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ABSTRACT

This paper addresses the problem of testing simple hypothesis about the mean of a bivariate normal distribution
with identity covariance matrix against one sided alternative. It is shown that the power function of the LRT
satisfies certain monotonicity property. In addition, the null distribution of the LRT statistic is derived.

1. INTRODUCTION

Consider a bivariate normal vector (X,Y) with mean
8=(6,. 6,) and identity covanance matrix. Assume V to be
convex closed cone in R? with vertex at (0,0). It is required
to test,

Hy:(6,,0,) = (0,0) versus Hy:(6,,0,) € V\{(0,00}. (1)

Many authors have considered this type of testing
problems. Bartholomew (1959a) considered a test for
homogeneity of means for ordered alternatives. He
devoted his work to deriving the LRT and finding its null
distribution. Due to the difficulty in solving certain
recurrence relation, the distribution is not completely
determined. After this problem had been solved by Miles
(1959), Bartholomew (1959b) extended his previous work
and gave some further properties of the null distribution.
Perlman (1969) has considered the testing problem which
is discussed by Bartholomew (1959a, 1959b), but under
thee assumption that the covariance matrix is completely
unknown. Kud6 (1961) and independently, Niesch (1966)
have considered a testing problem for which the
alternative space is the non-negative quadrant.

In this paper we will show that the power function of the
LRT for the testing problem H versus H; described in
equation (1) has the following monotonicity property:
Assume that the alternative (6,,6,) can be represented in
polar coordinates as (A,). It is shown that for fixed A the
power function is increasing in y for y(y, where y; is
determined by the cone V. Although Bartholomew (1961a)

has motivated this property by some numerical examples
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for certain cones, the result was not established
theoretically. He could only conjecture that this property
holds for any convex closed cone. Al-Rawwash (1988) used
this property to prove certain conjecture about the LRT.
In Section 2, we present the derivation of the LRT.
Section 3 is devoted to proving the monotonicity property,
as well as to deriving the null distribution of the LRT
statistic in the bivariate case.

2. DERIVATION OF THE LRT

Let V be the closed convex cone in R? with vertex at
(0,0), which is given in polar coordinates by

V = {(1,8): 20, 0 <p<p’} )

where ﬁ' satisfies either 05/3'57: or ﬁ' =2n. We need one
of these two conditions to be satisfied by 8 so that V is
a convex cone. The testing problem which we are
concerned with is of the form (1), with V having the form
Q).

For the case ﬁ.=275, it is known that the LRT for such
testing problem is the usual xz-test by which Hj is
accepted for small values of xz+y2 We will follows
Bartholomew (1959a) to obtam the LRT for the case
0<B’<m. Partition the space R? into four regions given by:

V = {(r.B): 120, 0<p<p’}
Vy = {(@,B): 20, B’ <psp +n/2)
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V, = {(t,8): ©20, " +n/2<p<3n/2}
V3 = {(r,B): 120, 3n/2<p<n/2}

In fact each region constitutes a cone in R?. These cones
are illustrated graphically in Figure (1).

N 4

N\

Figure 1. The four cones that make a partition for R’

Bartholomew (1959a) has shown that the LRT is given

1 fz >k
$= { 0 r’<k ®)
where
X = X4y(xb)(y0,)° )

and (6,,9,) is the MLE of (6,,6,) restricted to V.

It can be shown that [See Kudo (1963) and
Bartholomew (1961a, 1961b)] the MLE of (6,,6,) restricted
to V is given by

Y o

d A - 3 XYy)€ 2 S

O =9 x0)  if y)ev, ®
(c,be) if (xy)eV,

where b=tanf’, c=(x+by)/(1+b?). From this it can be
shown that

L+ if (xy)eV
=2 _ 0 if (xy)eV
S if (xy)eVs ©

c(x+by)’ if (xy)eV,
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The acceptance region of the LRT is depicted in Figure (2).
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Figure 2. The acceptance region of the LRT.

3. THE MONOTONICITY OF THE POWER
FUNCTION OF THE LRT

In this section we shall explicitly obtained the power
function of the LRT derived in Section 2. In addition, we
will prove that the power function is symmetric aboul
p /2. Further, we show that the power function satisfies
some monotonicity property. First, we obtained the power
function of the test ¢y. To proceed we may adopt the
following notations.

zw) = a2 2 aw = [T zo
For (6,,0,)eV let (A,p) be given by
A? =@ + 62,7 = tan” (6,/0,) M

It is obvious that (A,y) is the polar transformation of
(6,,8,). Also for (xy)eR%, let (r,{) be its polar
transformation.

We divide the rejection region of @y, into three parts a
illustrated in Figure (3).

Lo

A

Figure 3. The three parts of the rejection region.
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Notice that, A;, A, and A, may be represented as
follows:

A; = {(xy): x+by>y k(1+b?) and y>bx} if b>0
or
A, = {(xy): x+by<y k(1+b%) and y<bx} if b<0
A, = {(xy): (¢+y)>k and (xy)eV}
A; = {(xy): x>k, y<0}
Also notice that

=2
{(xy): X7>k} = AJUAUA; ®
where A, A, and A; are mutually exclusive sets. The
power function is given by

= P(91’02)(Al) + P(91’02)(Aﬁ + P(Gl’ﬂz)(Afi)

where P(91’92) is the probability measure induced by a
bivariate normal distribution with mean vector (6,,6,) and
identity covariance matrix. We will drop the subscript
(6,6,) for conveniency. Assume that

k(4A,y) = P(Acosy,Asiny) (10)

where A and y are related to 6, and 6, as in (7).

