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ABSTRACT

A comparative analysis and analogue between the various adjustment methods for survey nets is presented. The
criteria used for comparison is based on simulation technique by imposing random errors (angular and linear)
on the typical network. The results which cover the application of 11 different approximate and rigorous least-
squares methods, show important indications in the choice of method for network adjustments. The analysis

of each method is discussed.

INTRODUCTION

All geodetic schemes such as secondary control survey
nets (triangulation, trilateration, hybrid), levelling,...etc.,
require sophisticated adjustment procedures which vary in
accordance to accuracy and the convenient adopted
computational machine. Since in some of these methods
the different calculations are tedious and lengthy, there is
a pushing demand to choose the suitable one for the
particular problem in hand so as to meet its needs without
a deficit in accuracy, or excessive computational effort, or
using dispensable equipment.

This investigation intends to compare the accuracy of
different methods of adjustment for triangulation,
trilateration and hybrid. The comparison made is based on
the results of five methods for triangulation adjustment,
five for trilateration and one for combined adjustment. For
comparison purposes, simulation technique is applied on
a typical network. Random errors are imposed on the
network, and are considered as the real errors. On this
basis the final adjusted quantities of the different methods
are compared.

The relative merits of the different methods of
adjustment adopted in this investigation can be assessed
and categorized for use in various purposes. It should be
noted that this paper is not aimed at the comparison
between different types of observation of networks.
Rather, it is an attempt to compare between various
methods of adjustment.

I. The Tested Adjustment Methods

The various adjustment methods for triangulation are:
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1. Variation of Coordinates
2. Condition Equations (Exact Method)
3. Condition Equations (General Method)
4. Equal Shift
S. Successive Approximation
and for trilateration:
6. Variation of Coordinates
7. Condition Equations (as a whole)
8. Condition Equations ( separate figures)
9. Virtual Work
10. An Area Method
in addition to:
11. Hybrid

The above-mentioned methods employ either
approximate procedures (equal shift and successive
approximation), or least-squares techniques (condition
equations and variation of coordinates). As for the
minimum work approach demonstrated by the virtual work
method, the measured distances are considered as elastic
members in an internally redundant framework. The
lengths of the distances between the fixed points remain
unchanged during the process of adjustment. If the
redundant members have fabrication (i.e. measuring)
errors, axial forces must be applied to fit them in the
framework. As a result axial forces will develop in all
other members causing changes in their lengths. By
applying minimum work techniques, these changes in
length are determined, and which are in fact the sought
corrections of the measured distances.

The suggested area method (Dr. Abdelal A.W., Assiut
University) as investigated here, depends on splitting the
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Table 1. Original Angles.

Angle Value Angle Value Angle Value
1 3¢ A 11 & 17 0 21 38° 07 48%
2 93 32 04 12 4 10 15 35 28 21
3 55 00 56 13 68 B B 23 6 21 29
4 61 24 57 14 5 .51 .46 24 %6 46 22
b 7 30 43 15 13 58 28 25 37 38 26
6 67 00 19 16 2 51 U 2% 63 34 15
7 51 5708 17 45 35 36 27 9 28 0
8 34 30 50 18 62 21 30 28 62 10 38
9 2% 47 45 19 42 05 43
10 37 54 18 20 B 2
K
network into separate figures and computing the area of 1
each polygon twice (i.e. through different triangles). The
difference between the two computed areas is distributed
according to the area of each triangle. The coefficient : J
ratio for correcting the lengths is taken as the square root Eols w
of the ratio of corrected area divided by the uncorrected ) X
one. The corrected length thus equals to the measured o T
length multiplied by the corresponding coefficient ratio. As W
each length is common to two triangles, the final adjusted
length is taken as the average value. 23 u
e o
1. Basic Network and Method of Analysis '2
The test-net, illustrated in Figure (1), is a typical net Jw
. . . \
configuration composed of 8 stations. It comprises 10 F “

triangles, 2 centre points, 28 angles ranging from 13° to
93° (Table 1), and 17 side lengths varying from 3036 ms.
to 9338 ms. (Table 2). The net can be considered as a
third-order network. The angles and lengths are obtained
from coordinates of the stations, such that in their present
status represent ideal quantities free of any mathematical
inconsistency, i.e. these angles and lengths fulfil all
geometrical conditions.

