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ABSTRACT

An exact solution, using conformal mapping technique, for the problem of seepage beneath a hydraulic structure
having two unequal cut-offs and founded on two pervious strata has been obtained. The lower stratum has a
higher permeability than the upper one. New formulas to calculate the seepage characteristics (uplift pressures
beneath the structure floor and exit gradients along the downstream bed) are derived. A computer program was
written to calculate such seepage characteristics for given boundary conditions, using the derived equations. As
example of calculations, the effect of the artesian head variation on the seepage characteristics is studied.

INTRODUCTION

The stability of hydraulic structures founded on
permeable soil has to be insured against uplift pressures
and exit gradients. Many researches were carried out,
using conformal mapping technique, to study these
seepage characteristics for different shapes of structures
floors [2,6,7 and 8]. In such studies the structures were
founded on a homogeneous isotropic pervious bed
extending downward to infinity or to finite depth.

The majority of Egyptian soil is composed of a
succession of layers of different permeabiiities. A more
pervious stratum underlying the soil on which the structure
rests, is considered an actual problem for the Egyptian
irrigation engineers. For such situation, different studies
were also carried out, using the same technique, for the
case of single flat floor [7]; a single cut-off [7]; two flat
floors with a single cut-off [3], and two structures with two
cut-offs [4].

In the present paper a solution has been obtained, using
conformal mapping technique, for the problem of seepage
beneath a single structure having two unequal cut-offs, and
founded on two pervious strata. The lower stratum is of
higher permeability than the upper one. A formula to
calculate the uplift pressures acting along the structure
~ floor is derived. Also, formula to calculate the values of
exit gradients along the downstream bed is obtained.

For given boundary conditions, the seepage
characteristics can be calculated using the derived
formulas. The derived formulas are used to evaluate the
affect of the seepage characteristics due to the variation of
both the artesian head value and the depth of the highly
pervious layer surface below the ground level.
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THE PROBLEM AND THE METHOD OF SOLUTION

Figure (1-a) shows a schematic sketch of the problem.
It also shows the flow domain in the Z-plane, where Z =
X + iY. B is the total length of the hydraulic structure
floor, ACEFB. The floor has two unequal cut-offs. The
upstream cut-off, CDE, extends in the pervious foundation
to a depth d;. It is located at a distance b; from the
upstream edge of the floor. The downstream cut-off, FGB,
is located at the end of the floor and extends to a depth
d,. The distance between the two cut-offs equals b,. The
structure is founded on a homogeneous isotropic pervious
layer of thickness T, overlying another isotropic
homogeneous formation of infinite thickness. The
coefficient of permeability of the lower layer is
considerably larger than that of the upper one. The
effective head on the floor equals (H; - H,). It is assumed
that the head has a constant value equals H, at the
boundary of the'two strata, so that H; > H, > H,.

The velocity potential, @, of the flow through the upper
pervious medium is satisfied the two dimensional Laplace
equation:

< d =00 (1)

In the present case ® = kH, in which H = the head
pressure, and k = the coefficient of permeability.

As shown in Figure (1-a), the subsurface contour of the
floor, ACDEFGB, forms the inner boundary of the flow
and therefore it can be taken as the first streamline, ¥ =
0.0, in which ¥ = the stream function. The upstream bed
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M,A; the downstream bed BM; and the surface of the
lower pervious layer, M;M, are all equipotential lines.
Without loss of generality we shall take ¢M1 A = - KH,,
®py = - KH,, and @y, = - kH,,

)\
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Figure 1. Transformation layout.

As shown in Figure (1-a). Part of the seepage flow, q,
coming from the upstream side, LA, is drained through
the upstream part of the downstream bed, BS. The
seepage flow, coming from the remaining length of the
upstream bed, M)L, is drained into the lower pervious
strata through the length M, 0. Its remaining length, OM,
works as an inlet face. The seepage flow coming from the
length, OM, is drained through the length, SM, of the
downstream bed.
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The complex potential is presented by W = & + 1 W,
For this particular case, conditions in the W-plane are
shown in Figure (1-d). A complete solution of the problem
is obtained if the relation W = F(Z) is derived. To obtain
the mapping from the Z-plane to the W-plane, they have
been transformed onto the lower half of the same semi-
infinite t-plane using the schwarz-christoffel
transformation. The transformation of the W-plane onto
the t-plane has been obtained through an auxiliary {-plane
with the help of bilinear transformation.

