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Abstract

The steering mechanism-ship system model was derived as a multi-
variable directional control system. The analytical simulation
Jincludes the helm angle and hydrodynamic torque and disturbance as
inputs, and the sway and vyaw motions of the ship as outputs.
Comprehensive state space model representations together with the
solution were established. Further, an analog simulation model for the
steering problem was developed.
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Nomenc lature )

Steering control mechanism parameters

a pinion to gquadrant gear rat:io
B, coefficient of viscous friction in motor
E. feedback signal voltage
E, error signal voltage
E¢ voltage applied to motor's field
E, reference signal voltage
: armature current (constant)
If field current
J mass polar moment of inertia of motor and rotating
parts
K, feedback potentiometer's factor
K, input potentiometer's factor
. motor's gain = K; K;
k, amplifier's gain
E: proportionality constant of linearization
K; proportionality constant of linearization
L motor's field inductance
R, motor's field resistance
1 motor's driving torque
1, load torgque
€ angular position of armature or motor's shaft
€ command sigral = steering wheel angle
g motor's field time constant = Lf / Rf
? flux

Ship’s, parameters

mass moment of inertia of ship about a vertical

axis through the ship’'s centre of gravity

n ship’s mass

N hydrodynamic moment acting on ship adout a vertical
axis through midship
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N, 3N
or
N ,
Ny v
T yaw rate
\% drift velocity
v ship’s resultant velocity
X X~-coordinate of ship’s centre of gravity in Xyz-system
Y hydrodynamic force acting on ship perpendicular to
her centre plane of symmetry
% 7
or
Yy Y
v
T
YS 5
5 rudder angle
.

X1:T
t

X2_=j(T = T ¥iat
[4

X, 6,

X4:V

p S
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General
D differeniating operator = d-7d4t
) daifferentiation w.r.t. time 1
s laplacian operator
T time
XYZ coordinate system through mdship; X pointing forward,
y pointing to starboard, z pointing down
1. Introduction

The ship's respronse 1o directional conitrol depends not only on the
ship's dynamics but 1t is also affected Dby the characteristics of the
steering mechanism.

It i1s evident that the yaw and sway of a ship, due 1o directional
control or manoeuvre, are affected by the rudder angle which, in turn,
depends on the helm angle., The rudder angle 1s affected &l50 DY the
hyrodynamic and wave torque disturdance. Therefore, the steering
system plays an important role In whatl concerns the directional
stability and the dynéamic behavior of the ship during manoeuvring.
This Justifies the importance of considering steering mechanism
together with the ship dynamics for a thorough study of the
directional control of a ship.

In [1) the rudder-ship system as a control plant was analysed by means
of the state space technique. The application of this technique is
further developed Iin the present work to include the whole control
loop >f the steering mechanism-rudder-ship system.

The adoption of the state space method renders an advantageous and

rowerful tool in treating dynamic and control systems with respect to
digital and analog simulation and oplimization problem.

2. _Overview on Ship Steering Conirol Svsiems

Considerations to be taken into account while choosing the steering
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control system of a ship are, Dbriefly, reliability under any
navigation conditions, the required power for rudder turning,
convenience of control, size and weight, economy, ease of maintenance,
quick reversibility and convenience of control.

Ship steering mechanisms can De broadly classified as electiric,
hydraulic and electro-hydraulic systems. Electrical sSystems may De
either A.C. or D.C.

Fig. (1) shows &a 3-phase, A.C. remote control steering mechanism.
Fig. (2) 1llustrates an example of a hyraulic steering mechanism
with an auxiliary pneumatic level control system to regulate the oil
pressure input to the pilot valve. And in Fig., (3) an electro-
hydraulic system is illustrsted. '

Hydraulic systems possess the advantage of higher power transmission,

silent and smooth operation, wide range of adjustment of rudder motion
The advantages are, however, offset Dy

speed and higher efficiency.
installation and adjustiment as well as

the complicated manufacture,
the reguired careful maintenarice and servicing.
On the other hand, electirically operated steering mechanisms are, 1n

many cases, advantageous because of their convenience of :nstallation,

reliable linkage to the steering controls, readiness of action &at any

time without preparatory operations and ease of reversibilily through

changes of polarity. In this treatment a field controlle¢ D.C. remote

control steering mechanism will be considered.

3. Mathemetic Model

3.1 The 1tiransfer matrix:

Fig. (4) represents a D.C. remote control, angular post:onal servo-
mechanism which will be considered for the present model develcpment.
The D.C. motor is of the :ield-controlled type. This type of motor
control can Dbe optimally synthesized as shown for example in (2).

