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Abstract

We consider the operation of an electronic-tube circuit of the
standard (induction coupled) type. The equation of the circuit can be
transformed-via certain relations - to Van der Pol equation. This
equation 1is related to the nonlinear auto-oscillations, therefore, in
the present paper, the method of Myshkis has been discussed in details
and used to solve it to the third order accuracy. Also, the theory of
synchronisation and the formula of Airy in the second approximation

have been applied to it. Comparisons with other methods are discussed.
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1. Introduction

In recent years, great interest has beenﬁ
!
oscillatory processes arising in many
jl

electrical and radio engineering, vibrote

instrument making, and control.

From the theory of differential
appear merely as a special case of mc
But in the theory of oscillations, the f
cases, 1inasmuch as the Van der Pol
oscillator), which appeared to be

cases.

For autonomous systems, one can alw%?ﬁ
where t, is an arbitrary constant
solution of the same equation.

arbitrarily the time origin. This p
at the instant when velocity is zero.
is known, depends on the parameters of the

is determined by the differential eg

Recalling that 1limit cycles rep'3
oscillations (the stationary mot
conditions) [1], the motion desc:

called an auto-oscillation. 1In
cycle have an important propert;

y
L

excitation as in the example of
authors create and develop
functional -analytic, numsrical-anwi”“
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investigate periodic solutions of differential equations [1-7]. The
application of the trigonometric-collocation method to construct the
periodical solutions to autonomous systems of equation creates
additional difficulties: namely :(i) the period of their solutions is
unknown and (ii) the solutions themselves are not isoclated [8]. These
difficulties cause substantial obstacles in extending both methods
(Numerical-Analytical Method and Collocation Method) to autonomous

systems of equations [9-11].

In the present paper, the method of Myshkis [12], the theory of
synchronisation [13 (1,2,3), 15(1,2)] and the formula of Airy in the
second approximation [(13(3)] are to be adopted for auto-oscillation
system, in studying the periodic solution of Van der Pol equation in
the third approximation as an example, for making comparisons with

other methods.

The fundamental gcal, however, which one sets himself is the
presentation of practical procedures for computing the

auto-oscillations.

2. Construction Of The Periodic Solution Of Auto-Oscillations Systems

We proceed by investigating the following differential equation [12].

.e 2 . 2 - d
X +0 x= kf1 (x,x) + A £, %)+ ooy (L= EE) (1)
in which "A " is a small parameter. Eq. (1) describes an autonomous

system with one degree of freedom. Such a system may have limit cycles
corresponding to auto-oscillations. Here, one will show how they can

be determined.
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As essential distinction between forced 9?‘
tions is that the frequency "% " of an .
beforehand but is found in the calcul. %-

takes the expansion

2
= w A w X
w u)°+ 1 + 2 * eew

2 2 2

where the dot is now used for design:
to the new time scale " 6 ". As befor
the form of an expansion in powers o

x =x, (8.) +x (8 )+ Xy (Qﬁ‘

X + x =10
. 2tn1 1
SRR |
° [ :

It may be interesting to note I
autonomous vibrations is ﬁhﬁﬁf&hﬁ init




be taken as initial point cecrresp

not the case for forced oscillatienﬁ R
it

‘F
x,(0) = 0, x,(0) =0, x,(0) =0

Now , we can proceed to determine, in ¢
(5). From the first equation

conditions (€), we cobtain the expre

x =b sin 0
°
where the amplitude "b" is yet unk
right-hand side of the second gqqige

il ‘i

terms, we obtain the equalities

2n ; .
of [2 w, @ b sin 6 + f1 (b sin" l? v “ '
and A4
2n l .
[/ 2w w bsin®+ f (bsin®,w
& o 1 1 Ay

that can also be rewritten in

21
[ £, (b sin® , w b cos 8) cos B¢
o J

i
=~ -—-— [f (bsin®,uw 1
4 2tbu_ o 1 $

The first equality (8a) determine:
been found, the second equality (
" m1l-. Then, we m w
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expression

= in®©
X, ?, (8) + b1 sin ( 91
The ccndition of the absence of
subsequent equation results in two

b1 and " wz" are found and so cn.

We remark that conditions (8a) may be re

cenditions as in Section 4.

To test the cycle thus constructed for
(1) in the form of first-order equ
ccendition estabilished by H. Poiﬁq

2n

X

o 1

4l

unstable.