For comparison of the tested methods, the criteria used
and the mathematical analysis are based on imposing
random errors, whether angular or linear, on the
corresponding original quantities in the typical network.

Table 1. Basic network.
Accordingly, two sets of observations are rendered (Tables
3,4). The former represents a net with observed angles
while the latter with observed distances. It is in this status
that each of these two sets of observations is adjusted by
the various methods used in the comparison investigation,
Consequently, the resulting corrections (V) afte
adjustment by each method can be compared with the s
of real errors (e), and the discrepancies (A = V - ¢
obtained be used for the evaluation of the teste
adjustment method.
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Table 2. Original lengths.

Line Length Line Length
EK 5108.816 GP 3178.050
EP 4816.638 GJ 6312.686
EG 4909.175 G 4004.997
EH 9338.004 P 4393.177
EF 4901.020 U 3981206
FG 4565.085 ” 4220.190
FH 6580274 KX SUBER
HG 4701064 XP 336445
HI 4623851

lII. Selection and Distribution of Random Errors
A. Angular Errors

The normal distribution is used for the selection of the
above-mentioned set of real errors, so that the tested net
would be very close to one which could be met in practice.
Table (5) shows the error value and its corresponding
frequency which are made up on the basis of this
distribution. The standard deviation (o) adopted is 2.5 sec.
which is the common practice value for a one-second

Table 3. Observed angles (on basis of normal

distribution).
A Vabue Angle | Ve Anglc Valec

1 T w8 1 & 17 ma” 21 ¥ o7 2y
2 B N 009 2 “ W k3 I B 197
3 5 00 7 ) 6 33 3 p<} M 2 4
4 61 24 353 4 N 51 44 u ¥ 4 DS
5 T W B4 15 13 8 254 25 N 8 12
6 7 W 25 »w ¥ 57 o088 » 68 M M0
7 5157 @054 17 45 33 9 n 0 W NA

’_l M W =S 18 & 2 32 2 62 10 ¥
9 % O » a2 o a7
10 7 s 1 0 B 2 W2
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Table 4. Observed lengths (on basis of normal
distribution).

Line Length Line Length
EK 5108.844 GP 3178.054
EP 4816.696 GJ 6312704
EG 4909258 GI 4005.021
EH 9338.067 P 4393.25
EF 4900978 . u 3981.170
FG 4565.125 P 420177
6580.142 X 5348.840
HG 4701.041 KP 3036513
HI 4623.786
theodolite. These values are extracted from the

accumulative normal distribution tables and distributed
among the (ideal) angles as shown in the table.

Care has been taken in the distribution process so that
the error values meet the Egyptian specifications for third
degree triangulation:

i. Maximum triangular misclosure = 10 sec. (Figure 2)
ii. Average triangular misclosure = 5 sec.

Figure 2. Distribution of random errors and triangular
misclosure.
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Table 5. Simulated errors (angles).

CIror range probability % frequency sclected simulated crrors (scc.)
up to + 0.6" 18.96 5310 =16 + 0.6, + 04, + 0.2, -0.6, 03, 03
+06-+12 1790 501 ~ 5 +07,-08, + 11,- 1.0, + 09
+12-4+ 18 16.01 448 ~ 4 -13, + 14,-17, + 16
1 18-+ 24 13.66 382 ~ 4 + 18,-20,-22, + 24
+24-430 10.45 29315~ '3 + 24,-27,-30
+30-+36 8.01 224 ~ 2 -31, + 35
+36-+ 42 5.70 160 ~ 2 +37,-4.1
+42-+ 48 3.83 1070=1 + 4.5
+ 48 - + 54 237 066 ~ 1 - 5.1
+54-4+60 1.49 042 ~ 0

iii. A criterion for angular accuracy in the whole net (n
triangles)

= VI[(AA)/3n]

where A is the triangular misclosure, lies between 3" to 5"
Linear Errors

Again, the normal distribution is used to select
proportional errors to be distributed among the network
sides (Table 6). The standard deviation adopted here is 1.2
x 107 1, corresponding to common practice accuracy of an
EDM instrument conforming with a one-second theodolite,
so that all observations would always be accuracy-wise
homogeneous.

