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Abstract

This paper introduces new suitable coordinate systems of reference to
solve orientation problems in photogrammetry. Solution of such
problems yield image coordinates as well as certain orientation
parameters. The so called equations of transformation from the
terrain-as é&n inclined plane-to the image plane are derived. A chosen
crientation problem is solved accordingly both analytically and
graphically. The graphical solution depends on the principals of

descriptive cecmetry.
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Nmenclature

A Principal pcint of image rlane.
B : Point of intersection ( p , Z-axis).
e =1 Focal length

(G Centre of projection

oA : Camera axis.

P Point on the terrain

P1 : Image of P

XP’ Yp, ZP : Space coordinates of P.
Xp1, YP1’ ZP1 Space coordinates of P1.
XY 3 Ordinary image coordinate system
X100 ¥y Image cccrdinate system.

ZO : Hight of fly.

T : Terrain plane.

H1: Horizontal plane of reference.

P Image plane

V : Angle between OA and Z-axis. (Tilt angle).
¢ : Angle between CA and Y-axis.

0 .

Swing angle (angle between (x,y) and (x1, y1) - axes).

1. Introductiion

The so called orientation problems play a very important role in
photogrammetry. The main profits of solving orientation proklems are
deriving formulae for the determination of the image coordinates of
the image rpoint P1 of any space point P on the terrain as well as

some crientation elements such as tilt angle Vv and the swing angle 6 ,
when sufficient data are known. Several ccordinate systems are used

depending or: the type of photos [1], [2], [3].
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New suitable ccordinate systems of reference are estaklished in this
paper. The surface of the terrain is approximated to an inclibed plane
since relatively small domains of the earth are concerned. Equations
of transformation from the plane to the image plane were then derived
on the assumption that the rhotographic process is a central
projection from 1lens as centre of projection O, On the image plane
P as plane cf projection. Analytical solution cof an orientation
problem is derived to determine some orientation elements when
sufficient data are given. Numerical values for the given data are
assumed then graphical solution using principals cof descriptive
gecretry 1is presented. The results of the graphical solution are then
ccmpared with those cbtained by numerical substitutions in the

analytical solution.

2. Coordinate Systems

Since the terrain is represented on the image by central projection,
the properties of this representation depend on the shape of the
terrian, the position of the centre of projection and the direction of
the camera axis at the moment of exposure, but it is independent of
any chosen coordinate system. In this work the terrain will be

considered as an inclined plane [4].

2.1 Space coordinate system of reference

The following systems of reference are chosen and have been proved to

be very suitable to solve the problems which are dealt with hereafter.

In Figure (1) let

O : the centre of projection,
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Fig. 1 Fig. 2
OA : the cam2ra axis
n : the terrain plane,
p : the imaje plane,
v ¢ the angle between CA and the Z-axis,
B : the point of intersection (p, 2),

The vertical line through ©C is the Z-axis cf reference system.

The camera axis OA meets n in Na through which passes the horizontal
plane of reference ﬁ1 (XY-plane). “1 meets the Z-axis in L. The
Y-axis passes through L making an arbitrary angle ¢ with the camera

axis OA where ¢ +V > 90°. The X-axis will be determined.
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2.2 Image ccordinate system

The imege plane p passes through A and is perpendicular to the camera

axis CA. In p, the following two coordinate systems are considered.

i) The ordinary image coordinate system with A as origin and the
lines joining the fudicial marks as x-and y-axes .

ii) The image coordinate system is consisted of the y1-axis which is
the line AR and x1—axis which is perpendicular to it through A.

2.3 Representation of the surface of the terrain

The suriace of the terrain is generally topcgraphic which can not ke
rerresented analytically; In areal survey by single image
measurements, it 1is sufficient to consider this surface as a plane,

since relatively small domains of earth are considered.
In this work, this plane is denoted by n and its equation is,

Z = aX + by - k (1)
The choice of an inclined@ plane instead of the usually taken
herizontal plane as an approximating surface is a better approximation
to the real surface of the terrain and also leads to more accurate

results.

In Figure (2), MVT is the trace-traingle of n and the angle TVM is
dencted by v, then after equation (1)
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o o Y aZe BNJab . WE ® VT B Kb,
(k v1 + a2)/a (2)

MT =

ﬁﬁe = CTQ + VEQ - 2VT. VM cos vy (3)
Then v = cos™! la/. /Q1+b2). (1 4+ a°) ] (4)

ﬁs - zi ten’y + K (5)

Vﬁi = (k2/b2)-(2kZo cos ?/b cos V) + Zi tanZv

But fﬁj Vﬁ: + VEZ - QVNa . VT cos ¥ (7)

Sukstitution from equations (2), (4), (5) and (6) into equation (7)

yields

k = ZO (b cos ¢ + a J/sinzv - cos2 ¢) / cosv (8)

Equation (1) of T beccmes

/
Z = aX + by - Zo (b cosg+ a Jsinzv- cos2¢)/005\) (9)

2.4 Equations of transformation

By equations of transformation it is meant the equations which express
the fcllowing coordinates in terms of the space cocrdinates (XP,
Yp ) Zp) of any point P in T

i) The space cocrdinates (XP1’ Y ZP1) of the image P, of P

P’ 1

" ii) The image cocrdinates (x1, y1) of P1 in P .
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iii)7The ordinary image coordinates (x,y) of P1 in P
These equaftions are derived on the assumption that photographic
process 1is a central projection from the lens as point O on P as the

plane of projection.