The basic equations constituting the mathematical model of this system
could Dbe derived refering to e.g. [3). The linearized forms of these

equations could Dbe summarized as follows:
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T = K o I
Y =KL
T=KKILL:=X11L (1)
T-T,=(8D-+JD)E (2)
E, E,
I7r = = (3)
R+ L D R, (1 ~17D)

Substituting (1) and (2) Into (3) and replacing the AQifferential
operator D Dby the laplacian operator s, we get

1 K, la B¢ 7Ry
Bsy - - T, | (D
s(B + J.s) 1 on.s

E () = K [KB(s)- Kg(s) ) (59

The rudder angle is related to 6§ Dby

0(s) = ages) (6)
r [4

The resulting overall Dblock dlagram of the closed 1lo0p Ssteering
control system can Dbe deduced from Egns. (4), (5) and (6), and 1s
shown 1in Fig.(5). It reosresents a multi-variable control system.
ApPplying the principle of superposition for 1its reduction, Fig.(6),
we obtain;

& K. K K. 1, 7" R
6, (s)

6.cs2f = -
T.0 s(lwl;,s)(ﬁu +J.s) + (K, K, K 1, 357 Rr,
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Fig. 5 Block diagram of the steering wmechanism shown

in Fig. 4
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Fig. 6 Reduction of the block diagram shown in Fig. 5

by the supcrposition principle
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and

KON - T S

or put in matrix form

_ _T
a.X. K K _ 1, 7 R - s
T { m a f er(s)
s(B, + J.s)(1 *T,.s) + (K, K, K. I, )/Rf
6(5) = (7)
A
-a (1 -« 'C',.s)
T (8)]
s(B, + J.s)(1 »T,..s) + (K‘ Km Ke 1 )/R{_J

For step inputs

6, (1) = A, uCt)
T, (1) = A, u(t)

where u(t) 1s the unit step function, the final value theorem yields

Um 6ty = 1im s §(s) = a |A, =
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The second term in T.hl‘s expression tends to be negligible compared to
the first one, hence

1lim Gr(t) = a . A

L=

In [1])] the ship dynamic model was derived, namely

(m - Y\-,) (me - Yf) v -YV (mV - Yr) v Y5
. + ; . - b, (8) ,‘
Z+mxé—NI-‘) r -N (mxgV-N ) |fr | |N '

Z

leOI‘ convenience of the following manupulation, Egqn. (8) is. written as:

0_(“ o":z 7"} ﬂl Ieﬂ v Z,
+ : = =5 (9

%, % v f Bllr

<t

Eqn. (9) is in a dimensional form. The treatment of the problem of
ship dynamics, based on the so called hydrodynamic derivatives [4,5,6]
which appear in the governing equations, is usually carried out in a
nondimentional form. This is due to the adoprtion of model testing
technique for determining the hydrodynamic properties of full scale
ships, where nondimensional quantities simplify the correlation of
the results. In this work, however, the mathematical model is 10
simulate bHoth the steering mechanism and the dynamics of a full scale
ship. Therefore it is comvenient to treat dboth systems in dimensional
form.

In order to obtain the overall transfer matrix of the steering
mechanism-ship system, Egqns. (7) and (9) are combined. This vyields:
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All the roois of the overall characteristic squation 4.4, = 0O should
have negative real parts as a condition for absolute stability.
Egn.(10) is graphically displayed in a Dblock dilagram from in Fig.(7).

3.2 State space modelling

State variables describing the state of a system need not Dbe
Physically measurabdble or observabdblée gquantities. They may Dbe any
mathematical variables. However, it is convenient to choose the state
"variables as measurable quantities in order to facilitate the optimal
directional control for course keeping, wheredby feedback gyros are to
be used and all the states of the system are fed Dback.

It 1s worth mentioning 1o state that the number of state variables 1§
equal to the degree of the characteristic equation. The states
represent the minimum number of variables which describe completely
the system, provided that their initial values are known together with
the inputs of the system at initial time.

Refering to the Dblock diagram shown in Fig.(8), the states are
selected to De

X=T driving torque of the motor.
t
XZ:j(T - T _)dat integral of the net torque
0
xs: A angular position of the motor shaft
x": v drift velocity
X5= r yaw rate

Refering to the same figure, the following equations could Dbe deduced
for the steering mechanism part :
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g ’ T - vie)
A
24
Ty (s)
1
Ti2
T or(s)
T -

Pig. 7 Block diagram of the steeriog mechbanism-ship

sywtems (Eqa. (10))
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Fig. 8 Overall block diagram of the steering
mechanism-ship system from Eqns. (&),
(5), (6) and (9)
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E = (K.8- K. X, ) K,
Xy Kmla © Ry
Ef 1 L T{.s

X, 1

X, -T, s

X, 1

X, B, + J.s

art

From these relations the {following sSitate varlable egualions

oblained
. ) K, Ky Ig 1
XI:(K'Q'}‘CXS)'—T_/Q_—_T—X’ (11)
£ !
X,= X, - T, (12)
>'<=—’—(x—B,x3> (13)

