contains biaxial and
multiaxial compression models for concrete. The accuracy and sensitivity of the models vary from those which
are satisfactory right through failure to those which are for stresses up to about 80% of the ultimate strength.

The models developed by Kotsovos and Newman [2] and
Cedolin et al [3] have cast in terms of path-independent
relation between the isotropic invariants of stress and
strain such that:

T o
Yo = — €= — (1)
2G, 3K,
where G; = secant shear modulus
K; = secant bulk modulus
Y, = octahedral shear strain; for the axisymmetric case:

=i -€)*+(e - +(e,- +kz
Y ”(e, e +(e,-€g)* +(g, e,)’(z) ©)

7, = octahedral shear stress
€, = octahedral normal (hydrostatic) strain; for the
axisymmetric case:
€ +€ ,+E
€, = it 3)
3

0, = octahedral normal stress
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r, 8 and z = radial, circumferential and longitudinal
direction respectively.
The model of Ottosen [4] is developed based on secant

i - ejc &

Young’s modulus E; and secant Poisson’s ratio Vg E,
expressed in terms of nonlinearity index f, which is where G, = 1
introduced as a scaler measure of the actual stress state in v
relation to the failure surface. K E
3(1-2v)

BASIC EQUATIONS OF THE MODELS

E; and v; are initial values of Young’s modulus and
Poisson’s ratio respectively,

a, b,cd q,r s and t are given as constants.

It should be noted that this model is simple in that K is
considered independent of y, and hence 7, and since only

a) MODEL 1I; Kotsovos and Newman [2]

¥ d-1
GS=G°/(1+cf—°)

F (42)  the parameters K, and G, need to be derived from the
results of uniaxial control tests. Also, in this model, the
K, =0,K* / (0, +0) (4b) ultimate strength represents the loss of the load-carrying
capacity.
g b-1 o /
where K*, = K /(1+a(—) );for—=<2 c) MOREL & Qaséa /4]
£ £ In this model the constitutive relations are dependent on

maximum stress surface. The secant values of Young’s
modulus and Poisson’s ratio are given by:

KK /(1 2 ba - 2-a =)

9 B.=18.-b(iB.—B.)*JIE-a(E-&)12+B.’aID(1-a)-u
; for f—° > 2 2 2 iy (6a)
i, r v, =036-(0.36-v,) ll (p 08) for f >08
0 = (__
f, =v, for g 50.8 6h) |

1+1(_)
£ most compressive principal stress;o,

where f =

o ) o,at failure witho,,0;are unchanged
G, , K, are initial shear and bulk modulus respectively '
G,, K, ,a b, ¢, d, k I, m and n are functions of

f. = uniaxial compressive strength.

(ie.f =1on the failure surface)
E;=E_ /(1+4(A-1)x)

This model may be applied up to the ultimate strength 1/12 1
only. The post-ultimate strength behaviour of concrete is x=( ) - — 20
dependent on testing technique and the most realistic L £ \3

description appears to_be a complete and immediate loss E S L e
of load carrying capacity. . €

c

b) MODEL 2; Cedolin et al [3] ' A=E_l

C

et
G, = Go(q SV *+ 1 (5.2) J, = second invariant of stress deviator tensor

D = post failure parameter (taken in this study as 0.5
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' in this study, A is taken as 2.

Post failure behaviour may be predicted by a suitable
choice of the parameter D and by using the negative sign
' in equation 6-a.

COMPUTATIONAL CONSIDERATIONS

These models are incorporated into structural analysis of
plain concrete cylinder subjected to combination of radial
external pressure and axial load (i.e. proportional loading).

. An incremental/iterative procedure is carried out in the
. analysis. The tangent constitutive matrices in the
incremental form of models (1) and (2) can not be
obtained simply by replacing the secant moduli in
equations 4 and 5 by the tangent moduli. The derived
‘\ incremental relations [6,7] will exhibit stress-induced
. anistropy and the tangent matrices may become
| unsymmetric. This lack of symmetry in the stress-strain
. matrices is computationally undesirable particularly in
finite element analysis.
In this paper, the solution strategy is obtained with the use
of Initial Stress algorithm making use of the initial tangent
form of the stress-strain relation [Dj J; i.e. '

