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ABSTRACT

This paper presents an approach to ultimate strength calculations of
reinforced concrete sections subjected to compression loads with uniaxial
or biaxial eccentricity. The analysis is performed in accordance with the
Draft Egyptian Concrete Code [1]. The concrete stress-strain diagram is a
parabola-rectangle while the steel has an elastic-plastic relationship with
well-defined yield point. The analysis 1is developed particuarly for
rectangular, circular, T and L sections. A computer program was written to
implement the proposed method of analysis. The program has the capability
to design rectangular column sections subject to biaxial eccentricity.

Numerical examples are presented to check the validity of the proposed

analysis.
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HOTATION

Ac = area of concrete in compression zone

Aep = area of concrete in elasto-plastic region

Aa = cross sectional area of individual steel bar

= value of the intersection between the neutral axis and the x-axis
= rectangular column width

b' = effective column width = b - concrete cover

Ec,Ea = modulus of elasticity of concrete and steel

e = eccentricity

ex,e, = eccentricity measured parallel to x-axis and y-axis respectively

e.,e, = eccentricities measured from origin (see Fig. 5)

fe = concrete compressive stress

fca = concrete maximum compressive stress

fcu = characteristic cube strength of concrete

f, = characteristic yield stress of steel

h = value of the intersection between the neutral axis and the y-axis
No = short column axial load capacity (no bending)

Nu = factored axial load for which the column is to be designed
Nu. = factored axial load capacity (M.~ acting)

N., = factored axial load capacity (M., acting)

Mo = uniaxial x-axis column moment capacity (N. acting)

Moy = uniaxial y-axis column moment capacity (Nu acting)

M.~ = x-axis bending moment for which the colummn is to be designed
M., = y-axis bending moment for which the column is to be designed
t = rectangular column depth or diameter of circular section

t! = rectangular column effective depth = t - concrete cover

Xo = depth of neutral axis

X1 = distance between origin and a point in the section (Fig. 5
o = inclination of neutral axis with respect to x-axis

Yc,¥= = partial safety factors for concrete and steel

€c,€a = concrete and steel strain
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failure strain of concrete in compression

@©
I

ratio of acting moments = M, / M.
ratio of steel reinforcement = I As / (b t)

1. INTRODUCTION

In analysis and design of structural frames, columns that are subjectad to

~
"

axial load and biaxial bending are frequently encountered. Biaxial bending

occurs in corner columns, 1in exterior columns and in interior columns due

to load imbalance of adjacent spans. Also, bridge pilers are often subjected
to biaxial bending.
The common approachs to the design of biaxially loaded colummns are:

1) to assume a section and its reinforcement and then compute the capacity

of this particular section under given loads. Successive corrections mst

then be made until the capacity of the section is in reasonable agreement
with design values.

2) to use design-aid methods which involve the use of a three-dimensiocnal
interaction surface <(such that shown in Fig.l-a) generated from the axial-
bending moment interaction diagrams arising from two uniaxial bending
cases. The most common used interaction surfaces were proposed by Bresler

[2]. Theses surfaces are defined as follows:

1 _ 1 <L . 1

Hu E Nux: t Nuy H(l .......... (1)
(Mo 7 ( My i

Mo, | L 3 T

where aw is a constant depending on material strengths and bar pattern.

For design purpose, Prame et al [3] extended Eq.2 to the following form:
when M.,/Mo, 1is less than Muw/Mos
L L2 Lo = 1] TLrANASSEEREREE IR (3.a)

+ e =

Mo Mo, B

when M.,/Mo, exceeds HMu./Mo.. then

Muy Moo I-B s
i = 1 TR (3.

where B is a factor depending on the ratio N./No , material and cross
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o

section properties and was found (3] to range from 0.55 to 0.70.

Vhen rectangular sections are used with reinforcement distributed uniformly
along the faces, the ratio of Mo,/Mo.. will approximately equal to b/t
thus Eqs.3 take the form:

b 1 -8 ) Moy b

MAJy + Mo t B = Huy for M. ? —t ......... (4.2)
_t__ 1_—_.2 ~ _LH“ _.t_>_..