3. The Circuit Equation of Van Der Pol

Let us consider a standard electronic

coupling (see Fig. 1). With usual
cf the oscillatory circuit is:

dr Q aI
L --- +RI + -=- =M it
drt c drt
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A f f'. (b sin® ,wo b cos® ) 4 e“g'hi

i

A




of mutual inductarce between the plate ﬂﬂé“
Iq J " | I
— i ‘

B0 LY e

M

-

BN I Y

Here, T is the physical time (sec), and
positive. The windings are arranged tc

L. The grid current is assumed to be

the characteristic c¢f the vacuum
approximates tube characteristic we &H
characteristic saturation voltage) is ]'
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dg dE
] = === = C ===
dt art

Thus, Eg. (10) can be expressed in 1
voltage V = Eg (T )/Es and dimens

natural frequency cf cscillaticns of

&%y c av MO 2
=5 + R/ == —em 4 Vo= - (1 -V
at L dt Ve ‘

1

W = e-

are

t =0t

By chocsing a characteristic amplitug?qu
V(t) = A x (t) 118

Eq. (14) can be brought to the fermrl,ﬂ.

2

d x - dx
by A (1=x") === + x =0
dat dt

where 2

MO ;e MO A
X s | = .5 meamasns A =
vLC L Y LQ

This form is suitable for studying weak

4. Application Of The Method
In this Section, we present an apli
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Sec. 2 to the Van der Pol Equation (15)
choice 1is the comparison with other m
validity cf the present paper method.
Censidering VDP Eq. (15) as

2 ot
;+x=l(1-x);:, 0<A\<‘@‘

It is clear that mo =1, and the
tion system Eq. (16) is given as

2
m=1+w11+m2). o aa

Introducing now the time scalef =uw t,

the form
2 2 .o ) {.
(1 + w, A+w2 A4ese) X+ x =M1 = %
a, 1
where (&2 =d§-)

Now the solution takes the form

X = X (8) + %, (6) A+ X, (e

The substitution of Eg. (19) i

- Hipgeice 2.
R =—2w° Xt Xy (1 - %l
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.. .o ', 2 \Ad . . r f i 4
X, + Xy= - 2w1x1 -((n1+2 w2)x° Xy o+ X =k i“ﬂ i

e LR 2 LA
= - w - w w /
Xy + Xy 2 | X,m % ( | +2 2) (2

-[x2 (X +0x +0 X )+2x X (;c +w
o 2 11 2 [} e 1 1 1

The initial phase can be chosen as x(0) a,p*l.
!
!Pl

x, (0) =0, x, (0) =0, x, (0) =0, |

Al

Solving Eq. (20) gives

X = Db cos ©
[}

where b is found from the first approxima
Substituting Eq. (24) in Eg. (21) we get

X, + % =20 bcosB-bsind+ b

Imposing the nonresonance conditions
equation (8a) gives |

-xb+—'-b3=0,

4 ¥
whence b o= Ll 2 or b = _2. m. .el Andbs
with respect to the transformation x to -
same cycle. Therefore, we can take
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Now applying stability criterion (9) whick

2n 2
(1 -4 sin“0 ) d6==-2A1< 0 .
(o]

2‘b“’1=0

expansion. (The equality w = 0 is a qggﬁw,

that Eg. (16) goes onto itself under the

toc -t because this implies that "w "

: .
parameter X , and therefore its expans.

|

involve even powers). The computation:

follows: . v"h
1%
| i

Considering b =2 ,w, = 0 Egs. (24) and

= <]
x° 2 cos

X, + Xy ® 2 sin 36

its solution is

3 1 4
X, = - 8in® - - gin 36-&1‘.’01 cos ©
4 4

where b is obtained in the second
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3 2

.. . . LA
Xy + X, =(4 w, + Z)cose -o—b1 (-sin B +12 cog-» ;
2 3 g |
+ 3 cos 6 cos 36 - 3 cos 6 - 2 cosO sin
2

+ 6 sin 6 cos 6

Applying the conditions (8a) guaranteei
terms in x(t) on Eq. (28), we find:

1

0 = e o=

16

owing to Egs. (28a,b) ; Egs. (27) and (28) !

3 1
X, = - sin® - - sin 36
4 4
i
. 3 5 |
x2+x2--cos39+-cog59 hll,
2 4 'ﬂ
it
|

Solution of Eq. (29) will be Je
|

3 5 I
X, = --=- cos 36 - -—- cos 56+ bz cos 6
16 96 i

REa g
where b2 is given from the third appr

Substituting Eq. (30) in Eq. (23) we get

Alexandria Engineering Journal



On The Approximate Periodic Solution Of An El

1 27 5
x3+x3=4m3 cos ©+ -- sin® + -- sin 368 - ---
32 32

2
+ b, (148 cos 8+ 2 cos 2 6) sin® +

2
25 11 l
- === cos 26 sin 56 - -- sin® cos 6 -
48 4 RIRE
3 2 18
+ =--cos O sin 36 + -- cos@sin@
4 4 :
1 2 5 |
4 === 5in©s8in® 38 - —- sin Bcos 50~
8 12 &

Noting that we get W3 = 0 which emphasize I

2 4
m=1+w2)‘ ""”4x + e

According to Eq. (31a); Eq. (30) becomes

L 3 5. -1 kel
X, = - -- cos® + -- cos 36 - -- cos 56
8 16 96 S
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Substituting Egs. (24a), (27a) and (30a) ,.,;':
sclution of Eg. (18) as '

3 1 2 !
x =2cos ® +A[ - sin® - - sin3 BJ+A [ - - “
4 4 8

5
e [C]
g~ ces 56 ]

2 |
with9=wt, 1
|
| 2 4
w =1--214+0 (A%
16

equation (33) yields to the peried of oacilla?

