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ABSTRACT

This paper is devoted to investigate some kinds of Transformation of cartesian coordinates. It also presents a brief study
of errors propagation which are arising in these transformations based on least squares. The analysis of each method of
ransformation is discussed and some conclusions and recommendations in that phase are stated.

INTRODUCTION

The coordinate system with its various kinds and
wrieties is considered to be a convenient method for
recording position in both plane or space, especially for
godetic purposes such as monitoring of spatial
deformation for large constructions like towers and dames
as well as monitoring of crustal movements.

The coordinates of control points to be used in orienting
the behaviour and amount of the monitored movement
have to be transferred along and transverse to axes of the
structure to facilitate such orientations.

In most cases, however, the geodetic monitoring of
deformations involves coordinates of control points located
on the construction, related to coordinates of established
micro-net in a transformative form to serve the purpose of
monitoring.

1 Spatial Transformation in X, Y Coordinates

Regarding general transformations, all points of the first
sytem  are transformed to the second system by
considering the following items:

(a) Scale factor.

(b) Rotation through space.

(c) Translation through space.

This can be expressed in the following relation (Figure

(D):

Y =fLX) =a y, +bx+¢
1)
X =h (X)) =ay +bx+q

vhere

L, by, ¢4, @5, b, and ¢, = transformation parameters
1 Op €1 32 %2 p

i ¥; = coordinates point (i) in first system

4y; = coordinates same point in second system.
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Now, consider three points 1, 2, and 3 which are
common to two coordinate systems (Figure (2)).

The transformation formulae from system I to system II
from Equation 1.1 can be in the form:

Y| = ayithixe X[ = ay+bx te
ay; thix; e (12)

ay3tbxs+¢,

a1y, +byxye; Xy

Yz'

]

ay3+bixse; x5

Y3'
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2. DETERMINATION OF THE TRANSFORMATION
PARAMETERS

Providing that there are at least two points which are
common in use for both systems, these terms can be
calculated and adopted to convert as many additional

points as required. The method for determining these
parameters can be performed as follows:

Y1 —Y2 =a1(y1Y2) + by (X%, %) — Xy =ay(y)-Y,) +by(xy-%)

Yz —¥3 =a1(Y2Y3) +by(X3%3), %) — X3 =a,(y-Y3) +by(%y%5)

and hence,

(v1 —¥2) (% —%3) = (y3 —¥3) (%, = %)

a = (2.1)
D

b, = (01 =¥2) (%3 =%3) = (¥, - ¥3) (¥1 = ¥2) 22)
D

(%] = %) (% = %3) = (%3 =%3) (x; -

o %3) ~ (% ~%3) (%, - %) 23)
D

- (1 =¥2)(%3 -%3) = (%] =) (¥, - ¥3) o
D

where

D = (y;-¥5) (%p-%3)-(¥5-¥4) (%;-%,)

The values of a,, b, can be determined according to the
conditioned conformality (b; = - a, and a; = b, ).

3. THE CALCULATED COORDINATES OF THE
NEW SYSTEM

After calculating the transformation parameters, let us
consider several points which are common related to two
coordinates.

Assuming initial point (x,, y,) in the first system,
according to Equation (1.2) the coordinates transformed
in the second system are:

I4

Yo

apyo + bix, + ¢
(3.1)

>
|

o = @y +bx, + ¢
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where:

(i min Yo a0d X; piip ~X;)

From Equation (1.2) and (3.1), we have

Yi Yo = a1(¥i¥o) +b1(X%)
X[ —X; = a(¥¥o) + ba(XiX,)
from which:

Yo = Vi -a1(¥¥o)-b1(xiX,)
(33

Xg =X, -a5(¥;¥o)-ba(%X;)

Now consider three points which are common to two
coordinate system. From Equation (3.3) we obtain three

values for both y, and x, . Hence, the average value is
y'ol + Y’oz * Y'o3
3

Y oavr
(34
Xo1 P X2 tX g3

3

Asuming four points, hence the average value is:

: Yo1*Yo2*Yo3+Y o
Yiat= =

Xop ¥ X v X o3+ X o4

4

X cavr =

We can transform from system (x,y;) to another
(x’;,y’;) according to Equation (3.2).
For the translation of origin, generally all available

common known points between the two systems are used,
the average being considered as the origin namely:

Ex, y,=Ey,
o

n n

’-
Xo-

Where n is the number of such known points.
Generally, the transformation form can be written as
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Vi = Yo +ay(¥iYo) + by (xix,)
(3.5)

i x,o + aZ(yi'yo) * bz(xi'xo)

the above mentioned treatment, it may be
uded that the transformation of points can be easily
ormed using the above mentioned method provided
number of points not exceed than four.

TRANSFORMATIONS OF SEVERAL STATIONS
ING LEAST SQUARES

If there are more than three common points, such as
in cartographic digitising and in the adjustment of
ial triangulation to several round control points, the
rmination of the parameters from only two or three
the points is unsatisfactory. The coordinates of any of
points may contain small errors and their use will
weordingly introduce some sort of errors into the
fransformation operation for all other points. Under these
drcumstances, all the data which would be available for
determination of a, b,, a, and b, ought to be taken into
wasideration. This involves a solution of the parameters
by the methods of least squares, which is a more
wphisticated numerical solution based upon statistical
lheory of errors [2].
Assuming v, and v, are error values of coordinates,
weording to the basic principle of the method of least

squares:
[, + V] = min (4.1)

Consider several points "n" which are common to two
wordinate systems.
The transformation formulae, in the general case, from

gtem 1 (x,y,) to system II (x';,Y’)can be easily
prformed in the form:

Ji =2y Yy +biX; +¢
Jy =2y Y, +byXp+ ¢y

"1: =ayy; +byx; +¢,
X =ay,tbhxte

by =8 YatbiXptep  Xp=agy +bx +c

41 Determination of the Transformation Prameters
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From Equation (4.2) we can obtain the values of
parameters (unknowns) of number (m = 6). Where
number of equations (n). Where n > m, therefore, using
parametric method in solution.