Mo + NuY b B = Mo for X £ T s S (4-b)

BS 8110:85 (4] proposed two equations similar to Egs.4 using a coefficient
' in place of the value (1 - B)/8 in the above two equations. The BS
equations (which are also proposed by the Draft Egyptian Code) take the

following form :

, _b' N |, t!
Moy + Mox B' —5— = Moy for —== sl R R | (5.a)
t' Moo il
: ' = : P e :
Moo + Moy B' =5 Mo.. for . x (5.b)

where t' and b' are the effective depths (see Fig.l-b) and the factor §'
depends on the value Hu/btfcu.

y
CPaMuy
N-M INTERACTION CURVES i
F F . L] @
FAILURE SURFACE Nu+ .
L Bx
t |t ey  Mux
X—t e | —e £ ? v
J' L] J ®
My Js .b, MUX = NU ey
it b_.}‘ Muy = Nu €y

Fig, 1-a 3-disensional interaction diagrae Fig, 1-b Column section subjected to
accentric load
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From Eqs.4 and 5, the value of Mow. or Moy, is computed and using uniaxial
design aids, the column section and reinforcement satisfying Nu and Mo.. or
Moy is determined.

This paper presents a method for analysis of reinforced concrete columns of
general shape; rectangular, circular, T and L sections, and suggestions for

the design of rectangular sections are presented.

¢ THE ANALYSIS

In this section the ultimate strength of a section subjected to axial
compression load with uniaxial or biaxial eccentricity is presented. The
analysis 1is based on the recommendations of the Egyptian Code for
Reinforced Concrete Structures [1] with the following assumptions :

l- plane sections remain plane after deformation

2- the reinforcement is subjected to the same variation in strain as the
adjacent concrete

3- the tensile strength of concrete is neglected

4- the maximum compressive strain of the concrete is taken to be 0.003 in
bending (simple or with axial compression) and 0.002 in axial
compression. For calculating the resisting load-effect it is assumed
that the strain diagram must pass through point A or B in Fig.2 and
to be proportional to the stress.

5- the stress in steel is assumed to be proportional to the strainm up to
the design stress; f, /Y« where Y« is the partial safety factor for
steel defined as :

¥ = 1.36 = 0,43 Ce/t) ¢ 1,15 = U EEAEEERE. . (6.a)
After yield, the reinforcement stress is considered independent of
strain and is equal to: f, /Y«. The stress-strain diagram of steel is as
shown in Fig.3.

6- the concrete stress-strain relationship is assumed to be a parabola-
rectangle such that shown in Fig.4. The partial safety factor for
concrete; Y, is defined as:

Yo = 1,75 - 0.5 (e/t) 2 1,80 =SS EEEERIEEEE (6.b)
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For rectangular sections subjected to biaxial eccentricity, the value
of e/t in Eqs.6 is the maximum of e./b and e,/t where e. and e, are
the eccentricity about y and x axis respectively. For L-sections, the
following values were adopted for the partial safety factors Yy = 1.5
and ¥« = 1.15.

7- compressive stresses and strains for concrete and tensile stresses and
strains for steel are considered positive .

8- the origin is located at the point of maximum concrete strain ec..

Mathematical Formulation:

Strain

For a section subjected to biaxial eccentricity, the strain at a point,
defined by the coordinates x and y, is
€c T €cu (1 - x72 = y/h) LI RS (7.a)
where a and h are the intersection points of the neutral axis with the x
and y axes (see Fig.5).
For a section subjected to uniaxial eccentricity, e is defined as:
€Ec = €cu (1 - X/Xo) AR e 0 | &R
where xo is the depth of the neutral axis measured normal to it.
Vhen the whole of the section is in compression, the strain diagr;m passes
through point B (see Fig.2) and the maximum strain in concrete is defined
as:
€cu = 0.003 - 0.001 (xo - t1) / (X0 - t:1/3) o s SO (B )
where t: is the distance between the origin and the least compressed point

in the section and measured normal to the neutral axis.
Concrete Stresses
In the elasto-plastic region (parabolic zone of the diagram), the concrete

stress at any point in the compression zone is defined as:

_0.67 feu (%1~ %a/3)Z
fo =SS T y L A 9.a)

where for any point, in the cross section, with coordinates x,y:

X1 =Xsinat ycosa 0 I EEREE HERC9 . b}
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ORIGIN

4

fogd— 0-67 feu /%

fy ks |

|
I | |
| | |
| e :
| ' |

S

‘
. S

; = —E . | €
€y 004 .008 .001 002 083 ¢

Fig.3 Stress-strain diagras for steel Fig. 4 Stress-strain diagras for concrete
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Fig, 5 Notation, strain distribution and concrete stress block wsed in the analysis
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and o is the inclination of the N.A. with respect to the x-axis
In the plastic region:
fc = fea = 0.67 feu /X Liiieieean 9.¢)
Steel stresses
In the elastic region, the steel stress at a point defined by the
coordinates x,y is given by:
= Ea €= = Ea €cu (/2 + y/h - 1) .0 (10, a)
In the plastic region
fe= £, Na L diaheasan (10. b
Ultimate strength of section
To calculate the ultimate strength of a section subject to biaxial
eccentricity, the first step is to assume an initial neutral axis positio
(a = a0, h = ho). For this position, the magnitude of the strength load L
(located at e'. and e'y,, see Fig.5) is obtained by the following three
equilibrium equations:
= S P - T O A VO SR ———— an
Ac
L Aa fa (y - e'y) - S fc (y —e'y) dA

Ac
EA-f.(x—ex)-Sfc (x - e's) dA

I
o
~
-
3V
N

.......... (13)

"
o

where S dA is the area of concrete in the compression zone. Taking into
account the plastic and elasto-plastic regions of concrete, the integrals
over Ac in Eqs.l1l, 12 and 13 may be rewritten as:

-t e ¥ 2 ga - S50 dk + 28 42y (14)
SAcfc dA = fea [SAC - =, <§A * da - & SAerm 8 SA ¢
V) fe (y - e = - - e ] (15)
Acf y e'y) dA SAcf y dA el SAcf dA
where
9 ; 2 Xo Xo* S
fo yrak = 4% dA -, —— () x:2 y dA - 52 x\ y dA + y dbl
SAC y 2 Sky P SAe,.‘ y 3 S’*ﬁr y 9 Aep
VN fe - et dA=§ fo x dA - e'x ) fc dA (16)
Ac Ac ¢
where
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9 2 Xo on
xdA = fca ( di———;.(erfdi-—j Xv x dA + 5 x da)]

) dA is the area of concrete in the elasto-plastic region. From
.9.b, the integrals in Eqs.14, 15 and 16 are given by:
5 dA =cosag ydA+sinaSAq‘,di

: = da + si z da
5 x dA cos a Skpx y sin aSﬁep X

n y dA cosaSAqyz dA + sin aSknydA

B2 dA = cos® aSAer y* dA + 2 sin a cos O‘S/kp X y dA + sin= aSAep x dA

| 512 x dA = cos® aser y% dA + 2 sin a cos aSA x* y dA + sin® aSAeP x* dA
ep

X% y dA
P

These values of integrals are denominated mechanical characteristics of the

]

n*y dA = cos® « SAepya dA + 2 sin a cos aSAer X y* dA + sip® orSAe

reinforced concrete section and depend on the position of the neutral axis.
Substituting the integral values into Eqs.12 and 13 and solving by the
Jewton Raphson Method (5,6,7] with ac and ho as initial values. The pair of

roots resulting from each new iteration defines another position of neutral

axis and so the integrals change. This change gives rise to new equations

processed in the same way. Thus the calculation is carried out by

successive iterations until the required degree of exactitude is attained.

Once a satisfactory neutral axis is found, the ultimate strength of the

section is obtained from Eq.11 with Mu. = N. e, and M.y, = Nu ex .

For sections subjected to axial compression load with uniaxial

which involves the determination of one unknown
The equilibrium

eccentricity, the problem,
defining the neutral axis position, is much simpler.
equations for this case are:
ZA.f.(x—e')—\fc(x—e')dA = 0 | S EEEEEE
N. e =Sfcdi - L Ae fa x
computer program {CADSC)} was written to implement the above
The program is coded in FORTRAN and tested on IBX AT

(18)

An interactive

method of analysis.
microcomputer. Figure 6 shows the flow chart for the calculation process
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INPUT DATA: mmterial stremgths; f.. and f.
points defining concrete section,
position of each steel bar and its
eccentricity e'. aod e',

Substitute estimated values of a and l]

Bxecute Subroutine STBEL; for all bars, calculate
far fa, [T Ae fa, I Aa fa (y - @',) a0d [ Aa fu (x - @'.)