18
2 o
T=21 (1 +X 4 ) l“'

16 H

5. The Theary of Synchronisation [15, 16]

1f we consider the following differential
X+ w0 x= Ao £ (x,x)
e ]
and changing the independent variable by ‘l‘ - :
x =bcese, , x = - w,b cos ¢ *“*’i»""
We have the associated functions for ??.

-
' LAY
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which is the same as gbtained in Sectiagn 4.

The relative increase of the pericod is smilg}f:

in A, it 1is necessary t¢ use Airy's
approximaticn as in Section 6, because t
valid only for O(A%).

We recall Airy's formula her

{ DA {

e to compute
i35 i < 316 10
equation

(3 1L radnd 5 Ao L3 rongs « Lng S

X + mi x=Af (x, x)

where the relative increasing of the pnﬁ}e v?
] ‘

is}g{ivgf;l_ by i besortnem oo CARE Lae 0t

AT I J+K

———= e m——— d N
T b b
with
1 2n A
tagr feog i) conw e L
LI
ap battoom 306 ef DolseG S R t!:ﬂli"é"
abut L igme eds 101 ssvip (80 A0 SFEAE
1 2« o
. 2
J= - i [G(xl, x1)] de ,
2T g

Alexndria Engineering Journal




On The Approximate Periodic Solution Of An Electroonic-Tube 527

and

1 . a .
K= —- ff [2 G(x1, x1) cos® - b oy G(x1, x1)].

21!

G(b cos ¢, -wobsin 9) sin® dede , 0 <g¢ << 2
where

Af(x, x)
G(x,X) = ——=5—-—-
(1)2 -
Q

and where : x1 = b cose¢, x1 = -(ucb sin¢ ,9 = wc H,

Applying this formula (42) to VDP equation (16) and all calculations

are made, we have

J + K =-2- (43)

Then, substituting Eq. (43) in the first formula (42) putting b = 2,

one gets
2 2
AT wg T W A
——= = === QO —==——=—= = -- ; putting @w_ =1 , one can gbtain
e}
T 16 w 16
e}
2
w =1 - A (44)
16
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Equation (44) reveals that the results for the frequency previgusly

obtained by equaticn (33) is the same.

7. Concluding Remarks

Thus, although a Van der Pgl oscillator with a small value appears as
an almgest 1ideal 1image of the harmonic gscillator, in reality it
contains a germ of a complicated structure consisting of an infinite
spectrum of amplitude and phase modulations escapes gbservation only

because this structure is very small if A is small.

We solved VDP equation (16) applying the method of strained

coordinates [19] for periegdic selutign and we gbtained the expansiaon

3 1 2 13 5
X =2 cos0+ A[- 8in® - - sin3 0 ]+ A [~ ===l o= IS O
4 4 96 16
5
- -———c0s 560 ] , g =0t (45)
96

and the expansion of "w " is in full agreement with equation (33).
These results are alsq obtained by Cunningham [20] using a
perturbation methad and Chaleat [16 (3)] wusing the theory of
perturbation. Equation (45) coincides with equation (32) except a
mindr error of the coefficient (-12/96) of ces 6 in O( AZ) in Eq.
(32) and (-13/96) in Eqg. (45). Reseau [3] utilizing a perturbaticgn
methad and Balbi [17] applying an averaging methad sglved VDP equaticon
(16) and obtained results in full agreement with equatiens (32) and
(33). Nayfeh [6(1)] treated rigorously VDP gscillater Eqg. (16) using
the Krylov-Bogligubgv-Mitropolsky technique which gave
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2 < 5 3

Xx = 2 cos O - 2 sin 306 + A [ - =- ces36- --— aes 58 ] +0 ( A )
4 32 96

then, the methed of averaging using Lie series and transforms, the
derivative-expansion methad, alsc, both Malkin [18] and Begelicubov-

Mitropelsky [2] obtained the sclutien as

1 2
X = 2 ces 9 - Z- sin 3 84 .0 ( a8

All menticned metheds in this paper give the same expansign (33) of

the frequency "w ".

Nayfeh [6(2)] shaowed that neither the Lindstedt-Pgincare technique nor
the methed of renormalizatign is capable of yielding the transient
response for self-excited gscillateors such as VDP equation. Then, he

showed that the methaeds of multiple scales and averaging can yield it.

In our notation, Nayfeh [6(2)] and others such as in [1-3,15-21]

studied the general form
X 4+ X = Af(x,%)

Meanwhile, the methad of Myshkis discussed in this paper is fit for a

mere general form of equation (1) and gives a more accurate results.
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