1V. Analysis and Results

After the addition of the previously mentioned simulated
errors to the original quantities in each case of angles and
lengths, the adjustments are made using methods 1 to 5
for angles, methods 6 to 10 for lengths and method 11 for
combined trilateration-triangulation as shown in item I.

The final adjusted angles and lengths are given in Tables
(7) and (8) respectively. The discrepancies between the
adjusted and original quantities are then computed for
each method. These discrepancies actually represent the
differences between the corrections and the simulated real
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errors (A = V-e). In an ideal adjustment all these
discrepancies should, in fact, be zero. They are given in
tables (9), (10).

At the foot of each column the numerical averag
discrepancy is recorded to give an indicator for the
assessment of each method. Moreover, the maximum value
is shown to act as an additive indication for seriows |
errors.

It should be noted that the criteria used in the analysis
are the angular discrepancies (table 9) which are
measure for the strength of shape determination. On the
other hand, discrepancies in side lengths (table 10) arc
used as a measure for the strength of scale determination.

These criteria resemble the commonly used method of
relative error ellipses where the linear error represents the
dimension of an error-ellipse along the side; and the
angular error represents the perpendicular dimension.
Unlike absolute error ellipses, these criteria used in the
analysis are invariant with the adopted reference system.

CONCLUSIONS

From the foregoing, it can be readily seen that:

For triangulation:

i. As expected, the two applied rigorous methods, the
condition egs. and the variation of coordinates, give
identical results within the computational accuracy (0.1
sec.)
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Table 6. Simulated errors (lengths).

error range probability % frequency selected simulated crrors (sec.)
upto 29 * 107, 1 18.96 322 ~ 4 +29,-29, +15, -14 * 1071
29-58+10".1 17.90 304 ~ 3 + 55, -50, - 30
58 -87 *107.1 16.01 272 ~ 3 + 80, -85, + 60
87-116* 107.1 13.66 232 ~12 + 110, -90
116 - 145 * 10, 1 10.45 178 ~ 2 + 120, -140
145 - 174 * 107, 1 8.01 136 ~ 1 + 170,
174 - 203 * 107, | 570 09 ~ 1 -200,
203 - 232 * 107, | 3.83 065 ~ 1 + 25,
22-261°107. 1 237 040 ~ 0
261 -290 * 107, 1 1.49 008 ~ 0

Table 7. Adjusted Angles.

Angie Triangulation
Variation of Coond. Cond. Eg. Cond. Eq. Swocessive Equal Shilt
Exact Meth. General Meth. Approx._
1 7P 3w 14 204 08 nx ny
2 B R S 27 11 15 15
3 S5 00 554 582 515 516 573
4 61 M %65 56.1 554 554 5556
s T N 4D Q6 a2 4.1 4“1
6 6 00 195 182 118 172 179
7 51 57 38 69 69 23 74
8 M 20 506 504 500 511 510
9 % 4 43 “9 “7 “s “s
10 7 54 206 150 4S5 145 M5
1 @ 1 20 33 a3 as
12 “ 10 135 183 173 177 171
13 &8 1 ss1 568 5712 567 563
“ S0 51 489 a1 463 4.1 6.7
15 13 8 254 n1 ns ns 40
16 2 57 108 125 1.7 116 118
17 S 3 362 2 s 1n0 ne
1B &2 21 :s 28 03 1 319
19 Q o5 ®7 443 “7 451 “a
2 B 2 10 92 98 98 94
21 3 07 454 47.7 4.1 469 462
z ¥ 28 22 1S 217 2ns 217
<) 8 21 %S 205 297 20 2.7
% % 4 7 208 24 4 4
3 3 = 73 13 30 FC) P
2% & 34 162. 163 173 164
4 N B 48 519 517 514 23
= [~ 0 s 33 us 31 M3
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Table 7. Contd.