The following relations are thus obtained:

Z = Fy) ©)

W=F0 | ©
and

{ = Fy() )
Combining Egs. 2,3, and 4

Z-F@=F K FW )
and

W =F,FF (2 , (6)

in which Z = X+iY; t=r+is; {= {+igiand W = &+ i ¥
THEORETICAL SOLUTION
First operation Z = F(t)

In this operation the profile of the hydraulic structure in
the Z-plane is transformed onto the real axis of the t-
plane. On the t-plane points M, A and M, are placed at
0, +1, + o, respectively. Points C, D, E, F, G and B lic
at a, f, ¥, 0, p and o, respectively.

The Schwarz-Christoffel transformation giving the
mapping described is [6]:

dZ

— N (t_ﬁ)(l_l-‘)
dt

Ry )

Y

in which N, is a complex constant
Integration of Eq. 7 in portion CA from a to t gives [5];

X
N ; =(a - Y)[H(epnprl) i %s‘n(apnprl)] +C|_F(eptl) (8)

o1
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in which [[(6;, ny, r;) and [](6;,, n,, 1) are elliptic (- ¥)
integrals of the third kind; F(f,, r)) is an elliptic integral L (¢ - 0) (19)
of the first kind; and
n, = o(e - y) (20)
6. = sin”! J (y - )t - ) 9) Yo -'qd
: (@ - @)t - v)
(@ - Y)(o - w) (21)
- r ¥
(e - w) (10) # \J (@ - o)y - w)
1
(y - @)
2 C =(o-B-p=+2B (22)
n, - X2 -0 (1) { o
aly - w)
t is the coordinate of any point on EDC, (a > t > y),
o - o)e - w) (12) and y, is the vertical distance for this point measured from
L= @ - o)y - @) point E.
At point D, y, = d; and t = f, therefore
C,=(y-B-p-+ LY (13) 4 ub
1 y —W=(Y-a)lﬂ(ﬂpn,.r,)- o [(8,n,1))+CF@,r)  (23)
1e1

- 2 .
Y@ s ow -

(14) in which

t is the coordinate of any point (1) lies on CA, (1>2t>a), 0, = sm“J (@ - o)(B - v) (24)
and X, is the horizontal distance for this point measured a - Y)P - o)
from point C. i
At point A, X, = b;, and t = 1, therefore Atpoint C,y = 0.0 and t = @, therefore
b & kB
ﬁ#a—y)[ﬂ(eA,n,,r.)—:—sn(avnz;,)LC.F(eA;.) (15) 0=( - oMl - O—YHJ+Cze (25)
1&1
in which where F, = F(n/2, r,) is a complete elliptic integral of the
first kind and Il; = Il(n/2, ns, 1,) and I, = II(n/2, n,
0. = sin’! \J (y - 0)d - @ (16) r,) are complete elliptic integrals of the third kind.
A (a = @)(1"-"4) Integration of Eq. 7 in portion FE from t to p gives [5]:
Integration of Eq. 7 in portion EDC from y to t gives [5]:
o W § %4« DEELIIO,a00) 10,201 C,F @) (26)
121
Y1 LE
-—— =(y - O)[IkB,n,,1,) - == 11(8,,n,,,)] +CF(B,r) (17
Ng, i) pes e+ CF0,1)  (17) .
in which
gt d Sm-xJ (@ - o)y - 1) @7
) (Y - o) - 1)
0, = sin”! J (@ - o)t - ¥) (18)
(¢ - Y)(t - o) (y - 0)
Ry = =t (28)
(¢ - 0)

Alexandria Engineering Journal, Vol. 31, No. 1, January 1992 C 307




NASR: Seepage Underneath Hydraulic St

.oy -0)
AR @)
C,-(a-p-u-Lby (30)

r, is given by Eq. 12; t is the coordinate of any point (2)
lies on FE ( y > t > 0) and X, is the horizontal distance
for this point measured from point E.