2.4.i Determination of the coordinates (X__, Y

P’ Ype Zp)e

Pi

In figure (1) 1let OA = ¢ (Camera constant or the focal length), the

ccordinates cf O are (O,O,ZO) and the coordinates of A are
(-c Jéinzv ~cos2¢,_c cos ¢, ZO + c cos V) (10)

Equation of the plane p is

o co_ B % | . ey
1 (X nA) + 5 (Y YA) + 71 (2 ZA) 0 (11)

where the d:rection ratios of the camera axis O2 are

/ ~
A 2
( 01, B., 71) =V sin® - cos @ycos ¢, - cos V) (12)

Then equation (11) will be

;2 2
Xv/51n<)— cosgp+ Y cosgp- Z ccs v+ ZO cosv+ ¢ = 0 (13)

Parametric equations of OP are:

X = tXP 9 0 <t < = ,
Y = tYp (14)
7 =

t (2 -272) + 2
P ~0 o
Solution of equations (12) and (13) yields
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X = - cX /H
p1 P
= - cY (15)

p1 “Yp/H

ZP1 =zd+cub_.zg/m

i - 2 2
H =X sinv - cos o+ Y _cose+ (Z_ - Z ) cos v
P P o P

2.4.ii Determination of the coordinates (x,, y,) of the image P

The y,-axiz is the line AB where the coordinates of B are (0,0,
|

Zo +C sec V ) and its directicn reatios are

/ L)
( oy 32 s 72) = (¥ sinV - cos ¢2, cos ¢, sinv tanv) (16)
. £
In the image plane p Fig. (3):
R
<
Fig. (3) _& a
A Y F B O
o W) 2 2 2
P,'A = (XA - XP1) +(YA—YP1) +(ZA—ZP1) ’ (17)

2_ , . 2, & .2 @
Y= [ az(xA-xP1)+ BZ(YA_YP1)+ YZ(LA—ZP1)] /(a 5+ 82 + 72) (18)

Solution of equations (15), (16), (19) yields:

yi= + cleot v- [(Z -Z)) cosec v/ KI} , (19)

Since X, =+ r2 - yf (20)
. 2 2

then x1 =4 c (Xp cosec v cosg - YP cosec vJ;ln v - cos¢)/H (21)
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2.4.iii  Determination of the coordinates (x,y) of the image P, :

Since x = x1 cos O + y1 sin ©6 ,

y = yl cos © - x1 sin ©6 ,

Then using (19), (21) yields

X = + (c ccsB /BE). (XP cosec V cosb- YP cosecV sinzv - cosz¢ )
+ c sin ©[ cotv - ((ZO = ZP)/H). cosec v |

y = + c cos6 [ cotv—((ZO - ZP)/H ) cosec v ] (22)

- 2 2
+ (c sin®© /H)[XP cosec\?cosfp_YP cosecV Vsin“V - costw]

3. Analytical and graphical solution of an orientation problem

Here we introduce the analytical solution cf an orientation prohlem
applying directly the above derived equations. This solution is
followed by a graphical soluticn depend meinly on the principals of
descriptive geometry using numerical velues. The results are then
compared with those obtained by numerical substitutions in the
formulae derived 1in the analytical solution.

Given are: v , @ ’Zo’ (x Y

SEF
where r =/x + y

o 1 ZP) of P and r of P1,

Required are: (X Y Z_.), (x,,y1) of P1, c and 6 .

Pt %P1’ “pt
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3.1 The analytical solution Figure (4)

1. The determination of the coordinates (XP1‘ Y A

P’ P

Point P1 has twc locii in space. The first is the line OP whose
parametric equations are given in (14). The second is the right
circular cylinder with OA as axis and its equation ie:

-

2 2 e 2 2. F g2 A
b S +(4--zo) -la 1 X+ B1Y+71(Z-Zo)] /(o] +B, ¥y ) = 8 (23)

/

where r =vx“+ y2 is the radius of the cylinder anda1,B1
and 71 are the direction cosines of the line CA given by equaticn

(12).