Kagin Triateration
Variation of Cond. Bq. net & Cond. Eq.scp fig | virtual Work Area method Hybrd
Coord. whole

1 1847 18.5* 2 n2r pre g 04"
2 55 63 109 110 19 30
3 554 8.7 523 27 sas 570
4 565 563 502 502 28 569
s “o a3 a8 as %A 7
6 195 197 200 20 1.7 181
v 39 35 38 3 53 68
s 505 50.2 453 453 28 02
s 3 4s2 a7 a7 02 “s9
10 25 2056 195 19 17 172
n § 1w sms 16 58S 01 o1 1 591 27
12 135 131 116 115 132 161
1B s5.1 549 589 =9 w 80
] 89 a8 451 4.1 467 %1
' Y 2%.2 2056 25 317 n1
16 i 107 12 89 89 91 13
17 %2 33 26 »s %7 us
18 34 2.0 L M5 45 25
19 L »8 w05 31 371 s
» | 110 12 162 162 173 97
2 &5 461 a7 Q7 “7 a7
2 22 219 173 173 240 14
B s %06 s ns 23 00
g 26 238 24 27 155 ns
3 213 278 39 28 210 55
2% 169 163 160 160 132 162
2 478 415 410 410 408 508
B 63 32 23 13 23 362

. Again, as expected, the rigorous methods yield higher

precisions than the approximate methods. This is
obvious, where angular comparison is considered, since
the rigorous methods are basically based on least
squares in the angles themselves. But it is apparently
seen that the discrepancies between all the
approximate methods and the rigorous ones are
relatively slight, and as a matter of fact insignificant. It
follows that unless the required accuracy is particularly
high, and sophisticated computational facilities are
available, it is is not worth the trouble to apply
rigorous methods.
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iii. The approximate methods can be listed in order o
accuracy as follows:

- Condition Eq. (General Method)

- Successive Approximation.

- Equal Shift :

iv. As for scale, the rigorous methods do not seem U0
yield the best results. Generally, the applied methods
can be put in the following order:

- Successive Approximation

- The Rigorous Methods

- Condition Equation (General Method)

- Equal Shift
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Table 8. Adjusted Lengths.

Trisagulation | —
Line Varistion of Cond. Bq. Exact TCM&.M ‘ww Equal Shift
Coord . Meth, Meth,
EK 5108.816 816 816 16 d
EP 4816.704 £33 £24 541 517
PK 3036488 A% A4l A6T A»
PJ 420178 138 178 Al 155
KJ 5348 866 7 806 880 9
EG 4909.235 152 .150 183 152
PG 3178.035 w1 017 029 3177.9%5
Gl 4005.023 4004.912 4004.910 4004.969 4004.588
R 4393.217 o7 095 159 067
HI 462380 7S5 753 306 709
GH 4701.000 4700.924 4700.941 4700.992 £700.896
FH 6580.185 199 213 291 a7
FG 4565.078 om 088 130 o8
EF 4901.012 4900.947 4900.949 _ 4900983 4900.931
N 3981209 an 188 44 .163
EH 9338.060 042 9337.944 s 9337.902
GJ 6312658 £37 £51 43 54
Table 8. Contd.
_Tritaseration
il Pkl el e N T ™
= -Ld m s 2 4 8
EP b 9 6 . - e
x -~ o an a s19 450
) am % 0 o o e
KJ 566 £ 5% 93 240 250
BG 3 225 256 286 28 =
PG o35 028 013 kY o3 08
GI I; ye] 07 4004.965 4004965 004582 e
Ll 7 2 » m s =
HI 2 231 P 7l el 6 m
OH 4700.995 470,983 ™ i =
Ly 185 196 41 241 142 n
EF 012 o2 4900977 0097 ot o
] 209 216 26 e - =
EH 060 o7 2 o o =
@ £58 £51 611 Mm o =
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Table 9. Discrepancy in Angles, A = V - (original aas standard)(from tables 1,7).