The rudder angle 0, is given Dby

The states for the ship dynamics were derived 1n [1). The equation

that the coefficients here are dimensional, and denoted Dy

X 2 f @ (&Ky - ol 5 )X, e (BB — B )X, o
' <-..'«r«,z-a,,o?,,>f = RS ETTR L Si
+(‘;(n 5::“ &:z ﬁu)xsj (14)
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XS: ..’ _ fa'(;(ﬂ}i_52’15’4))(3*(&311511‘&11{@1))(9*

-— b —-— g 15-
-+ (0(21 )6/2‘ R/M ﬁ::)xsj { )
The outputs of the overall control system are :

vV = )(‘f
(16)

-
"

X5

-
and the vector [X X_. ) 1s 1dentical to the wvector [y, yz JT

[
in (13

From Eqns. (11), (12), (12), (14) and (15) the stale mailrix eguations
can Dbe written as follows:

. - < .
X, ik 0 kK Kknla 0 0 X,
f Q/‘ ]
X, 1 0 0 0 0 X,
3y
X, | = 0 —‘;,- 2 0 0 XJ
k 0 0 a(-n‘,—&n _,) (X, /_3,,-5;, [’n) (X E)a"?gﬁn) X
i (&«&n = .ao_[;,) (-« -n - 5;:591) (-N &n - dnosl) )
X 0 0 0 (%3, %3, (& By - Fn Bor) (& B - Br) X,
L . L ("-‘n&n - —no—s,) (-«591 - -,,53,) ( LR -'259') L
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= ’ —
Krkc kn 14 0
%%
0 A
6
+ 0 0 . (1%)
A
0 0
0 0
L |
or [X] i~ [P][X] + [B] [U] (18)

From Egn. (16) the cutlputl mairix eguation can e written as iollows:

X
U o o 0o 0 ‘ 0 0|86
X
Ll . x'5 -+ ¢ ({q)
r b 0 0 0 X 0 o || T
..XS.J
or
[C) = [L) [X] + [E) (V) (20)

where [E), In our case, 1S the null matirix since there exi1sts nc
feedforward signals in the system. Eagns. (18) anada 1120) art
represented in the form of ceneralized state space Dblock dia¢ram anc
signal flow dgraph iIn Figs. (9) and (10), respectively.

The transfer matrix o1 the system given in Eqn. (10) :could Dbe
synthesized as (7,8]

-
[L) (sfI) - [P). [B] =+ I[E},

Alexandria Engineering Jo.wrncl Janwry 1989
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Fig. 9 Generalized state space block diagram
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where [IJ 1s the unity matrix of the same order of [PJ.

Figs. (11) and (12) represent, the state variable Dlock dlagram &and
statle variable signal flow graph of the overall system, respectively.

3.3 Solution of the state space model

The solution in the time domain requires the determination of the

transition matrix (7,8]
i

x
b))l = I (sCI] - P ) .

For numerical computatior.,, however, the transition matrix 1is
preferably expressed in the form :

P = X
[¢(t)]:e[ It : z [P t* s k!
k=0

According to Leverrier’s algorithm (9) the roots of the
characteristic equation 6.8, = 0O, i.e. the system poles, are
identical with the eigenvalues of the matrix (Pli.e. the roots of
the equation det (sfI] - () ] = Oand with the poles of

get (P(s) 1 = O

The general solution of Egn. (18) for the states of the system
could Dbe proved to Dbe exprressable as £7,8,9]

th
e <}
IX(VI = [OILP(L, ) IX(ty D) + [P(r)) JC¢(‘C)J (BIU(T)AT,
T= t,
where 1, 1S 1he 1nitial time t » O and 1 y s For the

manipulation of the alove equationn the following properties of the
iransition matrix [9) ae useful:
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The ¢eneral output vector [c) 1s given Dby :

[c) = [LICX) * [EIUVUI,
wher: in cur case, as [E) 1s =zero,
[cd = [LICXI.

Hence,

-1
L€l = [LJ[Q)(‘L)J[Q)(T., )1 IX(t, )1 -
Te t

-{
+ L dt)n [tcpu JILBILU( T )lAT .

Tet,

For & ship commencing & manoevre from a sStraight line course at
constant velocity, all the states of the system at t,= O are Zero,

hence

V(L) %=t

[c = |tLIcg (r - THICBIU(T ) dt.