!

Execute Subroutine CONC: calculate §f. A..
ffe Ac (y - e',) and (f. A (x - @'u>

|

Calculate f1' = [ Aa fu (y-a'y) - §f. A (y-e',),
12' = [ Aa fo (x-0's) - {f. Ae (x-€'.),
Bt = §fc Ac - L Aa fe

ls.;bsnm- (ataa , b) for (a, \)]

|

] Execute Subroutine STl!q

|

Execute Subroutine GGC]

!

[Cllculhtl t1, f2, dfi/daa = (f1-f1')/aa, df2/daa= ((2-(2‘)/MJ

!

ISubstuuu (a, b+ah) for (a, h)]

;

[iucut- Subroutine STIIIJ

:

[!xocuu Subroutine co'c]

|

[Cllcullu f1, 2, dfl/dah = (f1-f1*)/ah, df2/dabh = (XZ-IZ‘HAtl

Solve for aa‘' and akb*

lSuuntuu (atsa', btak') for (a, n)J

Execute Subroutine S\‘EILI

Fncuu Subroutine COBC ]

Flcul.u all = Bo* ' - BT

IF
aF / Bt > 0.000

OUTPUT lesulls! No

Fig, § Main flow chart for a section subject to axial cospression
load and biaxial eccentricity
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of the biaxially loaded section.

The program includes the following options:

2, Serviceability Limit State (SLS) or Ultimate Limit State (ULS) analysis.
b. sections with symmetric or biaxial bending

¢. columns with rectangular, circular, T or L section,

For the SLS, the results include the neutral axis position and concrete and

steel stresses. Holes ,in the concrete sections, are allowed fpr the SLS

analysis.

. DESIGN OF RECTANGULAR SECTIONS

For a given loading and chosen quantities of the materials to be used, the
min task of a design method is to determine the concrete dimensions and
steel reinforcement for the assumed cross section. In practice, this is
usually achieved by choosing concrete section and calculating the necessary
reinforcement. The concrete section may be based on the design of the
columm as axially loaded by multipling the factored load N. by a
coefficient depending whether the column is interior, facade or corner (see
BS. 8110 [4]1). After the choice of the concrete section the reinforcement
ratio p is designed to carry Nu., Mu.. and M.,.

Program CADSC has the capability to calculate p for a given section under
given factored loads. This is also achieved by using the compatiability

relations together with the three equilibrium equations. These equations

are:

IA.f.-Sfch + W, =0 Do of deae o) SIS 1)
[ ha fuy - Vfo dhyreMun a0 o0 of ol U (19)
Phe fox - Yfcdhx + Ky =0 10 0 SRR (20)

Equations 11, 19 and 20 are solved (using Newton Raphson Method) for the
neutral axis position (i.e. a and h) and p. A similar approach is suggested
by Vanluchene (8], who presented a set of algorithms, based on Prame
equations, to solve the nonlinear design equations.

Reinforcing steel 1is assumed to be in the form of individual bars
symmetrically disrtibuted in the section while the number of bars is either
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6 or 8 or 10 <(see Fig.7). In the next section an example on i

reinforcement design for a given section is presented.

iy } }
X! o + —o 1 X o + —+ S ’ -} : s
Y | |
6 bars 8 bars 10 bars

Fig, 7 Bar arrangement used in the design option of program CADSC

4. NUNERICAL EXANPLES
1. An L-section, with dimensions, material strength and reinforcement shown
in Fig. 8, is analysed under the following working loads:
i) N 25.0 ton , M. = 2.25 t.m. and M, = 2,00 t.m ; 0= Ky/lﬁ
ii) N =25.0 ton , M. 4.75 t.m. and M, 1.43 t w8

the results of the analysis are shown in Fig. 8.