F-  Triaagsiatio
Angle Variation of Cond. Eq. Exact | Cood. Eq. Successive Equal Shift
Coord. Meth. General Meth. Approx. .
A sec. A sec. A sec. A sec. A sec.
1 - 16 + 04 + 08 + 13 + 13
2 + 16 -13 - 10 - 24 -24
2 - 0.6 + 22 + 16 + 16 + 15
4 - 04 -09 - 16 - 16 -14
5 + 10 -04 + 02 hag i | + 11
6 + 0.5 - 08 - 15 -18 - 20
7 -22 + 09 + 09 + 13 + 14
8 +06 + 04 00 + 11 + 10
9 +03 -01 - 04 -04 -05
10 + 26 -3.0 -35 -35 -35
11 -10 + 10 +23 +23 +25
12 -15 + 30 +23 + 24 + 21
13 -39 -22 -18 -23 -22
14 + 29 + 11 + 03 + 0.1 + 0.7
15 + 24 + 0.1 + 08 + 08 + 10
16 - 02 + 1.5 + 0.7 + 06 + 08
17 + 02 -35 -32 - 30 -4.1-
18 + 38 + 08 + 08 + 11 + 19
19 -33 +12 + 17 +21 + 14
20 + 20 + 02 + 08 + 08 + 04
21 -26 -03 -11 = - 1R
2 - +12 + 05 + 0.7 + 05 +C7
p<) + 18 + 15 + 0.7 - 00 + 07
%U + 0.7 -12 + 04 + 04 + 04
25 + 13 =12 -11 11 ‘.l.l
26 + 12 + 13 + 15 +23 : + 14
27 -22 + 19 + L7
2 -22 -22 -32
Max A 39 35 35
Av. A 163 125 131
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Table 9. Contd.

Trilateration
A@g ’V-amuom of Coad. Eq. pet Cond. Eq, sep. Virtual Work Arca Method
Coord. as whole fig. ' Hybrid
A sec. A sec. A sec. A sec A sec A scc.
1 - 16 =13 22 +22 -37 + 04
2 + 16 * 23 + 69 + 70 -21 - 10
3 - 06 -03 -33 -33 -22 + 10
4 - 04 - 0.7 - 638 - 68 -32 - 0.1
5 + 10 +03 + 08 + 08 + 34 -03
6 + 05 + 0.7 - 1.0 + 1.0 + 0.7 -09
7 =21 -24 -23 -23 -0.7 u + 08
8 + 05 + 02 - 4.7 - 4.7 -28 + 02
9 + 03 + 02 + 27 + 27 - 48 -0.1
10 +25 + 26 + 15 +15 - 44 -08
1 -22 -25 - 09 - 09 - 19 + 17
12 -15 -19 =35 -35 -18 i o+
13 -39 -41 -0.1 - 0.1 + 11 4‘ -10
14 +29 +28 - 09 - 09 + 07 + 0.1
15 + 24 + 3.2 + 7.6 + 76 + 87 + 0.1
16 -03 + 02 -21 =21 -19 +03
17 + 02 - 0.7 + 36 + 36 + 37 -12-
18 + 34 + 30 + 45 + 45 + 45 + 06
19 .32 .24 .59 .59 .56 I + 08
20 +20 + 22 +72 +72 + 83 + 07
21 -24 -20 - 44 - 44 -33 -03
2 +12 + 09 -32 -32 + 30 04
z + 15 + 16 +35 + 35 -02 + 10
2 + 06 + 08 + 74 + 74 -65 -05
> +13 +18 +29 +28 .50 .05
@ +10 +13 + 10 + 10 -18 +12
27 -22 -25 -90 -90 -92 + 08
= -33 -28 =57 .57 -58 -18
L X 39 a 30 99 02 | 18
4 A 163 L a7 37 as1 l 07
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Table 10. Discrepancy in Lengths, A = V - ¢ (original as standard) (from tables 2, 8).
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Se——