{Ad} = D] (A€}
| ie.
Ao, ((l—vl v, 0 v, &
“ ™ E v (1-v) 0 v -
Ar,| (T+v)(1-2v)| 0 0 1-22“ Ay,
8 v, v, 0 0 Ae,
The solution strategy is briefly as follows:
| for the i'"™ iteration of the m™ load increment
| where {a}O,m =, with {aly = 0 (9.a)
Adh, = K17 Ay, (9.b)
K = |, DB av 9.9)
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Yy = B, + [ BT, v 09)
Ao 1 p = ad% - a0h, 09

elastic stresses (A%}, . = [Dgl{ael_, OD

residual stresses (A o}, _ = {odle),_, )} -{o(le), ) .

lehym = el + el (9-h)
el = ), with {e)y = 0 (94)
Aek 1 = Bl{AGL (99

This is very similar to the initial stress algorithm
commonly used in the conventional solution of elasto-
plasticity problems in Finite Element analyses.
The solution of {o} given {€¢} (equation 9.g) could be
performed exactly for Cedolin et al model by direct
substitution in equations 5.a and 5.b. For Kotsovos model,
solution of {0} given {€} could be performed to within
any sensible order of accuracy specified by the Newton
Raphson solution of equation 1 for (o,,7,) given (¢,,7,).
A difficulty is arising in using Ottosen model where
explicit determination of {0} in terms of {€} is not
possible. Therefore, an iterative procedure was carried out
using equations 6.a and 6.b in order to obtain the values
of the actual stresses corresponding to given values of
strains. It should be noted that for this model the
determination of the failure surface (i.e. finding the value
of § in Eq. 6) was also obtained using Newton-Raphson
method. Therefore, the use of this model is relatively
more expensive, especially at high stresses, than other
models. The procedure used in this study takes the
following form:

i) obtain the total stresses o} = o® + A o

ii) find the failure surface (the value of g), E, and v,
iii) calculate the actual stresses o

iv) check for convergence

v) if not converged, repeat steps (ii) to (iv).
It is difficult in a finite element analysis, which usually
gives strains, to predict the post-failure behaviour using
Ottosen model. Ottosen [4] suggested the decrease of E
by 5% and the increase of v, by 0.5% at each step of
loading after reaching the failure criterion. However, in
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this study, the assumption of no-softening, which
corresponds to infinite ductility at failure, was used.

ULTIMATE STRENGTH

Different ultimate strength surfaces were used for the
models. The five parameter surface proposed by William
and Warnake [8] is used to define the ultimate strength
surface for Kotsovos model. The three-dimensional failure
criterion based on the four parameter model of Ottosen
[9] was used for Ottosen model while the criterion
proposed by Cedolin et al [3] was used for their model.
For plain concrete shells under external pressure, failure
may also be defined by 0.0008 tensile radial strain and not
by excessive compressive strain [10] (i.e. limiting strain
criterion).

FINITE ELEMENT IDEALIZATION

The finite element idealizations, for some cases studied,
are shown in Figure (1). The wall thickness was divided
into two eight-node quadrilateral elements with two
degrees of freedom per node (radial and longitudinal
translations). Three elements across the thickness were
used for thicker shells. The half length of the cylinder was
divided into nine elements. The ends of the cylinder were
considered free restraint. However, the program may
incorporate the case of cylindrical wall having different
types of end conditions.

CASES STUDIED

The following triaxial compression states were
considered in the analysis with different ratios of dg : g,
: o,

(i) hollow cylinders with different wall thicknesses and

with 0,/0¢ = 0.5 and 1.0.

For a hollow cylinder with infinite length and large values
of a (@ = D, /t > 15), the stresses in concrete wall are
mainly biaxial compression; 0g and 0, and the normal
stress in the radial direction o, is secondary. The biaxial
compression result in a high value of radial tensile strain
€, at the interior face of the cylinder. The principal
stresses ratio is about 1:0.5 : S (for 0, /og = 0.5) or 1:
1:S (for 0, /og = 1.0), where S is small value ranging
from zero at the inside surface to about 0.1 at the outside
surface.
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Figure 1. Finite Element layout and concrete properties
a) cases 1 and 2
b) cases 3 and 4.

Also, tensile radial strains occur for shells having smaller
values of a but they are limited to the inside surface only.
(ii) solid cylinders with o, / cg = 0.5 .