0.89
0.30

Figure 8 also displays the results of the ULS analysis for the two cases
of 8; 8 = 0.8% and 8 = 0.30.
2. The presént analysis is used to predict the interaction diagram for a
circular column section subject to an eccentric compression load. Figure ¢
shows the interaction diagrams for different reinforcement ratios.

3. Figure 10 shows a rectangular section, with dimensions, material

strength and reinforcement shown in figure, subjected to compression load
at eccentricities e. = 12.50 cm and e, = 21.05 cm. The present analysis
predicts the ultimate strength as follows:

N. = 106.53 ton, M., = 22.43 t.m. and M., = 13.32 t.m.
The adequecy of the section is checked using the equations developed by
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Fig. 8 Example 1; L-section subject to eccentric load (SLS & ULS)
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Bresler (Egqs.l and 2), the Egyptian Code formulas (Egs.5) and the equations
developed by Prame et al (Eqs.3). The present analysis is used to obtain

some of the results required to use these formulas.

i) Equation 1:
for e, = 21.05 ¢cm, €. = 0.0 cm ..... Nu~ = 184,39 ton
for e.. = 12.50 ¢cm, e, = 0.0 cm ..... No, = 166.07 ton

No = 0.4 fcu Ac + 0.75 f, As = 354.90 ton
from Eq.1, Nu = 115.91 ton > 106.53 ton .. O.K.
ii) Equation 2
for N. = 106.53 ton acting on y-axis, the analysis gives:
e, = 43.27 cm and Mo = 46.09 t.m.
for N. = 106.53 ton acting on x-axis, the analysis gives
e. = 22.60 cm and Mo, = 24.08 t.m.
for Nu./No = 106.53/354.9 = 0.3 and
q (reinforcement index) = (40)(4130)/(35) (60) (275) = 0.286
B =0.286 (Ref.3) and an = 1.5
from Eq.2
[(22.43/46.091"-5 + [13.32/24,081'-® = 0,95 <1 a. K,
1i1) Egyptian Code (Egs.B)
t' =54 cm, b' =29 cm, t'/b’' = 1.86

Mo-/Muy = 1,68 < t'/b'

N./btfcu = 0.184 ... B' = 0.79 (from Fig.6-18 in the Code)
from Eq.S.é Mo, = 22.83 t.m.
check the section for Nu = 106.53 ton and Mo, = 22.83 t.m.
i.e. e.. = 21.43 cm
for this eccentricity, the analysis gives the ultimate strength as:
Nu = 111.43 ton > 106.53 ton ..0.K. and
Mo, = 23.88 t.m.
iv) Equations 4

M., / M = 0,59 > b/ t =0.58
Moy, = 21.00 t.m. (Eq.4-a)
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check the section for Nu = 106.53 ton and Moy, = 21.00 t.m.
i.e. ex = 19.7 cm
the ultimate strength for this eccentricity is:

N. = 119.64 ton > 106.53 ton .. O.K.
4. It is required to design a R.C. column of rectangular section. The
materials to be used are concrete fc. = 275 kg/cm® and steel f, = 4130
kg/cm*. The maximum simultaneously occurring loading for the column is:
N. = 225 ton with moments of M... = 33.75 t.m. and M., = 45.0 t.m. (i.e. a
load acting with e. = 20 cm and e, = 15 cm). The section dimensions were
initially chosen to be 45 cm wide and 60 cm deep. The required steel ratic
was found to be 3.804 %. By incrementing column dimensions, a table of

design solutions for reinforcement is given below:

section no. of bars p, % a, cm h, cm no. of iterationms
45 x 60 cm 8 3.804 42.08  98.55 4

50 x 60 cm 8 2.870 49.30  90.72 5

60 x 60 cm 8 1.671 63.79  79.94 5

60 x 60 cm 10 1.706 66. 44 75.94 5

The results indicate that increasing the number of bars from 8 to 10 has a
slight effect on the required steel ratio p.

5. CONCLUSIONS

The present method provides a solution to the problem of the ultimate
strength analysis and design of reinforced concrete sections subjected to
biaxial eccentricity. It is based on the recommendations of the Draft

Egyptian Code for Concrete Structures and is suitable for computer usage.
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