The intersiection of these tvic locii gives two positions cf P1 as:

XP1 = 4 rXP/E

YP1 =+ rlp/E

Zpy =2, + v(2, -2 )/E, (24)
2542 , =52

E2=XL+Y +(2 -2 )?~[Y cosp+X ngn v o - cos2 ]
P P ¢ P P P

2
+ (ZO- ZP) cos o]

The raquired point P, satisfies the condition Z_ > Z

1 F o
2. Th> determination of the focal length c.

. 2 A 2
In Figure (¢4) : c¢” = OP1 -r
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PX Y.z
\\ %%
1 ) i

Fig. 4
—2 2 2 2
where OP1 = XP1 + Yo, o+ (Zp1 - Zo)
Hence :
c=1r [Y_ cos ¢+ X sin2 V- c052¢ + (Z - 2 ) cos V]/E (25)
P P o P

3.The determination of the coordinates (x1, y1) of the image PT:
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Substitution from equations (16) , (24) and using the coordinates of &

(from (10)) in equetion (18) yields:

y, = + r cot V[Y_ cos ¢+ XY sinz\) - cos2¢— (z -Z_)sin v tan ¢J]/E
1 = P P o P
(26)
Then by using equation (20), X, is determined.
4. The swinge angle ¢ is given by
¢ = sin.'1 [(xy1 - yx1)/r2 ] (27)
/
B)
"/
(IIK\N' \//"’,I\(;-l
b ¢/A%J
7 i,
B '
|
Y
h,
Na
\ py+ \
X
Scale:
Fig. (5)
1:3.852

Alexandria Engineering Journal January 1989



On Orientation Problems In Photogrammetry 247

3.2 The graphical solution, Fig. (5)

The numerical assumptions are:

60° 9 = 40°, P(X,, Y, Z) = (40, 30 , 42.5) ,

ZO = 45, P1(x,y) = (8.1, - 16.4)
It may Le noticed that some of the abcove nunerical velues e.g. space
coordinates of P and hight of flight Zo are sonewhat irexpressive

and inepplicable, that is to obtain a suitable and &acceptakble

a1 aphical configuration steps of solution:

1. The point (o 1is represented by its horizontal and vertical

projections O' and 0" respectively.

N)
.

The camera axis OA is represented as the intersection of two cones
P1 and I' | having the same vertex O and the axis of F1 is the

Z
Z- axis and its semi vertex angle equals v, and the axis of T

ie the 1line passing through O and parallel tc the Y-axis and zts
semi vertex angle equals 9. These two cones intersect in real
generators if v +¢ > 90°.

3. The point P 1is represented by its horizcntal and vertical
projections P' and P" respectively.

4. A right circular cylinder € is represented with the camera-axis as
its axis and its radius is r.

5. The intersection of € with the line OP gives point A as shown in
Fig. (4),this intersecticn jigs obtained using the auxiliary planes.

6. The image plane p 1is represented by its horizontal and vertical
traces, h _and vp,respectively where p passes through A and is

p
perpendicular to OA.
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7. The image P1 is found as the intersecticn of p with the line OF.

Hence (X ZP1) of P, are obtained.

P’ Ypre 1

8. The inmage plane p is revolved about Vo untill it ccincide with the
(Y,Z)-plane. Foint % takes the position (A) and the image
coordinate axes X, and Y, appeer as shown in Ficure (5). The
image P1 takes the position (P1) and its image cocrdinates
appeer n their true lengths.

9. The ordinary coordinate axes x and y are drawn using the

coordinate x or y and then, the swing angle g is determined

3.3 The Comrparison

Graphical 1results are obtaired from Figure (5). The numerical results
based on 1{he anelytical solution are obtaired by substituting the

assumed numerical values used in the graphical solution.

The results are summed up in the following table:

Subject Graphical Analytical
c 24.9 24 .975
P1(Xp1,Yp1,Zp1) (-24.72, -1€.,52,46.56)|(-24.734,-18,.55,46.549)
P1(x1,y1) (13.25,-12.62) (13.226, - 12.634)
o 15.8° (=190 48") 19° 591 53n

As shown in the table, there appears a slight difference in results
cdue to the unavoidable natural inaccuracy in graphical procecure

The above techniques can be applied to many practical problems [5].

Alexandria Engineering Journal January 1989



On Orientation Problems In Photogrammetry 249

References

——
N =

Welf P.R., Elements of Fhotogrammetry, MCGRAW Hills, 1974.

Ghosh S.K., BAnalytical photogrammetry, Pergamon Fress New York,
1579.

Moffitt F.H. and Mikhail E.M., Photogremmetry, Third edition,
Barrer & Row, Publishers New York, 1980.

Narchi R.K., Gecmetrical sclution of some crientation problems in
eingle image photogrammetry, Bulletin of the Faculty of Eng.,
Alex. Univ. 1970.

Saicdt. A.M., Shebl, Orientation Problems in Photo-grammetry, M.Sc.
Thesis, Rlex. Univ. 1987.

Alexandria Engineering Journal January 1989