Table (1).
CABE t . ., /og F_—"‘* 1 3 2 .
- = 0/t st mid of st mid of at aid-well

w suter sloment

e _7
r: 1 20.¢ 19 8.5 1: 0.5: 0.54 : 9.5: 0,09 1: 0.5: 0.06
2] 209 19 1.9 3:.1.9; 9.04 \ 1.0: 0.09 | 4: 1.0: 0.0
3 471.8 L] 0.5 1: 0.6: 0.09 1: 0.6: 0.22 15 0.5: 015
s 47.8 [ 1.0 3:9.9: 000 1 9:1.0:0.22 | 1:1.0: 005
5 95.0 4 0.5 1: 0.5: 0.17 1: 0.6: 0.5¢ 1: 0.5: 0.35
$_ 1 93.0 ) 1.0 1: 0.8: 037 ] 9: 1.2: 050 | 1:1.8: 03

7 solid  cylinder 0.5 1:8.5:1

Table (1) gives a summary for the cases studied whik
the concrete properties used in the analyses are given in

Figure (1).

Length of all cylinders; L = 950 mm - Outside diameter
D, = 380 mm; giving L/D, =

Alexandria Engineering Journdl, Vol. 31, No. 1, January 1992
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RESULTS OF THE ANALYSIS

Figures (2) to (8) display the main results obtained from
the analyses. In the figures, compressive strains and
stresses are considered to be positive. These results
include the following:
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Figure 3. Cases 1: a- pressure-radial displacement
relationship b) pressure-strains relationship.
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Figure 4. Cases 2: a- pressure-radial displacement
relationship b) pressure-strains relationship.
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Figure 5. Cases 3: a- pressure-radial displacement
| elationship  b) pressure-strains relationship.

E
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1) circumferential stress-strain relationship for all the
cases studied. The values of strains and stresses are
given near the inside surface of mid-length of the shell
(point A in Figure (1))

2) pressure- strains relationship

3) pressure- inside radial deformation (near mid-length of
the shell, point B in Figure (1)) relationship. All the
shells were analyzed up to the ultimate strength except
that for some cases of model 1 (cases 2, 4 and 6) and
all the cases of model 2, high values of tensile radial
strains (model 1) and small values of tensile radial
stresses (model 2) were obtained without failure of the
shells. The percentage given in parentheses in the
figures represent the percentage of the ultimate
strength at which the analyses were terminated. These
values are also given in Table (2), which provides a
summary for the main results at the ultimate strength
or at the end of the analysis for each case studied.
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With regard to the structural response of the shells
(characterized by the pressure-radial displacement
relationship), there was remarkable agreement between
the deformations predicted by both model 1 and model 3
for all the cases, especially case 4 Figure (5), case 5
Figure (6) and case 6 Figure (7). Also, the strains
predicted by these two models were nearly consistent for
all cases.

cast 4 ag @ 4,
——  xorsevos arm
- —— cEboLlE 2T M (81 X)

» e e GTTOSEN (190 %)

pressure Nimm®

steain x10°

Figure 7. Cases 4: a- pressure-radlal displacement

rodu at Macemm mm

relationship  b) pressure-strains relationship.
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The deformations predicted by model 2 agreed well with
those predicted by other mogdels only for cases 1 and 3
(with 0g/0, = 0.5). For the other cases, this model
predicted less stiff behaviour for values of og /f. higher
than about 1.2 (corresponding to 70% of the ultimate
strength for cases 2 and 4 and 58% of the ultimate
strength for cases 5 and 6). At these loading levels, the
tensile radial strain at the inside surface started to reduce
until it finally changed into compressive strain, as shown
in the figures, accompanied by a remarkable increase in
circumferential and longjtudinal strains. In addition, the
results of deformation and strains obtained for case 7
(with stress ratio = 1:0.5:1) were unexpected. At a very
low pressure (p = 40 N/mm? ), the circumferential strain
started to increase rapidly compared with that for other
models as shown in Figure (8-g).

CASE § eg s v, 10, =¥ 05007

— QY (es 5
- CRBGRIN ET AL (64 %)
- OTIOREN (1ee %)

pressure N/mm?

®
P [ 5] oA s = 5 T H 3 . i
rodial displacement. mm strain x10*

Figure 8. Cases 5: a- pressure-radial displacement
relationship b) pressure-strains relationship.
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— —Tioeen ke x)

Pressure N/mm?
3

2 7 e DO [g e o -

TR T T e TI
radial  displocement, mm

strgin 210
Figure 9. Cases 6: a- pressure-radial displacement
relationship  b) pressure-strains relationship.