T | 1.0

21)

For & general element?(s) of [¢(s))] and using the Heaviside's

expansion -heorem, the' following can Dbe written, whereby the

subsc:1pts [ and g are Adropred for convenience :
m . T n;
L
ZDi. s Ci4
Gsy = —2=t = e ——
n.
_.‘T,(S’pi)l i<t ko 87 P
Le
where
1 dn.‘-‘ﬁ N
C,= — L (s - p ). Desy
n -
i (ni_ k)l. ds sz -Pp;
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where
‘m = degree of rumerator of ¢(s),
~ = number of poles ofd)(s).
. = the i-th pole of({is), real or complex,

n: = number of repetitions of pi.
kK = the k-th multiplici'y of p; .,
Ct: the Heaviside’'s coe:-ficient corredponding to pole P, at

its XK-th repetition,
3 = constant resulting from 4dividing the numerator by denominator

0>
when Dboth are of tiie same degree, otherwise a - 0.

Thrcugh 111verse Laplace transform, the element 1, of 1he matrix
¢(t -7T) is given Dby

r N
Ca
ot -T) = abt -THZZ ae NPT R Ll
i-‘.k' (k-1)!

where (1) is the Dirac function.

The element p of the output vector [c(t)) is given Dby;

T.t = 2
5 ]
=
0 i={ f—‘ J-f

Te
wvhere P = 1.,2.

The djagonalization techrigque may Dbe used for expressing trLe output

vector [c) in case of distin:ct eigenvalues of the system. The staté
vector [X] of the system 1S expressed in terms of another vector

[Y] through the transformation:
[X) = [A) L[Y:

The transformation matrix [i) (modal matrix>) is chosen such that theé
rroduact

-1
[A] (pILA]

vields a diagonal matri> [11)
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The output vector I[c(1)) 1s given Dby,

.

[ TP)IADE -
[c(t)) = [LXA) e [AXX(O0)) =«

+« [LICA)

" 4 -
ATRIAIE D
J e [A) I[BIU(T)) darT (23)

Te0
For determining the states of the system through digital computation

the finite difference method may be applied. This can Dbe givéen in the
form:

[X((m <+ 1)=<T)) = (Tlpl + I[INIX(mT)) <+« TI(BILU(mT)I, (24)
where

m s 053 ;8 s ssmma

T = discretizing time interval, 1i.e. Tt = mT.

The output vector is then given by

(25)
fc((m + 1)T)H) = [LIX((m =+ 1)=T)l

. : SigaaT Mode]

Another mathematical simulation of the dynamics of the steering
mechanism-ship is developed using an analog model.

Linear analog circuits are used to simulate the elements of the
transfer matrix represented Dby the Dblock diagram in Fig. (8). The
problem of needing to Dbuild differentiators in the circuit was
encountered. It is well known that a conventional differentiator of
D, -property, Fig. (13a), tends to amplify noise, 4rift and hence
snoulda »e avolded In analog simulation. There exists, however,
several alternative approximations of the conventional differentioator
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Fig. 13 Differentiating element (a) and its improved

alternatives (b), (c) and (4d)
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which are more stable.and do not amplify signal noise.
With proper selection of the values of the resistances, capacnances//
or other parameters a good approxXimation of the Gi1fferentiating
Process is achieved I[10)].

-+

Fig. (13b) shows a D, -property circuit for which the
function 1s given by

RZCs

R,CS*I

By choosing R, C tlendind to 2ero a true differentiatlor 18 erproached.

Another alternative circull, with D, -property, 1s shown n Fig.(13c).
Its transfer function 1S given by

R,Cis

(RyC, s + 1)R, C, s + 1)

Again, with the selection of Ri C' = R, C=0, & true differentiator can

172
be accomplished.
Another Dy -property circuit 1is presented 1n Fig. (13a), whose

integral equation is;
1

/
e, = a ¢, —Jeo at -+ e,
[4
and whose transfer function is given Dy

S

(1 - a' J)s + 1

With a chosen wvalue of a' in the proximity of unity a 1true
differentiator is realized.

The circuits shown in Fig. (13c,4) were adopted for 1he analog
simulation model of the steering mechanism-shilp Ssystem shown 1n
Fig.(14). In accordance with the coefficients appearing 1n the Dlock
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diagram, Fig.(8), positive signs of all variables were considered 1n
the analog circuit. At‘ the time of execution, any negative valued
variables should Dbe taken into account in the circuit by changing
their corresponding polarity. Amplitude and, if necessary, time
scaling should Dbe performed as well.

2. _Conclusion

A thorough state space model of the steering mechanism-ship system was
mathematically developed. Several forms of the Dblock dlagram and
signal flow graph were given. The state and output matrix equations
were derived. The solution 1n the time domain was presented vylelding
the drift velocity and yaw rate of the ship in response to helm angle
and hydrodynamic loading torque on the rudder. Wwhile the steering
control loop is a closed one, the rudder-ship control loop 1is an open
loop. Further improvement to course Keeping qualities may Dbe achieved
by adding a subsidiary automatic control loop to the rudder-ship
system (12]. Another dynamic model through analog circuit was also

simunlated.
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