At point F, X, = - b, and t = 0, substituting these
values into Eq. 26 therefore, 0p = 7/2; and

L BT 1
Ng (¢ - I ¥ I - IL] + C,F, (31)

where F; = F(n/2, r); I5 = (xn/2, ng , 1y); and Il =
H(ﬂ/ 2’ n6, rl)'

Integration of Eq. 7 in portion BGF from t to o gives
5k

¥
_ N—z =(y- o)["—B II(8 .n,,1,) - T1(8 0,1 )] +C F(6,x,) (32)
1gl Y9

in which ’
et | (X - 0)e - B (33)
o \J(o =Xy - 9 1
(@ -
Y- E
T

the vertical distance for this point measured from point B.
"~ Atpoint G,y, = d, and t = y, therefore LS

--;zgﬂu-ox';—sncewo-mamx*cmcw

in which
e siﬂ’lJ 4 - oo - p) @an |
¢ (0 - &)y - B)
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N, = - Smm [, -H) - @ - H)) (63)

Substituting the value of N, from Egq. 63 into Eq. 58,
therefore:

Ok, (1 _2m) BT m—xﬂ (64)

kH-H) = m’¢
where
H, - H,
=t 65)
H - H, (

Third operation { = F5 (1)

The transformation of the {-plane onto the t-plane is
obtained from the following bilinear transformation:

(1 -m) - (1 + m)

TR - m i m)] i
or
A (¢m - 1)m - 1)
@m -~ D@ - 1) + 2m@ + 1) i
At point B, t = @, and { = +1, therefore
b1 -m - e +m
m[(1 - m) + (1 + m)]
or "I
m=(1+w)-2¢6 (@‘;

I - w)

substituting the value of m from Eq. 68 into Eq. 62,
therefore

1l -

i (1 - 2R)[(1 + w) - 2/a]

where R is given in Eq. 65.
UPLIFT PRESSURES

The relative net uplift pressures below t
ACDEFGB can be determined from Eq.
substituting the value of ® = - kH, therefore:

2%"
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ANALYSIS

Figures (2) and (3) show that the calculated values of
the relative uplift pressures along the floor, (H - H,)/(H;-
H,), and the relative exit gradients along the downstream
bed I./[(H;-H,)/B] are affected by the change of (H,-
H,)/(H;-H,). The figures indicate that the increase of
(H,-H,)/(H;-H,) causes an increase in both uplift
pressures and exit gradients. Increasing the value of
(H,-Hy)/(H-H,) by equal increment causes an equal
excess in relative pressure at any point between the two
cut-offs, and equal excess in the relative exit gradient at
any point along the downstream bed. For example, at
point E in Figure (2), if the value of (H, - H,)/(H, - H,)
is increased from 0.0 to 0.20 or from 0.60 to 0.80 , the
relative excess in pressure is a constant and equals 0.10

(H, - Hy).

Figure (4) shows that the relative net uplift pressures
along the floor have a slightly affect by the variation of
T/B. The pressures decreased when the ratio T/B is
increased. The figure indicates that the rate of reduction
in pressures is decreased when the ratio T/B is increased.
For example, at point E, if the ratio T/B increases from
0.65 to 1.25 the reduction in head is 0.02 (H; - H,), while
the same value of reduction can be occurs when the ratio
T/B increases from 2.5 to 5.0. Fig. 5 show that the relative
exit gradients along the downstream bed are also affected
by the variation of T/B. The relative exit gradients are
decreased when the value of T/B is increased. If the value
of T/B is more than 2.50 its effect on exit gradients is
dissipated.

CONCLUSIONS

An exact solution has been obtained, using conformal
mapping technique for the problem of seepage beneath a
hydraulic structure founded on two successive pervious
strata. The lower stratum is of higher permeability than
the upper one. The structure floor has two unequal cut-
offs. The downstream cut-off is located at the end of the

floor, while the upstream one can be changed at any place
along the floor. The depths of the two cut-offs can be
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varied.

Formulas (70) and (75) are obtained to calculate the
relative net uplift pressures along the structure floor and
the relative exit gradients along the downstream bed,
respectively.

A computer program was written to use the derived
formulas for computation of the calculated seepage
characteristics. A sample of calculations is presented in the
form of curves. For constant structure floor dimensions,
the effect of both relative artesian head, (H, - H,)/(H, -
H,), and the relative depth of the upper pervious layer,
T/B, are studied. For a constant value of T/B, the
increase of the artesian head (H, - H,) value cause a
significant increase in both uplift pressures along the floor
and downstream exit gradients. Also, for a constant value
of (H, - Hy)/(H; - H,), the uplift pressures and exit
gradients are also affected by the variation of the relative
depth T/B. If the value of T/B is more than 2.5 its effect
will be dissipated.