Assuming coordinates x”; and y;" would be determined

with error v respectively, where:

X i’ Vyi
X] +V =8y thox +¢
Xy Vo =a; byt

...............

yi tVy1=ay tbix ¢

...............

xr" +vm=azyn+b2xn+74 15

¥3 +vyn=alyn+b1xn+c1
According to (4.1.1), these equations lead to:

Vi1 =ay Hbixpt ey v =agy thoxg + oy
V=Y tbXoteyy Vo=ay,thgtorx

(412)

...............

.............................

Vn=a1Ya DXy Yy Ven =2y +hoxg e Xy

Summation values in Equation (4.1.2) and dividing by n,
we obtain:

ﬂ = Mal + mbl +¢ _bl =0 (413)
SARN [X]
— =—-a2+—b2+(‘1-— =(
n n n n
From which
€ =Y, ~Yo 8 ~X5by
(4.1.4)
G = xo’ =Y a2_"0‘:’2
where:
y el Bl DL L Bl 4.1.5)
n n n n

Substituting Equation (4.1.3) from (4.1.2) we get:

- - = ————ly
Vi1 =a ) +byxy Y1 YaT@nt byx) !
Yo ThiYa * Bk mys W =iy 4 b Xy

...............................

.............................
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where :

;i =YiRed "’Yi"% =yi‘)’or[§] =,

[x]

X, =X Req =X~ — =X ~X,, [x] =0,
n

yi'=yiRet; =yi’ —L =yi' —YO" [;}] =0’
n

According to (4.1) and from Equations (4.1.6), the set of
normal equations can be stated :

Group 1
d[vv]
da,

d[vv]
db,

: [¥%a, + [y XIby - [y ¥] =0,

(4.18)

: [y Xla, + [¥Jb, -[x¥] =0,

and Group 2

O . 4, + [7 by -7 7] =0,
aaz

3] |

£ = = (4.1.9)
: [y Xla, + [(x°Jb, - [x X] = 0,

Directly from Equations (4.1.8), (4.1.9), the coefficients
(parameters) of these equations will be in the form of:

a,=1/D[[¥y¥y1EI-[yxI[X¥']]
b =1/D[[YIxy1-[¥yxI[¥¥ 1]
a,=1/D[[y¥1[x]-[y X [xX]]
b, =1/D[F[xX]-[y X[y x1],

(4.1.10)

where:

D =[y*][x*] - xf
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Moreover, the translation formula becomes:
Yi =Yo * a1 (i Yo) + by (% - %)

X =X, + a (¥ ¥o) + by (X - %)

4.2 Estimate of Accuracy

Mean square error for unit weight can be calc
from the formula [1]:

where:

vv]=[vi+vy] =[¥ 2+X2]1-[¥¥ 13, - [X¥ b,
-[¥X'18,[XX']b,

and the mean square error for coefficient (priori) is giva
by:

(42))
°bl=°b2=°o\[—§]‘

5. TRANSORTATION USING TWO POINTS ARE
COMMON TO BOTH GRIDS

Provided that there are at least two points which art
common to both systems, these terms can be calculate
and used to convert as many additional points as required
The method of solving the unknowns may be carried ou
as follows:

Consider two points A and B are common to bol
systems. We use the following notation to describe eac

point:

Alexandria Engineering Journal, Vol. 30, No. 3, July 1991



EL-NAGHI: On Transformations of Cartesian Coordinates

Poirt 1% System Z"dSyslem
A 1N x5
B Y2 %Y

According to Equation (1.1) we have:

No=ayitbxpte, X =ay +byx +e

(5.1)
B =awatbiZite, X =aythxte
From Equation (5.1) we obtain:
N Y2 = =a3(11-¥2) +by (%)

(5.2)
X X = =ay(y1y) +by(xyxy)
According to condition conformality:
b=-a, a =b, (53)

using condition (5.3), Equation (5.2) can be written in the
following form:

W oYs = =bi(xx)) +a(y;-y,)

(5.4)

X Xy = =by(y1-y,) +a,(x;%))

from which it follows that:

9 (X -X) (X -%;) + (¥, -¥) 0y -¥3) _AxAx +AyAy’

x-%)” + 343’ §?
(55

and

- 0y -¥2) (X - %) - (%) -x,) (¥, -¥,) _ Ay Ax-Ax'Ay

(xl"‘z)z’(yl'yz)z s
(56)

where:Ax, Ay, Ax and Ay' = different coordinates in
both systems

¢ =A% + Ay

from Equation (5.5) and (5.6), the evaluation of

coefficients of translations can be performed.

Lastly, in practice, however, many if not most geodetic
problems yield non-linear conditions. Direct non-lincar
least squares adjustment is so complex that is very rarely
used if at all. Consequently, the original non-lincar
conditions are linearized using Taylor’s Series, then least
squares is iterated in order to eliminate the effect of
higher order terms neglected in the linearization.
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