The probability of each of A;, i=1,2,3 under P, will be
evaluated successively as follows: To gvaluate P(A;) we
have to make a rotation of angle f§ ; where the new
coordinates (x’,y’) are related to (xy) by the following

relations;
x = xcosﬂ'+y5inﬂ' andy’ = ycosﬂ'-xsinﬁ.
In view of the above transformation (x')y") is

distributed as bivariate normal distribution with mean
(#hy) and identity covariance matrix, where

By = Dcos(p’-y) and py = Asin(y-p") = -Asin(f"-)
In view of this, we have

P(A;) = QW k - Acos(8™-»))Q(Asin(8"-y))
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If we let

G(t) = Q(Wk - Acost)Q(Asint) (1)
then,

P(A) = G(B'-) (12)

Now we proceed to evaluate P(A,). By the structure of A,
we have,

Pay = _f[° ﬁfw Z(x-0)) Z(y-8,) dy dx
= [1-QE6)IQW k-8)] = Q(-6)Q( k 6))

Using the polar coordinate of (6,,6,) as given in (7) we
have

P(Ay) = Q(Asiny)Q(k - Acosy) = G(?) (13)
where G is given by (11). Finally we evaluate P(A,):
P(A,) = f [ @(x8y) Z(y-6,) dy dx

By using the polar representation (4,y) of (¥,,6,) and (r,{)
of (xy) we get

P(A,) = fff (1/20)e i(r2+A2)+rAcos(C Prdrdl
= (€2 /2] f H(kAcos((-)) &
(@2 [P Hgeacost) &

= H (y), say, y (14)

where

H(k) = ﬁf Tty - o oy

In view of (12), (13) and (14), we have
(A7) = G(B™-y)+G()+H (7) (15)
Now we can state our first result.

Theorem 1: For the case that ﬁ'Sn and for ﬁxed.A, the
power function 1(A,p) is symmetric in y about § /2, ie.
nAL-y) = n(Ay) i y<B/2 (16)
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ng We will prove that the two functions H (y) and
G (y) are symmetrlc in y about ﬂ /2, where H is given
by (14) and G is given by

G'(¥) = G(B-»)+G(),

and G is given by (11). It is obvious that G is symmetric.
We have to show that H is symmetric too. Notice that

H'(B) = [(€27)/2n) p.f ? HkAcosd) &
y-
Change the variable of integration from { into -{ we get
H(@) = A2 ni i "H(k Acos-D)iL
“¥
1@ [P T Ao d
¥
= H ().

This completes the proof of the theorem™®
We will prove a similar result for the case ﬁ =2m.

Thegrem 2: For the case that /3' =2n, and for fixed A, the
power function 1(A,») is constant in y for 0<y<2x.

Proof: Notice that for the case § =27 the LRT may be
reduced to the usual xz-test which is given by

0 if X¥+y’<k
Py(xy)= 17)
S | x2+fzk

hence the power function will be

n(Ay) = PX2+Y%K)
ol 3@+ A) +rhcos(-y)
- of ﬁf (1/2m)e rdrd{

=17 /22 ,/Ef Gia Lf zne‘A‘m(c‘”dC} rdr (18)
Now

+y

f:rAeos(C-y)dc " fl‘ cerostc " fneerostC (19)
0 Y 0

The last equality holds because the function cos{ is a
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periodic function of period 2. In view of (19), equation
(18) becomes,

o0 2
1A) = (27 /2] ol & [Of bl ot

which is free of p. This completes the proof®

Based on some numerical computations, Bartholomew
(1961) noticed that for fixed A, the power function n(4,y)
has a bell shape in p, for the special case f =n/3. He
conjectured that this is true for all values of ﬂ.sn. In the
following theorem we will prove this conjecture.

Theorem 3: For f <x and for fixed A, the power function
n(A,y) is an increasing fuPcﬁon in y for 0<y<f /2 anda
decreasing function for f /2<y<f .

Proof: By the symmetry on 1 about /3‘/2, it is enough to
show that 1 is increasing for Osysﬁ' /2.

Assume B is the acceptance region of the LRT.
Therefore

nay) = 1f [ (12 0P+ DA 0% Mooy + Businy gy
B

Take the derivative of n with respect to y we get

m(Ay) _ 42 +y?)-3 A2+ Axcosy + Aysiny
_'L(ai,;ﬂ._-fo(l/zn)e ys
X [-Axsiny + Aycosy] dxdy.

Now make a transformatlon of (xy) into (x",y"), where
x'=xcosp+ysiny and y’ =ycosy- xsiny.

It can be shown that (x’)y") is distributed as a bivariate
normal distribution with mean vector (A,0) and identity
covariance matrix. Therefore,

AL - - [ Y [ M(xy)dx'dy’

where

M(y) = (1/28) By A7
and B’ is the image of B in x'y’-plane. The region B’
is depicted in Figure (4). It can be seen from the figure
that B’ can be divided into three disjoint regions B;, B,
and Bj as illustrated in the same figure.

Because B, is a mirror image of B, and because of the
structure of M(x’,y") we have

f f M(x’,y)dx'dy’ = - / f M(x’,y" )dx'dy’.
B,

B,
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Also, because y’' <0 in By

f f M('y")dx'dy’ < 0.
By

Figure 4. The set B’ and its partitions B;, B, and B,.
Thus

an(A *
J.(a}-.}i), > 0 for O<y<p /2.

This completes the proof®
In the last part of this paper we will derive the null
distribution of the statistics 7>. Let

F(k) = 1-Pg0)(X°>k)
We know that
—2
P(o,o)(l >k) = P(o,o)(Al)+P(0,0)(A2)+P(0,0)(A3)

where A, A, and A, are given before. It can be easily
seen that

PooyAy) = 1 QB = P (ay

and

P o)Ay = (B /2) o2

Hence

F(k) = 1-QW/K) - (8" /2x) ¥/,
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