Xiw
0.0 0.2 0 :l. 0;6 0;8 0
0.0 cfe F
G
01} -
0.2
7/8=5.00
0.3 =2.50
=1-25
0.4} = 0.85
0.5
~0.6}
T
T 0.7}
T 0.8
1
-
~10'9
1.0

Figure 4. Effect of T/B on the relative uplift pressure
along the floor
(b,/B=0.25,d,/B=02,d,/B=0.10 and T/B=0.70)
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I, _BGCR-Im'py \5 (@-yDowh g
H,-H)B T 2(B-1)(p-1) eyow(G;-m?G})
in which G; = 1-m + t (1+m) (76)
G,=1-m-t(1+m) (77)
G3=(1-m)(l-am)-t(1+m)(1+ am) (78)

For a point (3) lying on the downstream bed at distance
X4 measured from point B, Eqs. 39, and 36, give:

x, @O0 o) - 1100, « CFE,1)
2. (79)
% (y—o)[ﬂ(es,n,,rz)—%rl(aons,rz)l -C,F®,1,)

in which 65 is given by Eq. 40, where t = t5. For known
value of X5/d,, the unknown value of t; can be calculated
from Eq. 79 by trial and error, where @ > t; > 0.

COMPUTATIONS AND RESULTS

The equations derived herein have been used for
computation of seepage characteristics for different
boundary conditions. A computer program is written to
calculate these characteristics for different combinations of
variables involved. In this paper, the structure floor
dimensions are assumed constant for all calculations as
follows: b;/B = 0.25, d;/B = 0.20, and d,/B = 0.10. The
effect of the artesian head which is depending on its
values (H,-H,) and the depth of the upper pervious layer,
T, on the seepage characteristics are studied. For a
constant value of T/B = 0.70, the relative artesian head
(Hgy - Hy)/(H;-H,) is changed from 0.0 to 1.0. Some of
these results, which are (H,-H,)/(H;-H;) = 0.0, 0.20,
0.40, 0.50, 0.60, and 0.80 have been presented in the form
‘of curves in Figures (2) and (3). For a constant value of
(Hg - Hy)/(H-H,) = 0.60, four specific doubled values of
the relative depth, T/B, are taken into consideration which
are 0.65, 1.25, 2.5 and 5.0, respectively. For each value of
T/B the relative uplift pressures along the floor and the
relative exit gradients are also calculated. These results are
also presented in Figures (4) and (5).
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Figure 2. Effect of (H, -H,)/(H, -H,) on the relative
uplift pressures along the floor
(b,/B=0.25,d,/B=0.20,d,/B=0.10 and T/B =0.70)

1e /[Hy=H3)/8)

70 3&21 ¢
Figure 3. Effect of (H, -H,)/(tI;-H,) on the rclative

exit gradients downstream the floor
(b,/B=025,d,/5=02,d,/3=0.10 and T/B=0.70)
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Figure 5. Effect of T/B on the relative
exit gradient downstream, the floot the

(b,/B=025,d,/B=020,d,/B=0.10 and T/B=0.70)

NOTATIONS

transformation parameter,

b, the length of floor between the upstream cut-off
and the upstream edge;

b, the length of floor between the two cut-offs;

B the total length of the floor;

C,C3,C3 constants;

d the depth of the upstream cut-off;

d, the depth of the downstream cut-off;

F(0,r) incomplete elliptic intggral of first kind;

F(r/2,r) Complete elliptic integral of the first kind.

H the head at any point;

H, the head at the boundary of the two pervious
strata,

H, the head acting along the upstream bed,;

H, the head acting along the downstream bed;

exit gradient
imaginary part of complex function;

Alexandria Engineering Jouenal, Vol. 31, No. 1, January 1992

K coefficient of permeability;

m, m= transformation parameters;

N, N, complex constants;

R relative artesian head, (Hg-H,)/(H, - H,);

X1, X5, X5 horizontal distances;

Yi Y2 vertical depths;

a,p,y,0,u,0  transformation parameters;

II6,n,r) elliptic integral of third kind;

II(r/2 , n,r) Complete elliptic integrals of the third

kind;

P vel ﬁ

: oaty ential;
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