The stress-strain relationship as predicted from models
1 and 3 was consistent (especially for cases 4, 5 and 6)
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until the failure criterion for model 3 was reached (i.e.
= 1) at the inside surface of the shells (these load levels
are indicated in Figure (8) by solid points). Above this
loading level, the stress-strain relationship of model 3
became more nonlinear until the overall failure occurred.
As shown in Figure (8), model 2 predicted less stiff
behaviour compared with other models for most cases
studied. An inferior agreement was obtained for case 7
even at low values of pressure.
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Figure 10. Stress-stain relationship (a to g).

Generally, failure initiated at the gaussian points located
near the inside circumference and started near the endsof |
the shells. At these locations, small values of radia
compressive stresses were obtained. In all cases for hollow |
shells of model 1 and 3, the limiting tensile strain criterion |
was recorded before the ultimate strength was reached |
Very high values of tensile radial strain (0.003 to 0.004)
were recorded for cases 2, 4 and 6 with 0,/0g = 1.0.
It was noticeable, as given in Table 2, that the values of
€g at failure increased with the increase of a. For model
1, these values also increased with the increase of the ratio |
o,/ 0.

The axial load at the end restrained the length expansion |
of concrete at the ends. Shear stresses occurred at the
clements located near the end at about 60% of the
ultimate strength. The magnitude of the shearing stresses
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decreased with the increase in distance from the ends. By
the increase of loading, shear stresses extended to the
mid-length of the shells. High values of shear stresses
(about 10 N/ mm? ) were obtained for cases 6 and 7, while
for other cases, the maximum shear stress recorded was
about 3.5 N/mm2 .

The failure criterion developed by William and Warnake
(which is used to define failure for Kotsovos model)
depends on five parameters which should be evaluated
from experimental results. In this study, these parameters
were deduced from the tests carried out by Choate [7] on
plain concrete hollow cylinders subjected to external
pressure only and provided with stiff end diaphragms; i.e.
with 0, /og = 0.5. This could explain the stiff behaviour of
shells in cases 2, 4 and 6 with 0, / gg = 1.0, sa shown in
Figures. (8-b, 8-d and 8-f)).
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Figure 8. (Canted).
Case 7 (with stress ratio 1 : 0.5 : 1), was analyzed to

about 50% of the ultimate strength due to the very high
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hydrostahc stress component (with 0, = 42 f at p =
250 N/mm ) which increased the ultimate strcngth of the
shell.

The Cedolin et model was developed for conditions not
too close to failure [1] since the value of K (Eq. 5) is
independent of ., . This model is based on experimental
data on concrete cylinders and cubes with f; ranging from
7 to 34 N/mm Case 7 was analyzed to only a pressure
of 100 N/mm (compared with p = 250 N/mm” for the
other two models) and then the analysis was terminated
due to large values of radial displacement and
circumferential strains.

CONCLUSIONS

It is not the purpose of this paper to check the validity
of the models studied herein, but it is to demonstrate their
use in the structural analysis of plain concrete shells with
different combinations of stress ratios. Based on the
results obtained from the analyses, the following general
conclusions could be made:

(1) Cedolin et al model [3] is the simplest with regard to
its use in FE programming. However, it is limited to about
70 to 80% of the ultimate strength when large
deformation and strains oecurred without failure of shells.
It compared well with other models for hollow shells
having 0, / gdg = 05. It failed to predict a proper
behaviour for solid cylinder with stress ratio = 1: 0.5: 1.
(2) Kotsovos and Newman model [2] worked well for most
cases studied. It predicted stiff behaviour for shells having
0, / 0¢ = 1.0 where no failure was reached.

(3) Ottosen model [4] is very expensive when used in FE
programming and also in the post-failure modelling. It
predicted well all the cases up to failure.

4- Generally, up to stress level og /f, = 0.8 to 1.0, very
small differences occurred in deformation and strains for
the three models studied.

NOTATION

{a} nodal displacement vector

{aa} incremental nodal displacement vector

[B] matrix  describes  strain-displacement
relationship

D outside diameter of the shell

[D] matrix describes stress-strain relationship

{f} external load vector

[Kq] tangent global stiffness matrix

p external pressure N/mm2

P, axial load at ends of the shell, N/mm?
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