/' “Triangulation __ -
Line Variation of Cond. Eq. Exact | Cond. Eq. Successive Equal Shift
Coord. Method General Method | Approx.
A mm, A mm. A mm. A mm. A mm
EK 0 0 0 0 0
EP + 66 -5 - 14 03 -2
EG + 60 -23 -25 + 18 - 23
EH -34 - 52 - 150 -59 - 192
EF -7 -73 -71 - 38 - 89
FG -7 -6 #1003 + 45 - 17
FH - 90 + 75 - 62 -17 -97
HG - 64 - 140 - 123 -T2 - 168
HI -29 - 126 -9 -45 - 142
GP -15 -19 -3 <31 -55
GJ -28 - 49 - 35 + 57 -T2
GI +26 -9 .87 .28 - 109
IP + 40 - 100 -8 - 18 - 110
I +3 -33 - 18 + 38 -43
P -1 ) -3 + 51 .35
JK + 34 - 45 - 26 + 48 -63
KP + 43 -7 -4 + 2 -6
Max A 90 140 150 T2 192
Av. A 35 55 53 36 8
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Table 10. Contd.

, . Trilatcration
Lise Variation of Cond Eq. n¢t as | Cond. Eq. scp. | Virtual Work Arca Method
Coord. whole fig. Hybrid
A mm. A mm. A mm, A mm. A mm.

EK + 51 + 54 + 111 + 111 + 28 + 12
EP + 66 + 71 + 108 + 108 + 58 + 3
EG + 58 + 5 + 81 + 81 + 83 + 11
EH -34 - 37 -25 -25 -4 - 36
EF -7 +3 - 43 - 43 - 42 -2
FG -6 - 10 + 41 + 41 + 43 + 8
FH - 9% -8 - 133 -133 - 132 + 19
HG - 69 - 81 -25 -25 -2 - 42
HI -29 -2 -2 -2 - 65 -20
GP - 15 -2 - 37 - 37 -27 -1
GJ -28 - 35 -75 +75 +74 + 26
GI + 25 +2 -32 -3 -15 - 14
1P + 40 + 4 + 102 + 102 + 48 -25
u +.3 + 10 + 10 + 10 -4 +9
JP -1 -1 + 50 + 50 -13 + 16
JK + 34 + 39 + 104 + 104 +8 + 28
KP : + 43 +3 - 24 -9 + 74 +5

Max A %0 81 133 133 132 Q2

Av. A ! 36 37 60 60 47 18

For Trilateration

. Here also, and as expected, the condition egs. and the
variation of coordinates methods give identical results

within the computational accuracy (0.1 sec.)

i. Where shape is concerned, and like triangulation, the
results show to be in favour of the rigorous methods
which give higher precisions than the other applied
ones. But unlike triangulation, the discrepancies
between these methods and the approximate ones are

quité significant.

ii. The area method is classified here as an approximate

description of the method itself in ().

iv. In order of accuracy, the approximate methods arc
equal.

v. For scale comparison, the rigorous methods again
furnish the best results.

vi. A noteworthy observation is that the virtual work and
the condition eq. ( Sep. Fig. ) methods are quite
identical.

vii. The applied methods are ordered as follows:

- The Rigorous Methods

- Area Method

- Virtual Work, Condition Eq. (Sep. Fig.)

one due to the previously mentioned reasons in the

Alexandria Engineering Journal Vol. 29, No. 4, October 1990
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For combined adjustment

Concerning both, shape and scale, the accuracy of results
leans heavily towards the hybrid method of adjustment.

It is recommended for future research and to reach
highly conclusive results to apply a similar procedure to i
that followed here employing computer simulations using
numerous networks and using different permutations for
the distribution of errors within each network.

L
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